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Why do we care!

Equivalent to: Used to solve:
* Matrix inverse * Testing graphs for triangles
* Solving linear * All pairs shortest paths
equations

* Parsing of context-free
* Determinant languages

» Diagonalization Forms inner loop in:
* Linear programming







Righ-school algorithm

for (1=0; i<n; 1i++)

for (3=0; j<n; J++)
for (k=0; k<n; k++)
Cli] [k] += A[1][3] * Bl3]I[k];

Complexity: O(n3)
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Can we do better?
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® Schonhage (1981): O(n%~>)

® Strassen (1986): O(n245)

® Coppersmith & Winograd (1987): O(n2-376)
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Can we do better?

® Strassen (1969): O(n28!)

® Schonhage (1981): O(n%~>)

® Strassen (1986): O(n245)

® Coppersmith & Winograd (1987): O(n2-376)

® Stothers (2010),Williams (2012),
Le Gall (2014): O(n%373)
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Exponent of matrix
multiplication

® Definition: w is best exponent
O(ne) algorithm = w < p

* Le Gall (2014): @ < 2.3728639

® Conjecture: w = 2

® Best lower bound: 2(nZlog n) [Raz]
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What we show

® All algorithms since 1987 use a single method:
analyze powers of the CVV identity
(higher powers lead to better bounds)

® VWe show: this method cannot prove w < 2.3725
(cf. best known bound w < 2.3728)

® We suggest generalized method which could
break this limit (but cannot prove w < 2.30/8)
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nth power of CWV identity
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analysis of all powers at once




Proof outline

® Formally express what it means to analyze
nth power of CWV identity

® Develop a framework encompassing
analysis of all powers at once

® Prove a limitation on new framework
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What is computation?
® Different computation models have different power

® Natural model for us — algebraic:

® Algebraic circuits over +,—,%,+ with constants
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What is computation?

® Different computation models have different power

® Natural model for us — algebraic:
® Algebraic circuits over +,—,%,+ with constants

® Straight-line programs
Q L=G b
(+) 3 out =t X 3
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Example: (a+bi) *x (c+di)=x+yi
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Bilinear algorithms

Example: (a+bi) *x (c+di)=x+yi
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Bilinear algorithms

Example: (a+bi) *x (c+di)=x+yi
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H } Linear combinations of input
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Bilinear algorithms

Example: (a+bi) *x (c+di)=x+yi

AN

H } Linear combinations of input
X
X

e~ S 3 3
nnnessS =

C
d } Products of £js and inputs

m
m| + my } Linear combinations of mjs
m



Bilinear algorithms

Example: (a+bi) *x (c+di)=x+yi

é; =af } Linear combinations of input
mp=aXc¢

i) = () 25 } Products of £js and inputs
m3=7| X >

Xl I

S ] e Taak) Linear combinations of ms
Ve=.Im3 = .t

Strassen: normal form for bilinear functions
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Strassen’s algorithm

ai| di? bii b Cll CI2
az| dz; by b2 C21 €22

m| = (ai1+ax)(bi1+b2)
my = (a21+a)(bi)
m3 = (ai1)(bi2—b22)
m4 = (a22)(b21—bi1)
ms = (ai1+ai2)(b2)
me = (a21—ai)(bi1+b2)
my7 = (a12—a22)(b21+b22)




Strassen’s algorithm

ai ap b1 bi2 N CIIFCR
a| a b1 b2 QI €22
mi = (ai1+ax)(bi1+b2) Ci1 = mitms—ms+msy
my = (a21+ax)(bi) Ci2 = m3tms
m3 = (ai1)(bi2—b22) C21 = mytmy
m4 = (a22)(b21—bi1) €22 = mi—matm3+me

ms = (ai1+ai2)(b2)
me = (a21—ai1)(bi1+bi2)
my7 = (a12—a22)(b21+b22) ;




Strassen’s algorithm

dai|l a2 di3 di4
dz| a2 a3 424
d3| a3 433 d34
d4| 42 Q43 44

ClI Cl2 CI3 Cl4
€21 €22 €23 €24
€311 €32 €33 C34
C4]1C47 C431C44




| dx2|a-. 434 » PODID » 1034 SO il




1 dxnla-  azs » PODID s 13 . gm

M, = (A111tA22)(B111+B22)

- A
: 2x2 algorithm
: o

M7 = (A12—-A22)(B211+B22)
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Strassen’s algorithm

c 1axnla aza » PODID = 13 p | m

M = (A11+A22)(B11+B22) Ci1 = Mi+M4—Ms+My
: b 0 Ci2 = M3+Ms;
& 2x2 algorithm Ca21 = M2tMy
; 4 C22 = M|—-M2+M3+Me

M7 = (A12—-A22)(B211+B22)
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Strassen s algorithm

8 x8 X 8 x 8

7 multiplic.ation.s 4x4
/x7 multiplications 2x2
7x7x7 multiplications |x]|
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Strassen’s algorithm

® Multiplying 2x2 matrices: 7/ multiplications
® Multiplying 4x4 matrices: 49 multiplications

® Multiplying 29x29 matrices:
/d=(2d)log:’ = (29)28] multiplications
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Strassen’s algorithm

® Multiplying 2x2 matrices: 7/ multiplications
® Multiplying 4x4 matrices: 49 multiplications

® Multiplying 29x29 matrices:
/d=(2d)log:’ = (29)28] multiplications

® Multiplying nXn matrices: O(n%8!)




m| = (ai1+ax)(bi1+b2)
my = (a21+ax)(bi)

m3 = (ai1)(bi2—b22)

m4 = (a22)(b21—bi1)

ms = (ai1+ai2)(b22)

me = (a21—ai1)(bi1+bi2)
m7 = (a12—a22)(b21+b22)
Cil = mi+tm4s—ms+tmsy
Cl2 = m3tms

C21 = mMatmas

C22 = M|—M2Tm3+me
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Tensor notatlon

m| = (ai1+ax)(bi1+b2)
my = (a21+ax)(bi)

m3 = (ai1)(bi2—b22)

m4 = (a22)(b21—bi1)

ms = (ai1+ai2)(b22)

me = (a21—ai1)(bi1+bi2)
m7 = (a12—a22)(b21+b22)
Cll = mitms—ms+tmsy
Cl2 = m3tms

C21 = mMatmas

C22 = M|—M2+TMm3+tme

~anbniciitanbaiciitaiibiaciatainbacirt

. i anibi1c1+anbaicayi+azibiacrtarbrc
Strassen’s 2x2 algorithm:

i (a11+ax)(bi1+b2)(ci1+c)+
| (a21+axn)(bi)(cai—c2)+

i (a11)(biz—b22)(ciatc)+

i (a2)(b2i—b11)(ci1+car)+

| (ani*ain)(bn)(ciz—n)+

| (a21—an)(biitbi2)(c22)t

| (a12-a22)(b21+b22)(c11)

Strassen’s identity




Tensor notatlon

m| = (ai1+ax)(bi1+b2)
my = (a21+ax)(bi)

m3 = (ai1)(bi2—b22)

m4 = (a22)(b21—bi1)

ms = (ai1+ai2)(b22)

me = (a21—ai1)(bi1+bi2)
m7 = (a12—a22)(b21+b22)
Cll = mitms—ms+tmsy
Cl2 = m3tms

C21 = mMatmas

C22 = M|—M2+TMm3+tme

~anbniciitanbaiciitaiibiaciatainbacirt

. i anibi1c1+anbaicayi+azibiacrtarbrc
Strassen’s 2x2 algorithm:

i (a11+ax)(bi1+b2)(ci1+c)+
| (a21+axn)(bi)(cai—c2)+

i (a11)(biz—b22)(ciatc)+

i (a2)(b2i—b11)(ci1+car)+

| (ani*ain)(bn)(ciz—n)+

| (a21—an)(biitbi2)(c22)t

| (a12-a22)(b21+b22)(c11)

Strassen’s identity

R((2,2,2))<7
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Bilinear view of matrices

Matrices are bilinear operators:

Mnxm — Z Ml_[ ai bj

i=1 j=I
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Bilinear view of matrices

Matrices are bilinear operators:

Mnxm — i g Ml_[ aibj

i=1 j=I

Rank one matrices:

Mnxm — Z Z Ai Bj G,bj

EiE]

Rank = min no. rank one matrices summing to M

Row rank = Rank = Column rank
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More on tensors

Tensors: three-dimensional matrices

n m p
<n9m’P> — Z Z Z aijbjkCik

=1 j=1 k=1
nmXmpXnp tensor
Matrix multiplication tensor

A
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More on tensors

Tensors: three-dimensional matrices

n m p
<h,m,p) =i=Z|j=ZI kzzlaijbfkc"k \ 1 at row (i)

nmXmpXnp tensor C;"U";‘“ '(il’<k)
Matrix multiplication tensor epth (i.k)

A
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Tensor rank

aribiiciitainbaiciitaiibiaciatainbacirt
a21bi1c21+axnbaricaitaz1biacaatarbracn=
(a11+ax)(bi1+b22)(cii+c22)+
(a21+a22)(bi1)(c2i—c22)+
(ai1)(bi2—b22)(ci2tc2)+
(a22)(b21—bi1)(ci1+ca)+
(ai1t+ai2)(b22)(ciz—ci)+
(a2i—ai)(bi1+bi2)(c22)+
(a12—a22)(b21+b22)(c11)

Strassen’s identity




Tensor rank

aribiiciitainbaiciitaiibiaciatainbacirt
a21bi1c21+axnbaricaitaz1biacaatarbracn=
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Strassen’s identity

} 22




Tensor rank

ayibyiciitainbaiciitaiibiaciataiabacirt
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Rank one tensors




Tensor rank

ayibyiciitainbaiciitaiibiaciataiabacirt
axibii1c21taxnbaica1tazibi2¢ctarbracan=
(a11+ax)(bi1+b22)(cii+c22)+
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Strassen’s identity
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min no. rank one tensors
summing to T
NP-hard to compute! (Hastad)




Tensor rank

ayibyiciitainbaiciitaiibiaciataiabacirt
axibii1c21taxnbaica1tazibi2¢ctarbracan=
(a11+ax)(bi1+b22)(cii+c22)+

(a21Fa22)(bi)(cai—c22)+ R(T) = tensor rank of T:

(a11)(br2=b22)(cia+en)* min no. rank one tensors
(a22)(b21—bi11)(cii1+ca)+ . .
summing to T

(ai1t+ai2)(b22)(ciz—ci)+

} 22

(a2i—ai)(bi11+bi2)(c22)+ NP-hard to compute! (Hastad)
(a12—a22)(b21+b22)(ci1)

Strassen's identity ———— R((2,2,2))<7




Tensor product

Kronecker product of matrices:

apB aiB

dail di2 ®

)% aB anB




Tensor product

Kronecker product of matrices:

dail di2 ®

2% 3Ix3 aB a2nb

Tensor product of tensors — 3D analog
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Tensor product

e Example: {ni,mi,p1>®<{n2,ma,p2>={ninz,mima,p1p2’

* Corresponds to recursion: Strassen’s identity =

R(<2d,2d,2d>)= R(<2,2,2>®d) < R(<2,2,2>)d=7d




Tensor product

e Example: {ni,mi,p1>®<{n2,ma,p2>={ninz,mima,p1p2’

* Corresponds to recursion: Strassen’s identity =

R({24,29,29))=R(¢2,2,2)®d) <R (¢2,2,2))d=74

e Strassen showed R(<n,n,n))=0(n®*€) and w.v.




Tensor product

e Example: {ni,mi,p1>®<{n2,ma,p2>={ninz,mima,p1p2’

* Corresponds to recursion: Strassen’s identity =

R({29,24,24))=R(¢2,2,2)®9) <R ((2,2,2))d=74
e Strassen showed R({n,n,n))=0(n®+¢) and v.v.

* Algebraic definition of @




Tensor sum

Direct sum of matrices:

2x) X




Tensor sum

Direct sum of matrices:

2x%2 3%3

Tensor sum of tensors — 3D analog 5x5




Asymptotic sum inequality




Asymptotic sum inequality
Border rank

® Schonhage proved: ;R‘t<4/,|,4>@< 1,9,))<17

Outer'é)duct Inl:é* product
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Asymptotic sum inequality
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® Schonhage proved: ;R‘t<{,l,4>@< 1,9,))<17

® Schonhage’s asymptotic sum inequality:
@ < 3T where |67+97=|7




Asymptotic sum inequality
Border rank

® Schonhage proved: ;R‘t<{,l,4>@< 1,9,))<17

® Schonhage’s asymptotic sum inequality:
@ < 3T where |67+97=|7

® Gives the bound w < 2.55




Asymptotic sum inequality
Border rank

® Schonhage proved: E\f<4/,l,4>@< 1,9,))<17

® Schonhage’s asymptotic sum inequality:
@ < 3T where |67+97=|7

® Gives the bound w < 2.55

® Applies to any tensor sum of
matrix multiplication tensors




Laser method

What about more general tensors!?

q q q

Coppersmith—Winograd o . . jie

Easy identity” | R(2XOYiZi+ 2XiY0Zi+ 2. Xiyiz0) <q+2
i=1 i=1 i=1
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Laser method

What about more general tensors!

Coppersmith—Winograd
“Easy identity” R(Zxoylzﬁleyozl+ZX:ylzo)<q+2
= = =

W_J W-’ W-J
(LLg <q, 1,1 <l,g1)
Problem: tensors not disjoint!
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Laser method

What about more general tensors!

Coppersmith—Winograd
“Easy identity” R(Zxoylzﬁleyozl+ZX:ylzo)<q+2
= = =

W_J h,-/ W—’
LLe {q,1,1) <l,q,l1)

Strassen’s laser method:
* Take high tensor power
e Zero variables to obtain disjoint tensors
* Apply asymptotic sum inequality
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Laser method

What about more general tensors!

Coppersmith—Winograd
“Easy identity” R(Zxoylzﬁleyozl+ZX:ylzo)<q+2
= = =

W_J h,-/ W—’
LLe {q,1,1) <l,q,l1)

Strassen’s laser method: w < 2.404
* Take high tensor power p—
e Zero variables to obtain disjoint tensors
* Apply asymptotic sum inequality




Coppersmith—Winograd

“Complicated identity”
R(Tew)=<g+2, where

. q q q
Coppersmith—
Winograd TCW =ZXOy’Z’+ZX’yOZ’+ZX,y,ZO+XOyOZq+ | +X0yq+ |ZO+Xq+ |yOZO

i=1 i=1 i=1

tensor




Coppersmlth—Wmograd

“Complicated identity”
R(Tew)=<g+2, where

. q q q
Coppersmlth—
Winograd | ~\p/ _ZXOy,Z,+Zx,yoz,+Zx,y,zo+Xoonq+ | ¥X0Yq+1Z0FXg+1Y0Z0

W_/ hr-’ Hr-’ —— e -
LLg <q,1,15 <l,g, D> <LLE <L <LLD

Basis of all algorithms since 1987!




Coppersmlth—Wmograd

“Complicated identity”
R(Tcw) <q+2, where @ < 2.388

Coppersmith—

Winograd | ~\p/ _ZXOy,Z,+Zx,yoz,+Zx,y,zo+Xoonq+ | ¥X0Yq+1Z0FXg+1Y0Z0

tensor

W_/ hr-’ Hr-’ —— e -
LLg <q,1,15 <l,g, D> <LLE <L <LLD

Basis of all algorithms since 1987!
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Recursive laser method

R(Tew®?) <(g+2)?%, where

Tcw®?2 = sum of |5 non-disjoint tensors:

|2 matrix multiplication tensors &
3 complicated tensors
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Recursive laser method

Some resulting

B(TCW®2) = (q+2)2’ where from merging!

Tcew®2 = sum of |5 non-disjoint tensors:/

|2 matrix multiplication tensors &
3 complicated tensors




Recursive laser method

Some resulting

B(TCW®2) = (q+2)2’ where from merging!

Tcew®2 = sum of |5 non-disjoint tensors:/
|2 matrix multiplication tensors &

3 complicated tensors

q q q q q q
T112 = XioyioZo(g+ 1)+ Xoiy0iz(g+ 1o+ D D Xioyoizit D D XojyioZi
= = S B

S S —— e
(la ) (gl q,l,q q,l,q




Recursive laser method

Some resulting

B(TCW®2) = (q+2)2’ where from merging!

Tcew®2 = sum of |5 non-disjoint tensors:/

|2 matrix multiplication tensors &

3 complicated tensors
Problem: asymptotic sum inequality only handles

matrix multiplication tensors




Recursive laser method

Some resulting

B(TCW®2) = (q+2)2’ where from merging!

Tcew®2 = sum of |5 non-disjoint tensors:/

|2 matrix multiplication tensors &

3 complicated tensors
Problem: asymptotic sum inequality only handles

matrix multiplication tensors
Solution: generalized asymptotic sum inequality

handles tensors analyzed by laser method




Recursive laser method

® Analyzing Tcw®2:




Recursive laser method

® Analyzing Tcw®?2

® Analyze T2 using laser method




Recursive laser method

® Analyzing Tcw®2:

® Analyze T2 using laser method

® Analyze Tcw®? using generalized laser method




Recursive laser method

® Analyzing Tcw®2:
® Analyze T2 using laser method

® Analyze Tcw®? using generalized laser method

w <2376




Analyzing powers of Tcw
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Analyzin

1987
1987
2010
2012
2014
2014

g powers of

Tew
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What is the limit of this approach?
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Our work

® Formalize recursive laser method
Define L(T®k) = resulting bound on @

® Formulate “laser method with merging”
Define Lm(T) = resulting bound on w

® Prove that Lm(T) < L(T®k) for all k
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Our work

® Main theorem: lower bound on Lm(T)

® Application |:Lm(Tcw®'¢) = 2.3725
(cf. L(Tcw®32) = 2.3728)

® Application Il: Lm(Tecw) = 2.3078
(do not expect to be tight)
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Main lower bound

® Goal: lower bound Lm(T)

® Reduce to problem in extremal combinatorics:
Maximal weight of structure satisfying certain constraints

- Structure: components of TeN after zeroing and merging

- Constraints: components are disjoint
- Weight: quantity in asymptotic sum inequality

® Upper bound using volume argument
(inspired by Cohn, Kleinberg, Szegedy, Umans)
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The lower bound

Coppersmith & Winograd showed

+2
L(Ts) < 3logq 2CI11(I/3)

g=8 = w<2.404

Coppersmith—

Winograd  T'g = Zxoy,z,+Zx,yoz,+Zx,y,zo R(Ts)<g+2

“simple” tensor
= i=1

Cohn, Kleinberg, Szegedy, Umans: bound is tight
Our lower bound is extension of their methods
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Partitioned tensors

Coppersmith—

Winograd TS ZXOYIZI + ZXIyOZI + ZX:y:Zo

“simple” tensor

h,-x Hf-’ A,_J
(LLgonil (q, 1, U (g, 1.0

X variables y variables z variables
X0 XI0] 70 Y10] Z0 ZI0]
Xy Xq XI1] VlseensYq YLI] ZlsiuZaio A0
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Capacity Cn: max no. of disjoint index triples for TseN

Example: C; = 2

00,11,11°
10,01,11°

10,11,01]

01,10,1 1
11,00,11°

11,10,01]

0l1,11,10
11,01,10

11,11,00]

[={00,11} [={0I,11} K={l0,11}

Asymptotic sum inequality: @ < 3loggn

Taking the limit N— o0: w=<3log,

(g+2)N
CN
+
q_CZ’ where C=lim Cn!/N
N— o0
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Capacity

® Consider all index triples arising from
N/3 [0,1,1]s,N/3 [1,0,1]s,N/3 [1,1,0]s

N . ol
® At most N/3)52h(”3)N different x indices
® So contribution is at most 2h(I/3)N

® Same is true for all O(N2) types
So CN=<O(N2 2h(I3)N) = C<2h(1/3)

—
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® We proved CN<O(N? 2h(113)N) = C<2h(1/3)

q+2 q+2

=9h(1/3)
® Coppersmith and Winograd showed C=2h(1/3)
using a complicated combinatorial construction

q+2
2h(1/3)

® Since L(Ts) = 3Iogq

® |t follows that L(Ts) =

—
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More on merging

. q q q
Coppersmlth—
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More on merging

Actual merging in Tcw®2:

X0Y0Z g+ ®X0Yq+1Z0FTX0Yq+1Z0®X0Y0Zg+|=

X00Y0q+1Zg+10FX00y0g+1Zg+10=<1,1,2)

Corresponds to merging [00,02,20] and [00,20,02]

In any merging, for each t: either
ir = 0 for all [ij,k] (x-constant) or
jo = 0 for all [i,j,k] (y-constant) or
kt 0 for all [l,j,k] (z-constant)
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The lower bound

Line = collection of merged index triples

Consider lines with n/3 x-constant,
n/3 y-constant, n/3 z-constant coordinates

Consider index triples with a/3 each of
[110],[101],[011], /3 each of [200],[020],[002]

Upper bound no. of index triples in line
Upper bound no. of index triples

Deduce upper bound on capacity
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What now!

® Find better ways of analyzing Tcw
(cannot prove anything better than w <2.3078)

® Find better identities
® Group-theoretic method of Cohn & Umans

® Completely different methods?










