SPECTRAL METHODS IN EXTREMAL COMBINATORICS

Yuval Filmus

A thesis submitted in conformity with the requirements
for the degree of Doctor of Philosophy
Graduate Department of Computer Science
University of Toronto

Copyright () 2013 by Yuval Filmus



Abstract

Spectral Methods in Extremal Combinatorics

Yuval Filmus
Doctor of Philosophy
Graduate Department of Computer Science
University of Toronto

2013

Extremal combinatorics studies how large a collection of objects can be if it satisfies a given
set of restrictions. Inspired by a classical theorem due to Erdés, Ko and Rado, Simonovits and
Sés posed the following problem: determine how large a collection of graphs on the vertex set
{1,...,n} can be, if the intersection of any two of them contains a triangle. They conjectured
that the largest possible collection, containing 1/8 of all graphs, consists of all graphs containing
a fixed triangle (a triangle-star). The first major contribution of this thesis is a confirmation
of this conjecture.

We prove the Simonovits—Sés conjecture in the following strong form: the only triangle-
intersecting families of measure at least 1/8 are triangle-stars (uniqueness), and every triangle-
intersecting family of measure 1/8 — € is O(€)-close to a triangle-star (stability).

In order to prove the stability part of our theorem, we utilize a structure theorem for Boolean
functions on {0,1}" whose Fourier expansion is concentrated on the first ¢ + 1 levels, due to
Kindler and Safra. The second major contribution of this thesis consists of two analogs of this
theorem for Boolean functions on S, whose Fourier expansion is concentrated on the first two
levels.

In the same way that the Kindler—Safra theorem is useful for studying triangle-intersecting
families, our structure theorems are useful for studying intersecting families of permutations,
which are families in which any two permutations agree on the image of at least one point.
Using one of our theorems, we give a simple proof of the following result of Ellis, Friedgut and
Pilpel: an intersecting family of permutations on S, of size (1 —¢€)(m —1)! is O(e)-close to a

double coset, a family which consists of all permutations sending some point ¢ to some point j.
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Chapter 1

Introduction

How many edges can a graph on n vertices contain, if it has no triangles? How many sets can a
family of subsets of {1,...,n} consist of, if no set in the family is a subset of another set in the
family? How many sets can a family of subsets of {1,...,n} contain, if any two sets intersect?
These are the sort of questions considered in the area of extremal combinatorics.

In 1938{1]7 Erdés, Ko and Rado [30] proved the following seminal theorem.

Theorem (Erdés—Ko—Rado). Suppose F is a family of subsets of {1,...,n} consisting of sets of
size k, such that the intersection of any two sets in F is non-empty. If k <n/2 then |F| < (Z:i)
If furthermore k <n/2, then |F| = (Zj) if and only if F consists of all subsets containing some
element x € {1,...,n} (such a family is variously known as a star, sunflower, dictatorship,

centered family, principal family, kernel system).

The original theorem was the starting point of an entire research program in extremal
combinatorics, which proceeded in various directions.

How big can a family of permutations of .S, be, if any two permutations agree on at least
one point? How big can a family of graphs on n vertices be, if the intersection of any two
graphs contains a triangle? Suppose Z is a non-empty family of sets which is closed under
taking subsets. Is it always the case that no intersecting subfamily of Z is larger than the

maximal star contained in Z? The last question, known as Chvétal’s conjecture [I1, Problem

! Although the paper [30] dates from 1961, Erd8s [29] mentions that the result itself was proved in 1938.
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25], remains open.

Focusing on families of subsets of {1,...,n}, we could require the family to satisfy stronger
properties than just being intersecting. What can we say about two families if any set in one
family intersects every set in the other family? How large can the family be, if any three sets
intersect? How large can an intersecting family be, if it is not a star? How large can the family
be, if every two sets intersect in at least two points?

Another direction focuses on stability. Suppose that F is an intersecting family consisting
of subsets of {1,...,n} of size k. If k <n/2 then we know that |F| < (Zj), and furthermore the
extremal families are stars. What can we say about intersecting families of size (1 — e)(’lz:i)?

What does an arbitrary intersecting family approximately look like?

The Erdés—-Ko—Rado theorem can be proved in various ways. The original proof uses the
technique of shifting, which modifies the family into a form which is easier to analyze while
maintaining its intersecting property. Various other proofs are known: Frankl and Graham [37]
describe three additional proofs, and two other proofs appear in [44] and [36].

Friedgut [40] came up with a way of proving a variant of the Erdés—Ko—Rado theorem
and some of its generalizations using Fourier analysis. The advantage of his approach is that it
automatically yields stability: it shows that families whose size is almost maximal are themselves
close to extremal families (families of maximal size). The idea is to derive properties of the
Fourier expansion of the characteristic function of an intersecting family. These properties allow
us to characterize the Fourier spectra of families whose size is maximal or almost maximal, and
through the Fourier spectra, the structure of the families.

The Fourier coefficients of a function on n coordinates are divided into n + 1 levels. The
Fourier expansion of a star is particularly simple: only coefficients on the first two levels are
non-zero. Friedgut’s method starts by deriving an inequality on the Fourier coefficients of the
characteristic function, which immediately implies a tight upper bound on the size of inter-
secting families. Furthermore, the bound can only be tight if the Fourier expansion of the
characteristic function is supported on the first two levels. A simple argument shows that for
Boolean functions, that can only be the case if the family is a star.

When the intersecting family has almost maximal size, the method implies that the Fourier
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expansion of the characteristic function is concentrated on the first two levels, that is, all the
other coefficients are small in magnitude. Friedgut then applies a classical structure theorem for
Boolean functions, the Friedgut—Kalai-Naor theorem, to conclude that the intersecting family

is close to a family depending on one element only, which must be a star.

Deza and Frankl [I3] proved a theorem which is the analog of Erdés—Ko—Rado for permu-
tations. Two permutations in S,, are intersecting if they agree on at least one point. Their
theorem shows that an intersecting family of permutations in S,, contains at most (n — 1)!
permutations. Cameron and Ku [7] showed that this upper bound is achieved only by families
of the form {7 € S,, : w(i) = j}, known as double cosets. Ellis [22] showed that an intersecting

family of size (1 —¢)(n —1)! must be O(e)-close to a double coset.

Ellis’s method is very similar to the method used by Friedgut to prove the Erdos—Ko—Rado
theorem. The main difference is that instead of using Fourier analysis on {0,1}", Ellis needs
to use Fourier analysis on S,,, which is rather more complicated. At a very coarse level, the
Fourier coefficients with respect to .S, can be divided into n levels. The Fourier expansion of

double cosets is supported on the first two levels.

Ellis’s proof follows the same steps as the previously described one. He starts with an
inequality satisfied by the Fourier coefficients, which directly implies the upper bound (n —1)!.
The Fourier expansion of the characteristic function of a family of size (n—1)! must be supported
on the first two levels, and a relatively simple argument shows that this can only happen if the
family is a double coset. If the family has size (1-€)(n—1)!, then most of the Fourier expansion
is concentrated on the first two levels. At this point Ellis invokes a bootstrapping argument
which relies on the fact that the family is intersecting. One of our major results replaces this
ad hoc argument with an analog of the Friedgut—Kalai-Naor theorem that works for arbitrary

Boolean functions.
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1.1 Main results of the thesis

1.1.1 Intersection theorems

A family of graphs on n vertices is called triangle-intersecting (respectively, odd-cycle-intersecting)
if the intersection of any two graphs in the family contains a triangle (respectively, an odd cy-
cle). Chung, Frankl, Graham and Shearer [10] showed that a triangle-intersecting family can
contain at most 1/4 of the graphs, and mentioned a conjecture due to Sés and Simonovits that
the correct upper bound is 1/8. We strengthen and confirm this conjecture by proving the

following (Theorem {4.1)):

Upper bound: Every odd-cycle-intersecting family of graphs on n vertices contains at most

1/8 of the graphs.

Uniqueness: The unique families achieving the bound 1/8 are triangle-juntas, families formed

by taking all supergraphs of a fixed triangle.

Stability: If an odd-cycle-intersecting family contains 1/8—¢ of the graphs, then it is O(e)-close

to a triangle-junta.

We also generalize these results to other settings (Theorems 4.2{H4.5]).
Sés and Simonovits’s conjecture is very natural, but surprisingly its analog fails if we replace
the triangle by a path of length 3 (see Section [10.2). Accordingly, our proof makes essential

use of the graphical nature of the families.

1.1.2 Structure theorems

The second main part of the thesis concerns structure theorems for Boolean functions on .S,

(the set of all permutations on n points), analogous to the theorem of Friedgut, Kalai and Naor.

Friedgut—Kalai—Naor. The Fourier expansion of a function f:{0,1}" - R is

f= > f(S)xs,

Sc{1,...,n}

where the functions yg (which do not depend on f), known as the Fourier characters, form an

orthonormal basis for the vector space of all functions on {0,1}" (for a suitable inner product).
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The coefficients f(S) are known as the Fourier coefficients. The level of the Fourier coefficient
F(8) is |S].

If f depends only on the inputs T' ¢ {1, ...,n}, then the Fourier expansion of f is supported
on coefficients f(S) such that S ¢ T' (that is, the other Fourier coefficients all vanish), and so its
Fourier expansion is supported on the first |T'|+1 levels (including level zero). In particular, if f
depends on only one input (we call f a dictatorship), then its Fourier expansion is supported on
the first two levels. Conversely, if f is a Boolean function whose Fourier expansion is supported
on the first two levels, then it is not hard to show that f must be a dictatorship.

Friedgut, Kalai and Naor proved that if f is a balanced Boolean function whose Fourier
expansion is concentrated on the first two levels, then f is close to a dictatorship. More
formally, suppose that for some ¢ > 0,

§< P —1]<1-4
< xe{oﬁ}n[f(””) ]<

and

S f(S)2 <.

|S|>1

Then there is a dictatorship g which differs from f on an O(¢) fraction of the inputs.

Our results. The Fourier expansion has an analog for functions defined on S,,. That is, there
is an orthonormal basis B for the vector space of all functions on \S,,, and the Fourier expansion
of a function f:5,, - R is its expansion in terms of the basis B. In contrast to the usual Fourier
expansion, in this case there is no natural indexing of the basis functions in B. However, there
is a way of partitioning them into n levels.

If the function f depends only on the value of the input permutation 7w on the indices
Ic{1,...,n}, then its Fourier expansion is concentrated on the first |I| + 1 levels. The same
is true if f depends only on the value of 77! on the indices I. In particular, if f depends only
on 7(i) or only on 77 1(i) (we call f a dictator), then its Fourier expansion is supported on the
first two levels. Ellis, Friedgut and Pilpel [28] proved the converse: if the Fourier expansion of
a Boolean function is supported on the first two levels, then it is a dictatorship. (They also

proved a more general result for functions supported on the first k + 1 levels.)
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We prove two analogs of Friedgut—Kalai-Naor in this setting. Both results concern Boolean
functions f whose Fourier expansion is concentrated on the first two levels. The first result
(Theorem tackles the case where the support of f (the number of permutations = such that
f(m) =1) is small, and the second result (Theorem tackles the case where the support of
f is large.

Our first result applies when the support of f has size ¢(n —1)! for ¢ = o(n). We show that
c must be close to an integer, and that f must be close to the characteristic function of a union
of double cosets. We cannot conclude that f is close to a dictatorship since the double cosets
need not be disjoint (in this context, a dictatorship is a function which, given a permutation
7, depends only on 7(i) for some i € [n] or on 771(j) for some j € [n]). We also present an
application to intersecting families of permutations.

Our second result, applies when the support of f has size ¢(n — 1)! where min(¢,n —c¢) =
w(n5/ 6). In contrast to our first result, in this case we are able to show that f must be close to

a dictatorship.

1.2 Organization of the thesis

Following the introduction, we present some necessary background material in Chapter 2l The
bulk of the thesis is composed of two main parts, intersection theorems and structure theorems.

The first main part of the thesis contains our result on triangle-intersecting families of
graphs. This part begins in Chapter (3|, which describes a method devised by Friedgut to prove
intersection theorems via Fourier analysis. We describe Friedgut’s method using two simple
applications: the traffic light puzzle and Friedgut’s Fourier-theoretic proof of a generalized
version of the Erdés—Ko—Rado theorem. This chapter contains some original material, but
mostly follows papers by Friedgut and his coauthors [4], [40]. Our result on triangle-intersecting
families appears in Chapter [d This chapter follows work by the author together with David
Ellis and Ehud Friedgut [27]. The first part ends in Chapter [5, in which we prove a version
of the Ahlswede-Khachatrian theorem, a generalization of the Erdés—Ko—Rado theorem. This

chapter is expository in nature.
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The second main part of the thesis contains our stability theorems for Boolean functions
on S, This part begins with Chapter [6, which introduces Fourier analysis on S, from an
unorthodox perspective friendly to theoretical computer science. The subsequent two chapters
generalize the theorem of Friedgut, Kalai and Naor to Boolean functions on S,. Chapter [7]
contains our stability result for Boolean functions on .S, of small support. This chapter follows
work by the author together with David Ellis and Ehud Friedgut [24]. Chapter [8| contains our
stability result for balanced Boolean functions on .S,,. This chapter follows work by the author
together with David Ellis and Ehud Friedgut [26].

Following the two main parts, we describe in Chapter [J] several applications of extremal
combinatorics to theoretical computer science. While the applications we present do not use
any of the novel results proven in this thesis, they use results of similar types. This expository
chapter serves to relate our results to theoretical computer science.

We conclude the thesis in Chapter reporting on some subsequent research and describing

some open problems.



Chapter 2

Preliminaries

2.1 Notation

We will use N to denote the set of natural numbers (including zero), Z to denote the set of
integers, R to denote the set of real numbers, and Rsy to denote the set of non-negative real
numbers. The ring of integers modulo & is denoted Zj.

For n a natural number, we will use [n] to denote the set {1,...,n}. The power set of a
set S will be denoted 2°. We will use [a,b],[a,b), (a,b],(a,b) to denote various intervals of
real numbers. A square bracket indicates that the endpoint is contained in the interval. The
notation [x]| means the rounding of x, which is an integer m satisfying |m — x| < 1/2. When
x € Z+1/2, round arbitrarily down.

A family of sets on n points is a subset of 2[n] . 1f all sets in the family have cardinality k
then the family is k-uniform.

A star is a family of sets on n points consisting of all sets containing some fixed i € [n]. For
a subset S ¢ [n], an S-star is the family of sets on n points consisting of all supersets of S. For
an integer t > 1, a t-star is any S-star for |S| = t.

For a proposition P, we define [P] by

1, if P is true,
[F] =
0, if P is false.

If z,y € {0,1}, then z @ y is their sum modulo 2, also known as exclusive or (XOR). The
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corresponding operation on sets, symmetric difference, is denoted by A.

We denote the transpose of a matrix A by A’, and the Hermitian (conjugate transpose) by
A*.

The group of all permutations on [n] is denoted S,,.

Unless otherwise mentioned, all logarithms are natural (to the base e).

We say that a function f is supported on a set S if f(x) =0 for all z ¢ S. A related but
distinct informal notion is of a function concentrated on a set, whose exact meaning depends on
the context. For example, it could mean that ¥,.¢ f(x)? is small. We will not use this notion
when stating theorems, but only when discussing results.

We will use the standard asymptotic notations O(-), Q(-), o(-), w(-). Unless explicitly
mentioned, all the quantities in question are non-negative. We use +O(+) to express a quantity
whose absolute value is O(-). For example, f =g+ O(1) is the same as |f — g| = O(1).

Unless stated otherwise, the underlying constant in asymptotic notation is universal. To
express the fact that the constant depends on some other quantities, we will add them as

subscripts. For example, if f < C; where C} is a constant depending only on ¢, then we can also

write f = Oy(1).

2.2 Probability theory

The probability of an event E will be denoted Pr[E]. The expectation (or mean) of a random
variable X will be denoted E X or E[ X ]. If the expectation is taken over a variable A, we will
write E4 X. The variance of a random variable X will be denoted VX or V[X]. The binomial
distribution on n points with probability p will be denoted Bin(n,p).

We will use the following classical results.

Theorem (Bonferroni inequalities). For events Ay,..., A, on the same probability space,

ZPr[AZ'] = > Pr[A4; and A;] <Pr[A; or - or A,] < ZPr[AZ-].

i<J

The second inequality is usually known as the union bound.
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Theorem (Markov’s inequality). If X is a non-negative random variable then

E[X]

Pr[X >c] <

Theorem (Chebyshev’s inequality). For every random variable X,

VIX]

c2

Pr[|X -EX|>c] <

The following result is usually known in theoretical computer science as Chernoff’s inequality
or Hoeffding’s inequality, and is also a special case of Azuma’s inequality. For definiteness, we

choose the name Chernoff’s inequality.

Theorem (Chernoff’s inequality). Let Xi,...,X,, be independent random variables such that
X; lies in some interval of length d; with probability 1, and let X = Y11 X;. Then
2¢?
PI'[X—]EX > C] < exp —n—d2
i=1%
and

2c2
PrlEX - X >c]<exp|-—r—5 |-
i=14;

All the results listed so far belong to the genre of concentration of measure. The next result
belongs to the complementary genre of anti-concentration. Although named after both Berry
and Esseen, the version stated below is due to Esseen (a slightly weaker version had been proved

a year earlier by Berry, whose work wasn’t known to Esseen).

Theorem (Berry—Esseen). There exists some constant C' > 0 such that the following is true.
Let X1,...,X, be independent non-constant random variables, and let X = 37" X;. Let 'Y be
an independent normally distributed random variable with the same mean and variance as X.

For every interval I,

n ElIX; -EX;P
|Pr[X e I]-Pr[Y e I]| < C=EL | 32‘
(T, V X,)Y

2.3 Convex functions

We list two important inequalities on convex functions.
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Definition 2.1. A function ¢ defined on an interval I is convex if for every x,y € I and t € [0, 1],

otz + (1 -t)y) <tp(x) + (1 -t)p(y). O

Lemma 2.1 (Jensen’s inequality). Suppose ¢ is a convex function defined on an interval I,

and X is a random variable supported on I. Then

p(E[X]) <E[p(X)].

Lemma 2.2. Suppose ¢ is a convez function defined on an interval I =[0,M]. For eachn and
T1i,...,Tn € I whose sum is also in I,

n n

> (@) < SO(Z ﬂﬂz) +(n=1)¢(0).

i=1 =1

Proof. 1t is enough to prove the case n = 2, which we can rewrite as

() = (0) < p(x +y) - p(y).

Let ¢, (t) = p(z+t)—p(t). Since ¢ is convex, we have ¢” > 0, and so ¥, (t) = @' (z+t)-¢'(x) > 0.
Therefore ¢, (y) > 1, (0). O

2.4 Measures on families of sets

The Erdés-Ko-Rado theorem (stated in the introduction) concerns k-uniform families of sets
on n points, for k£ <n/2. From our point of view, it is more natural to consider unconstrained
families of sets. To this end, we will consider various measures over 2["] which highlight sets of
a certain size.

Let n > 1 be a natural number, and p € [0,1]. The measure p, on 2[] (in the sense of
measure theory) is defined by its value on singletons, p,({S}) = pl/(1 - p)* 1%, This is a
probability measure, that is ,up(2[”]) =1, and it has the following probabilistic interpretation.
Let S be a random set chosen by putting each x € [n] in S with probability p independently.
For every F ¢ 20", 11,(F) is the probability that S is in F. When p = 1/2, i1 5(F) = 27| F.
We define p1 = puy/5 for short, and call this measure the uniform measure.

Intuitively, the measure py,, highlights sets of size k: in the probabilistic interpretation, the

size of the set S is distributed Bin(n, k/n), which is concentrated around k. We develop some
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formal connections between the two settings in the context of intersecting families in Section [3.5]
Here we illustrate this connection by giving Katona’s beautiful proof of the Erdés—-Ko-Rado

theorem [58] in both settings.

Classical setting. Let F be a k-uniform intersecting family of sets on n points, where k < n/2.
Put the numbers 1 to n in a circle in random order, and let .S be the set appearing in a random
interval of length k£ on the circle. On the one hand, u(F) = Pr[S € F]. On the other hand,
for each of the n! possible orders, any two intervals of length &£ which outline a set in F must

intersect (on the circle). This implies that Pr[.S € F] < k/n.

Probabilistic setting. Let F be an intersecting family of sets on n points, and let p < 1/2.
Put each number from 1 to n at a random point on the unit-circumference circle, and let S be the
set of points appearing in a random interval of length p. On the one hand, p,(F) = Pr[S € F].
On the other hand, for each way of choosing the n points on the circle, any two intervals of

length p which outline a set in F must intersect (on the circle). This implies that Pr[S € F] < p.

An extension of Katona’s argument to cross-intersecting families (pairs of families in which
each set of the first family intersects each set of the second family) appears in Section An
extension to r-wise intersecting families (families in which every r sets have a common element)
appears in [34]. Katona’s argument does not seem to extend to 2-intersecting families (families
in which any two sets intersect in at least two elements); see [53] for relevant work in that

direction.

2.5 Fourier analysis

A function f:{0,1}" - R is called a function on n bits. If the range of f is {0,1}, then f is a
Boolean function. For a subset S ¢ [n], its characteristic vector 1g is defined by (1g); = [i € S].
Similarly, for a family F of sets on n points, its characteristic function 1,:{0,1}" — {0,1} is
defined by 1,(1g) = [S € F]. In the sequel, we identify a subset with its characteristic vector.
This association between families of sets and Boolean functions allows us to analyze the former

using the latter.
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Let n > 1 be a natural number. The inner product between two functions on n bits is defined
by
(f.9) = E f(2)g(2),

where x is a uniformly random point in {0,1}". The norm of a function f is | f| = \/(f, f)-

The Fourier basis functions X[Sn] for S c [n], also known as Fourier characters, are defined by
x§ Ty = (-l

In terms of bit vectors,
() = (-0,

where the inner product between two bit vectors x,y is simply (z,y) = ¥, z;; (mod 2). When
n is understood from the context, as is the case for the rest of this section, we omit the
superscript.

The Fourier characters enjoy three basic properties: they are multiplicative, they form a

group, and they form a basis.

Lemma 2.3. Let x,y,z € {0,1}". We have x.(y ® z) = x2(y)Xxz(2).

Proof. Easy calculation. O
The analog version for sets states that for all X,Y,Z c [n], xx(YAZ) = xx(Y)xx(2).

Lemma 2.4. Let z,y € {0,1}". We have XzXy = Xzoy-

Proof. Easy calculation. O
The analog version for sets states that for all X,Y ¢ [n], xxXxy = XxAY-

Lemma 2.5. Let n > 1 be a natural number. The functions x, for x € {0,1}"™ form an or-

thonormal basis to the vector space of all real-valued functions on n bits.

Proof. Let z,y € {0,1}". We have

<X:1:7 Xy) =9 " Z(_l)«xvz»(_l)«y,z» =9 Z(_l)((meay,z}).
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If x=ythen x®y =0, and s0 (xz,xz)=1. ff 2 #y then 2 &y #0, say (x ®y); = 1. Therefore
(X$7Xy> =9 Z (_1)Zj¢i(xj@yj)zj Z(_l)zl =0.
Z15-++5%i=1,%i+15--5%n Zi
Since the functions x, are orthogonal, they are linearly independent. Since there are 2™ of

them, they form a basis. O

Every function f on n bits can be expanded in terms of the Fourier basis (the Fourier
expansion):

f=3 f(S)xs-

Se(n]
The numbers f(S ) are known as Fourier coefficients, and the function f is called the Fourier
transform. The Fourier coefficient f(S) is said to belong to level |S|. The first level is level 0,
and so on.
The Fourier transform, mapping f to f, is a linear operator, and so for scalars «, 8 and
functions f, g, the Fourier transform of h = af + f¢ is h = af+ B84.

The following lemmas contain some basic properties of the Fourier transform.

Lemma 2.6 (Parseval’s identity). Let f,g be functions on n bits. We have

mw=§ﬂ®M®.

In particular,
IF17 = 3 £(5)*.
S

Moreover, f(S) =(f,xs)-

Proof. This follows directly from the fact that the Fourier characters form an orthonormal

basis. O
Lemma 2.7. Let f be a Boolean function on n bits. Then
f(@) = Y f(9)? = u(f)-
S

Proof. Since g is the constant 1 vector, f(@) = E, f(z) = u(f). Since f is Boolean, |f]? =

E, f(2)? =E, f(x) = u(f). The proof is complete using Parseval’s identity. O
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Lemma 2.8. Let f be a function on n bits which depends only on a subset S of the coordinates.

For any T ¢ S, f(T) = 0.

Proof. Suppose that f does not depend on the ith coordinate, and ¢ € T'. Then

f(T) -9 Zf(l,)(_l)ZjeTlUj

=9 N Z (_1)stT\{i} zj
T1yeesTim1,Ti4150:Tnm
(f(x].u e ,xi_1,07$i+17 LR axn) - f(ﬂj]_, LR 7'/1:1'—17 1axi+la e 7xn)) = 07
since f does not depend on z;. O

2.5.1 (Generalization to Z;

Up to now, we have considered functions whose domain was {0,1}". We can think of this
domain also as Z3. Replacing 2 with an arbitrary k£ > 2, there is an analogous theory of the
Fourier transform for functions on Zj. For any two vectors z,y € Z}, define (z,y) = X; z:y;
(all in Zy), and for any two functions f,g:Zy — C, define (f,g) = Exf(m)m, where x is a
random element of Z7', and the bar denotes complex conjugation (we need to consider complex
functions since the Fourier characters are complex). The Fourier characters x, are indexed by

elements z € Z;, and defined by

Yaly) = o), o = (2milk,

Here we could pick w to be any primitive kth root of unity. When k > 2, the Fourier characters
are complex functions. We have the following analogs of Lemma[2.3] Lemmal[2.4and Lemma[2.5

with very similar proofs.
Lemma 2.9. Let x,y,z € Z;. We have x.(y + 2) = x2(y)x2(2)-
Lemma 2.10. Let z,y € Zi. We have XaXy = Xa+y-

Lemma 2.11. Letn > 1 be a natural number. The functions x, for x € Z;, form an orthonormal

basis to the vector space of all complex-valued functions on Z;,.
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Since the Fourier characters form a basis, every function f can be expanded as

f: Z f(x)Xx

n
Tely,

We have the following analogues of Lemma 2.6 Lemma [2.7 and Lemma [2.8]

Lemma 2.12 (Parseval’s identity). Let f,g be functions on Z}}. We have
(f.9)= 2 f(9)a(9).
S
In particular,
11 = SIFS)I.
S
Moreover, f(S)=(f,xs).

Lemma 2.13. Let f be a Boolean function on Zj;. Then

f(@) = 2IF(SIP = (),
S
where & is the zero vector of length n.

Lemma 2.14. Let f be a function on Zj which depends only on a subset S of the coordinates.

For any T ¢ S, f(T) =0.

2.5.2 Generalization to p,

In order to get a bound on the size of intersecting families via Fourier analysis, we will use
Lemma[2.7)to relate the Fourier expansion of a family of sets and its size. However, the relation
given by the lemma only holds for the measure p. In order to get an analogous result for p,,
we will need to develop Fourier analysis with respect to a skewed inner product. While this
material is somewhat non-standard, the reader should rest assured that it is only marginally
more complicated than standard Fourier analysis.

Let p e (0,1), and let f, g be two real-valued functions on n bits. The p-skewed inner product
of f and ¢ is given by

(f:9),= B [(x)g(z).
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The corresponding norm is | f], = \/(f, f). Let ¢ =1-p. The Fourier characters xs, for S ¢ [n]

\s(T) = (—S—J)L%T\/?S'_

This mysterious definition generalizes the usual definition while satisfying the following analog

are given by

of Lemma 2.5l

Lemma 2.15. Let n > 1 be a natural number. The functions xs, for S ¢ [n] form an orthonor-
mal basis to the vector space of all real-valued functions on n bits, with respect to the p-skewed

inner product.

Proof. Let S,T < [n]. We have

[S|+|T|
( > ~ Z 0] (U] _g |SAU|+|TnU| ]_9
stp’ XT,P P - p q q .

U p

If S =T then this simplifies to

, ol (€ \2STVHS)
gy
U p

Ul+|S|-2|SnU| n-|U|-|S|+2|SNU
= 3 plUl+ISt-21snU n-fu-isle2isnt]
U

||XS,p

AS| n—-|UAS -
= pUASI-UAS] - S Ul eIl
U U

If S # T then, without loss of generality, there is an element ¢ € S\ T'. In this case we have

[S|+|T|
( ) ~ 0] n-|U] _g |SAU|+|TnU| ]_j
Xsp: XTplp= 2, Pq .

Uc[n]\{i} p

|SAU|+1+[TnU| |S[+|T|
el (-2 \/E
p q

|SAU|+|TAU| S+
- p|qu—|U|(_z) \/? (1+£.(_€)):0‘ a
Uc[n]~{i} p q q p

In Section [2.6.1] we present a construction of the p-skewed Fourier characters using tensor
products, which will serve to demystify the explicit formula.

We have the following weakened form of Lemma [2.4
Lemma 2.16. Let S,T ¢ [n]. If SnT =& then xspXTp = XSuTp-

Proof. Easy calculation. O
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As before, we can expand every function in the new Fourier basis:

f: Z fp(S)XS,p-
Sc[n]

This operation is known as the p-skewed Fourier transform, and the functions yg are known as
the p-skewed Fourier characters of basis vectors. When p is clear from context, we will just say
skewed Fourier transform, and drop the subscript p from fp and xg,p.

Here are the analogues of Lemma Lemma and Lemma [2.8

Lemma 2.17 (Parseval’s identity). Let f, g be functions on n bits. We have

(f,9), = ; Fo(9)p(S).
In particular,
1713 = z Fo(S)*.
Moreover, f(S) = (f,Xs,),

Proof. This follows directly from orthonormality. O

Lemma 2.18. Let f be a Boolean function on n bits. Then

f(@) = ;f}J(S)Z = 1ip(f)-

Proof. Since g is the constant 1 vector, fp(@) = Egup, f(#) = pp(f). Since f is Boolean,

||fH12) =Eyop, f(2)? =Egep, f(z) = pp(f). The proof is complete using Parseval’s identity. [

Lemma 2.19. Let f be a function on n bits which depends only on a subset S of the coordinates.

Forany T ¢S, fp(T) =0.

Proof. Suppose that f does not depend on the ith coordinate, and ¢ € T'. Then

. B q |SNT| p|T‘
= 2 @)/

Sc[n

|SNT| T
q p
= E: MP(S)(__) \/j
Se[n]\{i} p 4

[07(5) - (-2) s 010 -0

4
p

since f does not depend on x;. ]
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2.6 Tensor products

The mysterious construction of the Fourier characters with respect to the y, measure becomes
clearer when its tensorial structure is revealed. In this section, we provide a short introduction
to tensor products of vectors and matrices, culminating in the construction of the j, measure.
Tensor products of matrices will be crucial in Chapters [3] and Chapter

Suppose f is a function on one bit, which we identify with the column vector

_[ro)
F(1)

Consider the linear operator of replacing f with a constant function whose value is always

(f(0)+ f(1))/2. This operator, which we call averaging, can be described by a matrix

1/2 1/2

1/2 1/2

Now consider a function g on two bits, which we identify with the column vector

9(0,0)
g(0,1)
9(1,0)

g(1,1)

The two operators of averaging over the first coordinate and over the second coordinate are

described by matrices

12 0 1/2 0 1/2 1/2 0 0

0 1/2 0 1/2 1/2 1/2 0 0
4y / / C4,- /2 1/

12 0 1/2 0 0 0 1/2 1/2

0 1/2 0 1/2 0 0 1/2 1/2

The operator A; operates on g to produce the function g;(z,y) = (¢(0,y) + g(1,9))/2, and As
operates on g to produce g2(z,y) = (g(z,0) + g(x,1))/2. If we apply both A; and As on g, in
any order, we get a constant function whose value is always (g(0,0)+¢(0,1)+g(1,0)+g(1,1))/4;

we say that A; and As commute, since A1 Ay = AsAq.
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We can think of the operator A; as splitting ¢ into two functions g(z,0) and g(z,1), and
applying A on each of the slices. Similarly, Ay splits g into two functions ¢(0,y) and g(1,y),
and applies A on both slices.

More generally, consider the space of functions on n + m bits. Suppose we have a linear
operator B which acts on functions on n bits, and a linear operator C' which acts on functions
on m bits. We can lift B to functions on n + m bits by applying B separately to each of the
2™ slices formed by fixing the last m coordinates. This function is denoted B ® Iom (here Iom
represents the identity function on 2™ values). Similarly, we can lift C' to functions on n +m
bits by applying it separately to each of the 2" slices formed by fixing the first n coordinates.

This function is denoted by Isn ® C'. The two linear operators commute, and we define

Be®C=(B®Ihm)(In®C)=(In®C)(BQ® Im).

The reader can check that if we take C' = Iom then we indeed get B ® Iam, per its previous
definition. The linear operator B ® C is called the tensor product of B and C.
Coming back to our previous example, A1 = A® I, Ao =1,® A, and A1 As = A2 A1 = A® A.

We also write A® A as A®?, the second tensor power of A.

Suppose the function g of our running example depended only on the first coordinate, that
is, g(z,y) = f(x) for some function f on one bit. In that case, A;g depends only on Af, and
(A19)(z,y) = (Af)(x). This example can be generalized. Suppose f1, fo are two functions on
one bit, and let g(x,y) = fi(z)f2(y). In this case we have (A19)(z,y) = (Af1)(x)f2(y). More

generally, for any two linear operators B, C acting on one-bit functions,

(BeC)g)(z,y) = (Bf1)(x)(Cf2)(y)-

We say that g is the tensor product of f; and fs, in symbols g = f1 ® f5.
The definition generalized easily into the case where f; is a function on n bits, fy is a
function on m bits, B acts on n-bit functions, and C acts on m-bit functions. The function

f1® fo on n+m bits is defined by

(fref2)(z,y) = fi(z) fa(y), 2€{0,1}" ye{0,1}™,
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and we have the identity

(B®C)(fi® f2) = (Bf1) ® (Cfa).

A similar property holds for the (usual) inner product of two functions. If fi, g1 are functions
on n bits and fo, go are functions on m bits then

Y (f1® f2)(z,y) (g1 ® g2) () = Y f1(2) f2(y) g1 (2)g2(y)

T,y T,y

- (Z ﬁ(m)gl(a:)) (Z fz<y>92<y>) -

We are interested in the tensor product due to the following elementary result, which allows
us to determine the eigenvalues and eigenvectors of a tensor product in terms of the eigenvalues

and eigenvectors of its constituents.
Lemma 2.20. If Av=Xv and Bu = pu then (A® B)(u®v) = Au(u®v).
Another property which will be useful is the following result concerning linear independence.

Lemma 2.21. Suppose vi,...,v, are linearly independent vectors of length N, and uy,...,un
are linearly independent vectors of length M. The nm wvectors v; ® u; of length NM are also

linearly independent.

Proof. Let V be the nx N matrix whose rows are the vectors vy, ..., v,, and define U similarly.
Since v1,...,v, are linearly independent, V has a right inverse Ry, which is an N x n matrix
satisfying V Ry = I,,. Similarly, U has a right inverse Ry. The matrix V @ U contains the nm
vectors v; ® u; as rows, and has a right inverse Ry ® Ry, showing that the vectors v; ® u; are

linearly independent. O

2.6.1 Tensorial construction of the Fourier transform

The Fourier basis vectors are examples of vectors constructed using tensor products. Consider
the ordinary Fourier transform, described in the beginning of Section The two building

blocks are

Yo(z) =1, ¢i(z)=(-1)"
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For functions on n bits, the Fourier basis vectors X[x”], where z € {0,1}", are defined by

X:Ecn] = ®%Z
=1

Indeed, the resulting function is
- . .
X () = [T s (i) = (1) Zi=,
i=1

The fact that the functions Xg[c"] are orthonormal follows from the fact that the functions vy, ¥
are. The derivation uses the fact that the underlying measure p itself is a tensor power (as a
function from sets to R): pld = (,u[l])@", where u[™ is the uniform measure for functions on n
bits. Lemma [2.8] which describes the Fourier transform of functions that do not depend on all

their arguments, also follows essentially from the tensorial construction of the Fourier basis.

This point of view allows us to explain where the skewed Fourier basis vectors, described
in Section @, come from. We want to find two one-bit functions g p, 11, which form an
orthonormal basis with respect to ,u,[}]. In order for the analog of Lemma to hold, we need
1p,p to be constant (that is clear from considering the case n = 1). Since ,uz[,l] is a probabil-

ity measure and g, needs to have unit norm, we can conclude that 1y, = 1. As for 91 ,,

orthonormality imposes the two equations (recall ¢ =1 -p)

q1,p(0)? + phr p(1)? = 1,

qh1,p(0) + piy p(1) = 0.

Substituting the second equation into the first, we deduce that 11 ,(0) = £1/p/q. In order to be

compatible with the case p = 1/2, we choose 91 ,(0) = \/p/q, and then ; ,(1) = —/¢/p. The

diligent reader can check that if we define

Xx,p = ® wxi,p

i
then we get the same skewed Fourier basis as in Section

A generalization of this construction in terms of reversible Markov chains appears in [16].
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2.7 Structure theorems for Boolean functions on the Boolean

cube

Friedgut’s method for intersection problems, described in Chapter [3] relies on structure the-
orems for Boolean functions on {0,1}" (which is also known as the Boolean cube) in order
to prove stability. The simplest theorem, due to Friedgut, Kalai and Naor [42], states that
a Boolean function whose Fourier spectrum is concentrated on the first two levels is close to
a dictatorship. The original theorem concerned the p measure. Kindler and Safra [64) 63]

generalized the theorem to the 1, measure for arbitrary p.

Theorem 2.22 (Friedgut-Kalai-Naor). For every p € (0,1) there is a constant C), such that
the following is true. If f is a Boolean function satisfying

Z fp(S)2 <€,

|S|>1

then there is some Boolean function g which depends on at most one coordinate such that

2
17 =gl < Cpe.

This theorem has many proofs: the original paper [42] already contained two different proofs,
and Kindler and Safra [64], 63] contributed another one.

Kindler and Safra [64] [63] extended Friedgut-Kalai-Naor to functions whose Fourier spec-
trum is concentrated on the first k£ + 1 levels. In contrast to the case k = 1, for k > 2 it is
no longer the case that we can approximate such a function with a function depending on k

coordinates. For example, the not-all-equal function on three inputs has the Fourier expansion

3 1 1 1
naez(z,y,2) = X2~ Xlew) ~ P Xwed ~ g X{yed-
While the Fourier expansion is supported on the first 2 + 1 levels, naes depends strongly on all
its coordinates. This phenomenon is not without bounds: Nisan and Szegedy [68] proved that
a function whose Fourier spectrum is supported on the first &+ 1 levels depends on at most k2F
coordinates. Moreover, it turns out that if the Fourier spectrum is concentrated on the first

k + 1 levels, we can always find a good approximation which depends on O (1) coordinates.
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Theorem 2.23 (Kindler—Safra [63]). For every p € (0,1) and every k > 1 there are constants
Cp k., My, i such that the following is true. If f is a Boolean function satisfying

Z fp(8)2 <€,

|S|>k
then there is some Boolean function g which only depends on My}, coordinates such that | f —

2 . .
ng < Cp €. Furthermore, the constants Cy ., M), . are continuous functions of p.

Kindler and Safra do not make explicit the fact that the constants C), ., M), ;. are continuous
in p. However, both are continuous functions of the parameter 4, 2=1+(p(1-p))~'/2, which is

the Bonami-Beckner constant for the p, measure [69].



Chapter 3

Friedgut’s method

Ehud Friedgut has developed a principled method for proving Erdés—Ko—Rado-like results using
Fourier analysis. The method first appears in this context in [40], in which Friedgut proves a
generalization of Erdés—-Ko-Rado: if F is a t-intersecting family of sets and p < 1/(¢ + 1) then
pp(F) < p' (a t-intersecting family is one in which any two sets intersect in at least ¢ points; an
intersecting family is a 1-intersecting family). The second application is to intersecting families
of permutations, together with Ellis and Pilpel [28]. They show that a t-intersecting family of
permutations on n points contains at most (n —t)! permutations, when n is large enough (two
permutations are t-intersecting if they agree on at least ¢ points). We discuss the case ¢ = 1
of this result briefly in Chapter The third application, to triangle-intersecting families of

graphs, is the subject of the following chapter.

Friedgut’s research program was initiated in his earlier paper with Alon, Dinur and Sudakov
on graph products [4]. Since this is a particularly simple example, we start our exposition of
Friedgut’s method by solving the traffic light puzzle described in that paper. Following that, we
reproduce his proof of the Erd6s—Ko—Rado theorem. The chapter continues with a discussion
on how results utilizing the p, measure are related to results on uniform families of sets (families
in which each set contains the same prescribed number of elements). In particular, we relate
Friedgut’s method to a method due to Lovasz [66, B7] and Wilson [79]. The chapter concludes

with a short comparison of Friedgut’s method and the Lovéasz theta function.

25
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3.1 Traffic light puzzle

A (red-yellow-green) traffic light is controlled by n tristate switches, in such a way that if you
change the state of all the switches, then the color of the traffic light always changes. Show
that the light is controlled by a single switch. This puzzle appears in a paper by Greenwell and
Lovész [46], where the solution uses induction on n. In this section, we solve the puzzle using
Fourier analysis, following [4].

We can identify the set of states of the switches with Z3. Let f, g, h be the characteristic
functions corresponding to the states in which the traffic light is red, yellow, green (respectively).
Let A be a 3" x 3" matrix indexed by Z% in which A, = [z; # y; for all ¢]. If the current light
is red and we change the state of all the switches, then the new light is not red. Therefore, if

we regard f as a column vector,

FAf =0. (3.1)

(Here f’ is the transpose of f.) Another way of stating this is that any two switch positions in
which the traffic light is red must agree on the position of at least one switch. This condition
is similar to the condition satisfied by intersecting families of sets.

We are now going to show that the Fourier characters are the eigenvectors of A. This will
enable us to deduce from information on the Fourier expansion of f. Let x € Z%, and recall
from Section that x.(y) = wZi%¥  where w = ™13 i a primitive third root of unity. We
have

(AXr)y = Z AyZXm(Z)

n
2€Ly

2 20 Xa(2)

Z1#Y1 Zn#FYn

IRECT WS

Z1+Y1 Zn*Yn

Each of the factors in the sum above is equal to
Z W% = Z T | — Tl
2i+Yi (ZiEZg
Now there are two possibilities. If z; = 0, then the sum is equal to 2 = 2w*¥. Otherwise, it is

equal to —w”¥i. Let |z| be the number of coordinates such that xz; # 0. In total, we conclude



CHAPTER 3. FRIEDGUT’S METHOD 27

that

(A = (D2 A Twr =2 (5 ) ).

In other words, x, is an eigenvector of A with eigenvalue depending on |z|:

1 k
Axz = )\|x\Xac7 A =2" (_5) .

Consider now what happens to the Fourier expansion of f after applying A:

Af=AY f(@)xe

n
Tely

= Z f(x)AXa:

xely
. 1\l
-2 3 (+5) f@e
In other words, the Fourier expansion of Af is given by

1

TF () = 2" (—5)%| fa). (3.2)

Parseval’s identity (Lemma [2.12)), together with the fact that f is real, implies that
! n 1 el 2
Far=arn= 3 2 (-5) 1H@P.
Tely

Combining this with equation (3.1f), we get

1\l )
> (-5) 1P -o (33
xely
At this point, we appeal to the properties in Lemma, [2.13
w(f) = (@)=Y 1f(=)
TELy

(Recall @ is identified with the zero vector of length n.) The idea is to consider ({3.3) stated in

the following form:

. ||
f@F - ¥ -(-3) 1i@P (3.4

x+d 2

The left-hand side is equal to pu(f)2. On the right hand side, we have the squared norms of
the non-empty Fourier coefficients, scaled by the negated eigenvalues —27"\ ;. The right-hand

side has to balance exactly the left-hand side. The squared norms in the right-hand side sum
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to u(f) — u(f)?, and the negated eigenvalues are at most 1/2. Therefore the maximum value

that can be achieved by the right-hand side is (u(f) - p(f)?)/2, and we get the inequality

p(f) - n(f)*

u(f)? < 5

(3.5)

Algebra now yields u(f) < 1/3. The general idea of getting an upper bound on u( f) via spectral
methods, crucial to Friedgut’s method, is due to Hoffman [50].

The same argument which gives p(f) <1/3 also gives u(g), u(h) <1/3. On the other hand,
clearly pu(f) + pu(g) + u(h) = 1, and we conclude that u(f) = u(g) = p(h) = 1/3, that is, the
function mapping switch states to traffic light color is balanced.

If w(f) = 1/3 then is tight. This means that the right-hand side of reaches
its maximum. Following our reasoning, this can happen only if f(z) = 0 for |z| > 2, since
27"\, = —(=1/2)% < 1/2 for k > 2. In other words, the Fourier expansion of f is supported on
the first two levels, and f has the general form

f= lez + 3 f(@)xa-
3 |z|]=1

Since f is Boolean, f? = f. We can calculate the Fourier expansion of f? using Lemma Let
e; € Z% denote the vector whose only non-zero coordinate is (e;); = 1. For i # j and ¢,d € {1, 2},
the lemma shows that Xce; Xde; = XdejXce; = Xce;+de;» and furthermore these are the only ways

in which Xce;+de; arises in f?. Therefore
72 (ce; + dej) = 2f(cei)f(dej).

Since f = f2, this must be equal to zero. Taking ¢ = d = 1, we get that for any two i # j,
cither f(e;) =0 or f(ej) = 0. That can only be the case if f(e;) # 0 for at most one value of i.

Considering other values of ¢, d, we get that f has the general form

= 330+ flexe, + F2eae,

Therefore f depends only on one coordinate, namely i. The functions g, h also depend only on
one coordinate, which must be the same, since otherwise the corresponding sets are not disjoint.

We conclude that the traffic light depends only on the switch <.
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3.2 Erdos—Ko—Rado using Fourier analysis

The solution of the traffic light puzzle given in the preceding section is a particularly simple
example of Friedgut’s method. In this section, we present Friedgut’s proof of the Erdés—Ko—

Rado theorem and one of its generalizations. Ingredients of this proof will be used in Chapter

Friedgut’s method in a nutshell. Let us present the solution to the traffic light puzzle
in more abstract terms. We started with a family F we wanted to analyze (the set of switch
configurations resulting in a red light) and its characteristic function f. We found a matrix
A such that if F is intersecting (doesn’t contain two configurations that differ on all switches)
then

FAf=0. (3.6)

The reason that this equation holds is that for any two intersecting elements (switch configu-
rations) z,y, we have

ACISy = ll{x}Al{y} = 0

Equation (3.6]), in turn, is equivalent to an equation

> Xl f(2)P = 0. (3.7)

This is the case since the Fourier basis vectors are the eigenvectors of A. In fact, the symmetry
of the construction of A implies that A\, depends only on |z|. In order to derive an upper bound

on |F|, we apply the following elementary lemma (due to Hoffman [50]).

Lemma 3.1 (Hoffman’s bound). Let A\g,zg € R for S ranging over some arbitrary index set

containing @. Suppose that the following two equations hold, for some m € R:
o 2
m=2xg = Z (Ifs,
S
> Asz% = 0.
S

Let Amin = ming Ag be the minimal eigenvalue and let Ay = ming.\g>»,,, be the second smallest
etgenvalue.

_)\min

Upper bound: We have m < mpyax, where mmax = ——————.
)\Q - )\min
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Uniqueness: If m = mpyax then g =0 unless S =& or Ag = Amin-

Stability: If m # 0 then

where the primed sum ranges over all S + & such that Ag # A\min-

Proof. The first equation implies that ) g.4 .1% =m —m?. The second equation gives
0= Z /\ng > Agm? + Amin (M — m2).
S
We can assume m # 0, and so we can divide by m to obtain
02> Agm + Amin (1 =m) = Amin + (Ag = Amin ) M.

The upper bound immediately follows, as does uniqueness. (Note that if Ag = A\pin then the
second equation cannot possibly hold.)

In order to derive stability, we split the sum in the second equation into three parts:

2 2 2 I 2
Osz\SxSZ)\gm +Amin Z Qfs‘i‘)\QZ Tg.
S S:As=Amin S

Let Y .2% =rm. Dividing by m,
S S

02> Agm + Amin (1 =m —7) + Aar
= >\min + ()\Q - )\min)m + ()\2 - )\min)r
= (>\® - Amin)('rn - mmax) + ()\2 - )\min)T-

Therefore
)‘Q - >\min

< —(mmax - m)

)\2 - Amin

The stability bound, which is a bound on rm, follows from
(>‘® - )\min)m < (AQ - )\min)mmax = _>\min- O

In our case, m = u(F) and x5 = | f(S)|, and the first equation holds due to Lemmaor one

of its analogues. For the traffic light puzzle, Ay = 1 and Apin = —=1/2, and so we get the bound
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m < (1/2)/(1+1/2) =1/3. Also, Ag = Amin for |S| =1, from which we deduce the structure of
tight solutions.
Hoffman’s bound also contains a third part, stability. While this part isn’t needed for solving

the traffic light puzzle, we will use it to derive the stability version of Erdés—Ko—Rado.

We proceed to give Friedgut’s proof of the Erdés—Ko—Rado theorem, following his paper [40].
We will prove the Erdés—Ko—Rado theorem in the following form: if F is an intersecting family
of sets (of arbitrary size) and p < 1/2 then p,(F) < p. (Recall that a family F is intersecting
if any two sets in F intersect.) Section explains the connection to the usual formulation of
the Erdés—Ko—Rado theorem, which was given in Chapter

Since we are interested in the p,-measure of F, the eigenvectors of the operator A which we
propose to construct should be the p-skewed Fourier basis vectors, described in Section [2.5.2
This will allow us to apply Lemma and obtain a bound on pu,(F). Following Friedgut’s
method, we need A, = 0 whenever x,y intersect.

In order to construct the operator A, we focus on the case n = 1. The operator Al' needs

to have the form

am |’
v 0
The two eigenvectors are
1 pld
1 1
Xf[zgﬂ = ) XEI]},]) = , qg=1-p.
1 -Va/p

Hoffman’s bound is oblivious to multiplication by any positive constant, and intuitively we
should get a better bound if Ay is positive. We arbitrarily set Ay = 1, which implies that v =1

and 8 =1 - «. Therefore

i (18 B\ VRl _[-WplaxValp)B+ela)

X{yp =
1 0J\-Va/p plq
For this to be a multiple of XEll]} L We must have

N e R N
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Carrying the calculation out,

g~ Vrla+ (la)\/pla  1+plg p

Vela+\ap  1+alp q

The corresponding eigenvalue can be gleaned from the second entry, namely

\ vpela  p
{1

Valp 1

Concluding, we have proved the following lemma.

Lemma 3.2. Let AU be the matriz defined by

A0 - 1-plqg plq ‘
1 0
The matriz has two eigenvectors: X[gl] with eigenvalue Ay =1 and xgll]} with eigenvalue Agqy =

-(p/9)-

In order to construct the matrix A for general n, we simply take the nth tensor power of A,

and use Lemma to determine all the eigenvectors and eigenvalues of A.

Lemma 3.3. Let n > 1 be an integer, and A" = (A[l])®”. The eigenvectors of A" are Xgn; for
S ¢ [n], with corresponding eigenvalues As = (—(p/q))\*l. Purthermore, if S, T c [n] intersect

then 1’SA[”]1T =0.

Proof. The claim about the eigenvectors and eigenvalues follows directly from Lemma by
way of Lemma (see Section [2.6]). For the other claim, notice that

(n] _ [1] [n] _ < q[1]
15’ _®1Sn{z‘}’ 17 _®1Tn{i}’

n
i=1 i=1
where we identify {i} with {1} on the right-hand side. The formulas for tensor products

described in Section [2.6] imply that
(1gn] ),A[n] 1”57}] = q ( 1Sn{i} ),A[l] 1Tn{i} )
The factor corresponding to any ¢ € SnT in this product is zero, and the second claim follows. [

The fact that the eigenvectors of A™ are the p-skewed Fourier basis vectors allows us to

obtain an analogue of (3.7).
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Lemma 3.4. Let F be an intersecting family on n points, and f its characteristic function.
For every pe[0,1) and ¢=1-p,
- p\°l
> Asfy(S) =0, where Ag = (——) . (3.8)
Sc[n] q

Proof. First, we claim the analogue of (3.6]), namely

(Alrlr ), =o. (3.9)

Indeed,

(A[n]fa f>p = Z <A[n]15'7 ]-T)p = Z MP(T)]-’,TA[TL] ]-S =0,
S, TeF S, TeF

using Lemma [3.3] and the fact that F is intersecting.
Consider the Fourier expansion of f,
f= ¥ SN
Scln]

Applying A", we get (using Lemma

Al = 5 Asfo(S)xEL.
Sc[n]

The orthonormality of the Fourier characters now immediately implies (3.8]). O
At this stage, we can already derive the upper bound in Erdés—Ko—Rado.
Lemma 3.5. Let F be an intersecting family on n points. For every p <1/2, pu,(F) <p.

Proof. When p <1/2, p < ¢, and so ming Ag = -p/q. Applying Hoffman’s bound using zg = fp(S)
and m = p1,(F), we deduce that

plq
ry< P4 _ O

When p < 1/2, the eigenvalue Ag decreases in magnitude with |S|, and so we can apply
Hoffman’s bound to deduce the structure of the Fourier expansion of 1, when p,(F) = p. In

order to conclude that F is a star, we need the following result.

Lemma 3.6. Suppose f is a Boolean function on n bits whose p-skewed Fourier expansion (for
some p € (0,1)) is supported on the first two levels, that is fp(S) =0 for|S|>1. Then either f

s constant or it depends on one coordinate.
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Proof. The Fourier expansion of f is
f=F1@)+> f{iD)xg-
i=1

Since f is Boolean, f2 = f, where

*=f(2)+ Z;[f({i}fxi} +2f(@) f{iN)x] + 2 2 FUD FE DX g
i= i<j
using Lemma [2.16] Since X%i} depends only on coordinate %, its Fourier expansion is supported
by the coefficients at @ and {i}. Therefore the only contribution to f2({i,;}) is f({i})f({}),
and we conclude that f({i})f({j}) = 0. This implies that f({i}) # 0 for at most one index i,

and so either f is constant or it depends only on 1. O

Uniqueness now follows from the uniqueness part of Hoffman’s bound.

Lemma 3.7. Let F be an intersecting family on n points, and p € (0,1/2). Then p,(F) =p if

and only if F is a star.

Proof. If F is a star then it is easy to check that p,(F) = p for all p. Now suppose p < 1/2 and
pp(F) =p. Since p<1/2, p/q< 1, and so Ag = Amin only for singletons. The uniqueness part of
Hoffman’s bound implies that the p-skewed Fourier expansion of 1, is supported on the first
two levels. Lemma [3.6] implies that F depends on at most one point. Since F is a non-empty

intersecting family, it must be a star. O

In order to derive stability, we simply replace Lemma with the much stronger Friedgut—

Kalai-Naor theorem (Theorem on page [23).

Lemma 3.8. Let F be an intersecting family on n points, and p € (0,1/2). If up,(F) > p—-e€
then pp,(FAG) = Op(€) for some star G.

Proof. We can assume that n > 3 and that € is “small enough”. For large €, we can choose the
implied constant in Op(€) so that the result holds trivially for any choice of G.

When p < 1/2, p/g < 1 and so Ay = —(p/q)3. Since Xy and Api, don’t depend on n, the
stability part of Hoffman’s bound implies that

Z fp(S)Q = Op(e),

|S>1
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where f = 1,. Theorem implies that |f - g|2 = Op(e) for some Boolean function g
depending on at most one coordinate. Since | f - 0]2 = up(F) 2 p—€ and |f-1]2 > 1 -p,
if € is small enough then g cannot be constant. Thus either g or 1 — g is the characteristic
function of a star. If 1 - g is the characteristic function of a star then | ng) =1-p and so
If =gl > (£, - lglp)* > (/T=p—+/p)? which again cannot happen if € is small enough. We
conclude that g is the characteristic function of a star, and so we can take G to be the family

satisfying g = 1. O
Putting all three parts together, we obtain a stability version of Erdés—Ko—Rado.

Theorem 3.9. Let F be an intersecting family on n points, and p < 1/2.

Upper bound: pu,(F) <p.

Uniqueness: If p<1/2, then pu,(F) =p if and only if F is a star.

Stability: If p < 1/2 and py(F) > p—e€ then p,(FAG) = Oy(€) for some star G.

We remark that other stability versions exist, see for example Keevash and Mubayi [60]

(who use a result of Frankl [35]) and Keevash [59].

3.3 t-intersecting families

Friedgut’s paper [40] goes on to prove a generalization of Erdés—Ko—Rado to t-intersecting
families, which are families in which any two sets contain at least ¢ points in common. The
generalization is as follows. For every p < 1/(t + 1), if F is t-intersecting then wu,(F) < p';
when p < 1/(t+1), this is tight only for ¢-stars, and we have stability. For a discussion of what
happens when p > 1/(t + 1), see Section [10.1]

Friedgut originally phrased his proof in terms of rings satisfying X* = 0. Later on, he found
a more elementary presentation [41], which we follow here.

The proof of Lemma [3.5] uses the following properties of A to deduce the upper bound part

of Erdés—Ko-Rado:

e For every intersecting family F, f'Af =0, where f =1,.
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e The eigenvectors of F are the p-skewed Fourier characters xg,p.
e The eigenvalue corresponding to xgp is 1.

e When p < 1/2, all other eigenvalues are at least —p/q.

In our case, we want to get a bound of p’ instead of p, and so we need to construct a matrix

A; with the following properties:

e For every t-intersecting family F, f'A;f =0, where f =1.
e The eigenvectors of F are the p-skewed Fourier characters xg .
e The eigenvalue corresponding to xgp is 1.

e When p<1/(t+1), all other eigenvalues are at least —p’/(1 - pt).

We construct A; in two stages. First, we find a large linear space of matrices satisfying the
first two properties. Then, we identify a matrix inside this linear space which satisfies the other

two properties. To this end, we make the following definition.

Definition 3.1. Let n > 1 be an integer and p € (0,1). We say that a matrix B is admissible

for n, p if it satisfies the following two properties:
Intersection property If [SnT|>t for some S,T ¢ [n] then 15B1, = 0.
Eigenvector property The eigenvectors of F are the p-skewed Fourier characters xgs,. O

Fix n and p, and let ¢ = 1 — p. We already know one matrix which is admissible, namely
the matrix A" = (A[l])‘x’” constructed in the preceding section. The eigenvector property is
satisfied because the eigenvectors of each of the factors Al'l are the one-dimensional p-skewed
Fourier characters. Furthermore, the zero in the bottom-right corner of the ith factor Al
guarantees that 1’SA["] 1, =0 whenever 1 € SnT.

If S,T are t-intersecting, then we know that for all sets J ¢ [n] of size at most ¢ -1, the sets
S~J,T~J intersect. Therefore if we replace up to t—1 factors Al with arbitrary other factors,

then the intersection property still holds. If the eigenvectors of each of these other factors are
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the one-dimensional p-skewed Fourier characters, as is the case for the identity matrix, for
example, then the eigenvector property holds. This gives us a large collection of admissible

matrices.

Lemma 3.10. Let J ¢ [n] be a set of size |J| <t. Define

ARL ifie
By;=

L,  ifiel,
BJ = ®B(]7Z‘.

=1

Here Iy is the 2 x 2 identity matriz. The matriz By is admissible, and the eigenvalue corre-

sponding to xsp 5

[S\J|
ALS:<—£) .
q

Proof. The eigenvector property and the formula for the eigenvalues follow directly from Lemma/|3.2

by way of Lemma [2.:20] For the intersection property, recall that

n 1 n X 1
14 = X 1[Sn]{z'}7 17 -® 1[Tr1{z}'

n
i=1 =1

The formulas for tensor products described in Section [2.6] imply that

(1[sn]),BJ1¥] = H](lsm{i})'BJ,ile{i}~

If |SNT| >t then there must be some i € (SnT)\J. Then By; = A and the factor

corresponding to ¢ in the product is zero, proving the intersection property. O

Given an admissible matrix B with given Ay and Api,, we can create another admissible
matrix with the same (or better) properties using the process of symmetrization. For every
permutation 7 € Sy, define m(B) in the natural way: 7(B)szr = Br(s)x(1), and let B’ =
E.7(B). It is easy to check that Ag(B") = A\g(B) and Apin(B’) 2 Amin(B). We conclude that
it is enough to focus on symmetric admissible matrices. Applying the same process to the By,

we get a dramatically smaller collection of symmetric admissible matrices.

Lemma 3.11. Let k <t, and define
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The matriz By, is admissible, and the eigenvalue corresponding to xs, s

p\/S!
M =(-2) 7 PLSD.
q
where Py is some polynomial of degree k (which depends on p).

Proof. Given S, enumerating over all possible sizes of |S n J|, we get

v O C O
ne=() B0

If we open up the binomial coefficients, we see that P, is a polynomial of degree at most k.

which leads to

Moreover, the coefficient of s* is

0555 ) -0 By () o

and so deg P, = k. O

This prompts the following definition.

Definition 3.2. Let B be an admissible matrix having the property that the eigenvalue A\g(B)
corresponding to xg, depends only on |S|. The function A:{0,...,n} - R defined by A(s) =

Af1,..s1(B) is called an admissible spectrum. O

Using this terminology, we can rephrase our goal: find an admissible spectrum satisfying
A(0) =1 and A(s) > —p'/(1 -p') for s € {1,...,n}. Lemma gives us a large collection of

admissible spectra.
Lemma 3.12. Let P be an arbitrary polynomial of degree smaller than t. Then
p S
Ap(s) =(-2) Pes)
q
s an admissible spectrum.

Proof. Any linear combination of By, ..., Bi_1 is admissible, and so the lemma follows immedi-

ately from Lemma [3.11 O
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We are now left with the daunting task of engineering a polynomial P for which Ap satisfies
the two properties listed above. The task gets much simpler if we consider what happens when
the family F is a t-star, say F = {S ¢ [n] : S 2 [¢]}. In this case pu,(F) = p', and so the
uniqueness part in Hoffman’s bound implies that the Fourier transform of 1, is supported on
Xop and Xs, for those S such that Agp(B) = Amin(B) = —p'/(1 - p'), where B is the matrix
we are trying to construct. Let §(x) = [x = 1] be a one-bit delta function, and ¢(x) =1 be the

constant one-bit function. For s <t,

—

T,([s]) = (0° & ™, ({1}  ® (x5 )" ™),

= (b (BB (e = (vpa)

In particular, i;([s]) #0, and 50 Aj5) ,(B) = —-p'/(1-p'). In terms of the spectrum A, it must

satisfy
¢

A(0) =1, Aa):m:A@):—lfﬁ.

If A is of the form Ap, then this gives us t+1 points of the polynomial P, which has t degrees of
freedom. So there is at most one polynomial P which satisfies all the equations, and our hope

is that for this P (if it exists), Ap(s) > -p'/(1 - p") for all s.

Lemma 3.13. Let P be the unique polynomial of degree smaller than t satisfying P(s)

(=q/p)*(-p'/(1 = p*)) for s = 1,...,t. Then P(0) =1 and if p < 1/(t + 1), (=p/q)*P(s)

—pt/(1 - pb) for all integers s > 0.

[\

If furthermore p < 1/(t + 1), then (-p/q)*P(s) > -p'/(1 - p') for s > t. Moreover, there is
a rational function Ry satisfying Ry(p) > —p'/(1 - p") for all p < 1/(t + 1) such that for s > t,

(=p/q)*P(s) 2 Ri(p).

Since the proof of the lemma is technical and unenlightening, we relegate it to Section [3.3.2
Applying Hoffman’s bound, we get a wealth of information on the Fourier coefficients of

t-intersecting families.

Lemma 3.14. Let F be a t-intersecting family with characteristic function f = 15, and let

p<1/(t+1).

Upper bound: u,(F) <p'.
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Uniqueness: If p < 1/(t +1) and p,(F) = p' then the p-skewed Fourier expansion of f is

supported on the first t + 1 levels, that is fp(S) =0 for |S|>t.

Stability: If p<1/(t+1) and p,(F) > p' — € then
Z pr(S) = Op,t(e)‘
|S|>t

Moreover, for each t, the hidden constant depends continuously on p.

Proof. Let B be an admissible matrix whose admissible spectrum is Ap, where P is the poly-
nomial given by Lemma [3.13] Since B is admissible and F is ¢-intersecting,
(Bf, fly= ). (Blg1r),= > pp(T)1rB1lg=0.
S, TeF S, TeF
Writing f and B f in the Fourier basis, we conclude
> Ap(ISDf3(S) =0,
Scln]
Let Ag = Ap(|S]). Lemma[3.13 shows that Ay = 1 and Amin = ming Ag = —p'/(1 - p'), hence the
upper bound in Hoffman’s bound shows that u,(F) < p'.

When p < 1/(t+1), Lemma3.13|shows that Ag = Amin only when |S| < ¢, and so the uniqueness
part of Hoffman’s bound implies uniqueness. Furthermore, the lemma shows that the second
smallest eigenvalue is Ao = Ry(p) for some rational function R; satisfying R;(p) > -p*/(1 - p*)
for all p < 1/(t +1). Hoffman’s bound shows that if y1,(F) > p’ — € then

£2 _Amin _ Pt/(l _pt)
|5'Z|>:tfp (S) : )\2 - >\min6 - Rt(p) +pt/(1 _pt)e‘

Since R;(p) > —p'/(1-p!) for all p<1/(t+1), the expression in front of € is continuous.

O]

In the preceding section, when pu,(F) = p we were able to conclude that F is a star by
considering the Fourier expansion of f =1, and using f? = f. This time the argument is more
complicated, since it is not the case that if fp is supported on the first t+1 levels then f depends
on at most ¢ coordinates; we gave a counterexample in Section for t = 2. However, it is the

case if F is monotone and pu,(F) < p'.
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Lemma 3.15. Let F be a monotone family of sets on n points (if S € F and T 2 S then
T e F), and define f =1,. Suppose that for some p € (0,1) and integer t, the p-skewed Fourier
expansion of f is supported on the first t + 1 levels and p,(F) < p'. If uy,(F) = p' then F is a

t-star, and otherwise F = &.

Proof. The proof is by induction on n +t. The claim trivially holds when ¢ = 0, so suppose
t > 1. Define fo(z) = f(2,0) and fi(z) = f(x,1), and let the corresponding monotone families
be Fo, F1. If Fg = F; then f doesn’t depend on the last coordinate, and the result follows by
applying the inductive hypothesis to Fyp.

Otherwise, since p,(Fo) < pp(F1) by monotonicity, we deduce that u,(Fo) < pp(F) < p'.
Hence the induction hypothesis applied to Fy shows that Fy = @, and so F = {Su{n}: S e Fi}.

Therefore

Fp(8) = 3 (MG

TeF

= Y pp(Tu {n})X[Sn;(T u{n})
TeFy

= Z p:u‘p(T)XgZEiL]*l],p(T)X&:}ES]]({1}) :px&;]es]]({l})ﬁ(s nln-1]).
TeF

In particular, if f; (T') # 0 then fp(TU{n}) # 0. This implies that the p-skewed Fourier expansion
of f1 is supported on the first ¢ levels. Also, ,(F) = pu,(F1) implies that p,(F) < p'™!, with
equality only if ,(F) = p’. The result now follows by applying the inductive hypothesis to F
and ¢t —1. O

This lemma enables us to deduce the structure of ¢-intersecting families F satisfying p,(F) =
p', as well as stability. For stability, Kindler and Safra’s theorem (Theorem on page

replaces Friedgut—Kalai-Naor, and the argument also gets more complicated.
Theorem 3.16. Let F be a t-intersecting family on n points, and p < 1/(t+1).
Upper bound: p,(F) <p'.

Uniqueness: If p<1/(t+1), then pu,(F) =p' if and only if F is a t-star.

Stability: If p < 1/(t + 1) and pu,(F) > p' — € then pup(FAG) = Opy(e) for some t-star G.

Furthermore, for each t, the hidden constant is a continuous function of p.
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Proof. Our starting point is Lemma([3.14] The upper bound is already stated in the lemma. For
uniqueness, suppose F is a t-intersecting family satisfying p,(F) = p'. The monotone closure
of F (defined as {S ¢ [n]: S 2 T for some T € F}) is also t-intersecting and its p,-measure
is at least p,(F). In view of the upper bound, we can conclude that F is monotone. Hence
Lemma [3.15] applies and shows that F is a t-star.

For stability, suppose first that F is monotone. Theorem implies that F is D), ;e-close
to some family G on M,,; coordinates, where the constant D, ; is the product of C,; and the
hidden constant in Lemma @ Moreover, for each t, D, depends continuously on p, since
both its factors do. We show that if € is small enough, then G must be a t-star. We assume
without loss of generality that G depends only on the coordinates [ M, ;].

Suppose first that G is not supported on the first ¢ + 1 levels. Let g = 15, define

F= 3 Jo(S)xsps
1St
and define ¢! similarly. Orthonormality of the Fourier characters implies that |f - g||12) >
177 = g 12> (17 - 197 1)% = (V= lg™ 1,2 and so 7], < (y/Dps +1)v/e. Now, there are
only finitely many possible families G (up to choice of coordinates), and so if € is small enough,
lg™t], > (\/D_p,t+ 1)\/e for all of them, showing that G has to be supported on the first ¢ + 1
levels.

Suppose next that G is not monotone, say for some S c T' ¢ [M,;], Se€G and T ¢ G. For
each X ¢ [n]\ [Mp4], either SuU X ¢ F, in which case SUX € FAG, or SuX € F, in which
case TU X € FAG. Since uz[,Mp’t](T) > ugMp‘t] > pMrt | we deduce that p,(FAG) > pMrt. If € is
small enough, this cannot be possible.

Consider now a monotone family G which is supported on the first ¢t +1 levels. If 1,(G) # pt
then

1p(9) = 1] < 11p(@) = 1p(F)| + € < |f = gllp + € < (D + 1)e.
As before, if € is small enough then this cannot happen. We conclude that G must be supported
on the first ¢ + 1 levels and ,up(g )= Pt Lemma implies that G must be a t-star.

Summarizing, there is a function f,; such that if € < f,;, G must be a t-star. Moreover,

since for each ¢, f,; is obtained by considering finitely many families, f,; is continuous in p.
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Let Kpi=Dpi+f, 1. which for every ¢ is a continuous function in p. We claim that there always
exists a t-star G’ such that p,(FAG") < Kpe. If € < f, 1, then we can take G’ = G. Otherwise,
take G’ to be any t-star. Then p,(FAG') <1< fz;%e < Kp €.

If F is not monotone, then consider the monotone closure of F, which we denote F'. Since
F!is t-intersecting, p,(F') < p, which implies that p,(FAF') < e. Applying the reasoning
above to F', we obtain a t-star G satisfying u,(F'AG) < K, re. Therefore p,(FAG) < (Kp +

1e. O

3.3.1 More on admissible spectra

Lemma [3.12] gives a wide choice of admissible spectra. In this section we show that this lemma
states all the admissible spectra. For the rest of this section, fix n, t and p, and define ¢ =1 -p.

We start by determining all admissible matrices. The first step is to find a nice basis for
the space of functions satisfying the eigenvector property, and to this end the following lemma

will be useful.

Definition 3.3. Let B be the vector space of all matrices whose eigenvectors are the p-skewed

Fourier basis vectors. For B € B, let Ag(B) be the eigenvalue corresponding to xg. O

Lemma 3.17. Let J ¢ [n]. For every function f:J — R, the linear span By of {Bx : K € J}

(where By is given by Lemma contains a matriz B whose eigenvalues satisfy A\s(B) =
(~(pla)* f(S ).

Proof. We use a dimension argument. The vector space B’; of all matrices B € B such that

As(B) = (=(p/q))I®If(S n.J) for some f has dimension 21|, Lemma shows that
IS |SnK]
- ()" (4
q p

showing that Bg € B’; whenever K ¢ J. To complete the proof, we show that the matrices

{Bk : K c J} are linearly independent. Suppose that ¥ gc;cxBg =0. Then for all S ¢ [n],
q )|SOK|

0= )\5( > cKBK) - (_1_’)|S| S ex (__

KcJ q KcJ p

In particular, there is a linear dependency among the vectors xx of length 21/l defined by

q)SﬁK|

TK,S = (—— ,  where S cJ.
p
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/

’
Let Yo = (1 1) and Yy = (1 —q/p) . Then

TK = ®y[[je1<]]-
jed

Since the vectors yg,y1 are linearly independent, so are the vectors xx by Lemma [2.21] and we

conclude that B; = B. O
This lemma immediately implies that the matrices B; form a basis for all of B.
Corollary 3.18. The vector space B is spanned by the matrices By for J ¢ [n].
We proceed to determine the subspace of admissible matrices within B.
Lemma 3.19. The vector space of all admissible matrices is spanned by By for |J| < t.

Proof. Lemma [3.10] states that all By are admissible. Now suppose that B € B is admissible.
We know by Corollary that B must have the general form
B-= Z CJBJ.

Je[n]
We show by reverse induction on |J| that ¢y = 0 for |J| > ¢. Given J such that |J| > ¢, B must
satisfy 1,B1; = 0. Now

1[n] [n] _ ] (1]
1J BKlJ - H 1Jr1{i}BKvi1Jm{i}’

ieK
where Bj; = AU 4 ¢ g, and Bj; = I otherwise. Looking at the matrix Al (given in
Lemma , we deduce that

)([n]\J)ﬂ([N]\K) (1 p)([n]\J)ﬂ([n]\K)

allyBieal? - (1 -

0" = [Jc K]

Therefore
) p\([PIN)([n]NK)
0:1J31J:ZCK(1——) .

J<K q

By the induction hypothesis, cx = 0 for all K 2 J, and so we can conclude that c¢; = 0 as

well. 0

Having determined the vector space of all admissible matrices, we can conclude that Lemma/|3.12

is optimal.
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Lemma 3.20. Suppose B is an admissible matriz and As(B) = (=(p/q))* f(|S]) for some

function f:N - R. Then f is a polynomial of degree less than t.

Proof. Recall that for a permutation 7 € Sy, 7(B) is defined by 7(B)s1 = Br(s) ). It is
not difficult to see that 7(B) is also admissible and A;(g)(7(B)) = As(B). This implies that
B = (1/n!) ¥ . w(B), since both sides have the same eigenvalues. In view of Lemma we
see that B must be in the span of the matrices By defined in Lemma [3.11] and the lemma

follows. [

3.3.2 Proof of Lemma [3.13]

In order to complete the proof of Theorem [3.16] it remains to prove the technical Lemma [3.13

The general plan is to explicitly construct the polynomial P using Lagrange interpolation.

Lemma 3.21. Let (x1,y1),...,(Tm,Ym) be m pairs of real points such that x; # x; for i # j.

The unique polynomial Q of degree smaller than m satisfying Q(x;) = y; for all i € [m] is

Q(S):iyin =%

=1 j#i

CL‘,L'—.I]'

Proof. To see that Q(zk) = yk,

m _ . _ .
Q(xy) = Zyz‘nwk_% =y [ ] alinb Y

i=1  g#i Li T gk Tk~ Lj

since the terms 7 # k all vanish. If there were another polynomial @’ of degree smaller than m
satisfying Q' (x;) = y; for all i € [m] then Q- Q' would have been a polynomial of degree smaller

than m having m roots, namely x1,...,x;,, which is impossible. ]

In our case, the polynomial P has the following form.

Lemma 3.22. There is a unique polynomial P of degree smaller than t satisfying (-p/q)°P(s) =

—-p' /(1 =p") for s €[t], which is given by the following formula for s ¢ [t]:

o PG () (s=1)(s-1)
P(s) = (-1) 11—pt7n:1(5) (s=r)(r-DI(t-r) (3.10)
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Proof. According to Lemma [3.21] the unique polynomial P is given by

] ) ECIH SRS
(\"p) =Dt (()(=(t-1)
(0] Geto—ite—n
p) DD
L(a) (=15 1)
% (;) :

r=1 p) (s=r)(r=-DI(t-r)

t
- _1 t+1p—
D

Using the explicit form of P and some calculations, we can derive all the properties of P

that are needed for Lemma, Part (d) of the ensuing lemma simplifies the original argument
in [40).

Lemma 3.23. Let P be the polynomial given by (3.10), and suppose p € (0,1) and g=1-p.
(a) (-1)"1P(s) >0 for s>t.
(b) P(0)=1.

(c) (=p/q)t2P(t+2) > —p'/(1-pb) if and only if p< 1/(t +1).

(d) When p < 1/(t+ 1), the sequence ys = |(-p/q)°P(s)| is decreasing for s > t + 1, that is,

Ys+1 < Ys for s >t +1.

Proof. Ttem (a) is immediate from formula ([3.10]).

For item (b), calculation gives

P(0) = (-1)*!

(q)’" : (=1)-(=t)

1- -r)(r=1)(t-r)!

using the binomial theorem in the penultimate step.
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For item (c), the first inequality is equivalent to D < 1, where
—pt -1 p\H2
z)e( ) (——) P(t+2)
q
(p)t+2—7" (t+1)2
q (t+2=r)(r-1)(t-1)!
p

tr2-r (t+1)!
( ) (t+2-r)(r-D(t-r)"

t
t
To continue the calculation, let x = p/q:

_ ! t+2—-r (t+1)'
—rzll’ 2 (t+2=-r)(r-!(t-7)!

: L2 (t+1)! ( 1 1 )

= (r=1)(t-r)! t+1-r‘(t+2—rxt+1_m

=(t+1)§:1:c”27’( ) Z t+2- r(t+:;)
=(t+1)x§xt—f‘( ) Z t+1- r(t+]~)

=(t+Dz(Q+2) -1) - ((L+z)™ —1-(t+ 1))

=(t+Dz(Q+2) -Q+2)"M +1=1+ 1 +2) (tx-1).

Therefore D < 1 if and only if p/q < 1/t, which is equivalent to p < 1/(t + 1).

For item (d), write

Ys =

P Zt: (p)s‘r : (s-1)-(s-1)

1-pt 4 q s=r)(r=D(t-r)
Let Y;, be the rth term in the sum. When p<1/(t+1) and s> ¢+ 1, we have

Yeei0o p s s—r 1 s s-1

Y, q s—-t s—-r+1 t s—-t s
s—1 (t—l)(t+1—s)
_ 5T n <
t(s—t) t(s—1)

Hence Y41, <Y, and we conclude that ys,1 < ys.

Lemma [3.13] easily follows.

Lemma 3.13. Let P be the unique polynomial of degree smaller than t satisfying P(s)
(=a/p)*(=p'/(1 = p")) for s = 1,...,t. Then P(0) = 1 and if p < 1/(t +1), (-p/q)*P(s)

-p' /(1= p') for all integers s > 0.

47
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If furthermore p < 1/(t + 1), then (=p/q)*P(s) > =p'/(1 - p') for s > t. Moreover, there is

a rational function Ry satisfying Ry(p) > —p'/(1 - p') for all p < 1/(t + 1) such that for s > t,

(=p/q)*P(s) 2 Ri(p).

Proof. Let A(s) = (-p/q)*P(s). Lemma [3.23) already shows that P(0) =1. If p< 1/(t+1) then
the lemma shows that A(t+1) > 0 and |[A(s)| < p'/(1 - p') for integers s >t + 2. Since |[A(s)|
decreases for s >t + 1, the minimum of A(s) for s >t is attained at s =t +2. Lemma shows
that A(t+2) is a rational function of p.

When p=1/(t+1), we get the required results by continuity. O

3.4 Cross-intersecting families

Recall that a family is t-intersecting if any two sets intersect in at least ¢ points. If instead we
take each of the two sets from a different family, we arrive at the concept of cross-t-intersecting
families, which we explore in this section. Apart from the generalization of Hoffman’s bound,
all the material in this section is new. Similar results have been obtained by Tokushige [78]
in the classical setting (see Section , who generalized a result of Wilson [79] to the cross-
intersecting setting. His proof also uses the generalized Hoffman’s bound, and we expand more

on the connection in Section B.5.3

Definition 3.4. Let F,G be two families of sets on n points. We say that F,G are cross-
intersecting if every S € F and T € G intersect. We say that F,G are cross-t-intersecting if

every S € F and T € G intersect in at least t points. O

What can we say about the p,-measure of two families if they are cross-intersecting? The

following extension of Katona’s circle argument gives one possible answer.

Lemma 3.24. Suppose F,G are two cross-intersecting families of sets on n points. Then for

all p <1/2, pp(F)pp(G) < p°.

Proof. Let z1,...,x, be n random points on the unit-circumference circle, and let F,G be two

independent random intervals of length p on the circle. Let S(F'), S(G) denote the set of points
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falling in F, G, respectively. We have
pp(F)pp(G) = Pr[S(F) € F and S(G) € G].

Fix some position of z1,...,zy,. Let Ip = {F: S(F) e F} and I = {G : S(G) € G}. We show
that u(Ir x Ig) < p?, where y is the Haar measure on the circle (we represent each interval by
its starting point). If Iy or Ig is empty then pu(Ip x Ig) = 0, so assume both are non-empty.
Take an arbitrary F' € Ip. Every interval in I must intersect F', and so u(Ig) < p. Similarly,

wu(Ir) < p. Therefore u(Ip x Ig) < p?. O

We comment that in the literature other bounds are considered, though only in the classical
regime of uniform families.

It turns out that we can extend the entire edifice considered in this chapter to cross-
intersecting families. We start by generalizing Hoffman’s bound, following Ellis, Friedgut and
Pilpel [28] (a similar bound appears in Alon et al. [5]). For simplicity, we only consider the

upper bound and uniqueness.

Lemma 3.25 (Hoffman’s bound, cross-intersecting version). Let Ag,xg,ys € R for S rang-
ing over some arbitrary index set containing &, with Ag > 0. Suppose that the following two

equations hold, for some mg,my € R:

mx:$zzzx%7

S
2
my =Yz = ) Ys,
S
Z Aszsys = 0.
S
Let Apax = maxg.g|Ag|-
_ Amax
Upper bound: | /m,m, < Mmax, Where Mpyax = ————.
)\Q + Amax

Uniqueness: If | /M;My = Mmax then mg = my = Mmax, and moreover, for S # @, if As = —Amax

then xg = yg, if As = Amax then xg = —yg, and xg = ys = 0 otherwise.

Proof. The arithmetic-geometric mean inequality shows that

(1-mz)(1=my) =1-mg —my +mymy <1-2/mgmy +mymy = (1 - \/mwmy)Q.
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Using that (in the last step) and the Cauchy—Schwartz inequality, we have

)‘®mxmy = Z (_AS)xSyS
S+

< Z )\max|$SyS|
S#@

< Z Amaxx%' Z )\maxy%
S+@ S*@

< \/mm(l - mgg)\/my(l - my)AmaX

< /Mgy (1 = \/Mamy) Amax-

Rearrangement yields the desired bound.

If the inequality is tight then the arithmetic-geometric mean inequality is tight, showing
that m, = my = Mmax. Since the Cauchy-Schwartz inequality is tight, for some o, |zg| = a|ys|
for all S # @. Since Y 5.4 :L% = Y 5+p y%, we conclude that o = 1. Furthermore, we must have

-ASZSYS = Amax|Tsys|, implying the conditions on zg,ys. O

Using Hoffman’s bound, we can provide another proof of Lemma

Lemma 3.26. Let F,G be cross-intersecting families and p < 1/2. Then p,(F)u,(G) < p?,
with equality only if p,(F) = pp(G) = p. If furthermore p < 1/2, then equality is only possible if
F =G and F is a star.

Proof. Let f =1z and g = 15, and define ¢ = 1-p. It is easy to generalize the proof of Lemma[3.4]
to show that (A[”]f,g)p =0 and so

; S|
Z Asfp(S)gp(S) =0, where \g = (_g) .
Sc[n]

Since Ag = 1 and Amax = p/g, Hoffman’s bound shows that ju,(F)u,(G) < p?. Furthermore,
equality is only possible if 1, (F) = pp(G) = p.

Now suppose that p < 1/2 and u,(F)up(G) = p?. Since |As| = Amax only when |S| = 1,
in which case Ag = —Amax, Hoffman’s bound shows that F = G. We conclude that F is an

intersecting family of p,-measure p, and so a star. O
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We proceed to generalize this lemma to cross-t-intersecting families. Let ¢ = 1 — p. Recall

that the proof of Theorem [3.16| goes by constructing an admissible matrix B which satisfies

25(m)=(-2) " p s

where P is given by Lemma We already know that Ag(B) > —p'/(1-p") for all S. In fact,
our work in Section implies that [As(B)| < p'/(1-p") except, perhaps, for sets of size ¢+ 1.

We proceed to determine what happens when |S| =t + 1.

Lemma 3.27. Let P be the polynomial given by Lemma. Ifp<1-27Y then (p/q)*|P(s)] <

pt/(1=p) for all s> 0. If furthermore p < 1 -2 then there is equality only for s € {1,...,t}.

Proof. We show below that for p <1 -2t (p/q)"" | P(t +1)| < p*/(1 - p'). Lemma [3.23(d,e)

shows that when p < 1/(t+1), (p/q)°*|P(s)| <p'/(1-p') for all s>t +2. When t =1, 1 -2/ =

t —t lt 1 2
(—) :(1+-) z(1+—) > 2,
t+1 t 2

implying that 1 — 271/t < 1/(t +1). This implies the lemma for p < 1 - 271/t The result for

1/(t+1). When ¢ > 2,

p=1-2"Y follows by continuity.

It remains to determine when (p/q)"**|P(t+1)| < p'/(1-p'). Lemma shows that

[P+l = 1= ptrl(Z) (r—l)'(t+1—r)‘
t—1 r+1
- ptro(]%) (7")
1ppt%((1+%) ())
_ P oa-
1-pt pt+1

Therefore

(g)t+l\P(t+1)| _ 17_’t t(lt—l).

b \q
The value on the right is smaller than p!/(1 - p!) when ¢ ¢ < 2, which is the same as p <

1-271/t, O

This implies the following theorem.
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Theorem 3.28. Let F,G be cross-t-intersecting families and p < 1-2"Y. Then p,(F)up(G) <

1/t

p*, with equality only if pu,(F) = upy(G) = p'. If furthermore p <1 -2"Y! then equality is only

possible if F =G and F is a t-star.

Proof. Let f =15 and g = 15, and define ¢ = 1 —p. Let B be the admissible matrix satisfy-
ing As(B) = (-p/q)'*'P(|S]), where P is given by Lemma Such a matrix exists due to
Lemma [3.120 Then

> As(B)f(9)gp(S) =0.

Sc[n]

Note that Ag(B) = 1. When p < 1 -2"Y%, Lemma shows that Amax = p'/(1 - p'), and
Hoffman’s bound shows that p,(F)u,(G) < p*. Furthermore, equality is only possible if
1ip(F) = p1p(G) = p*.

Now suppose that p < 1 -2t and pp(F)up(G) = p'. Lemma shows that for S # @,
|As| = Amax only when |S| < ¢, in which case Ag = —Apax. Hoffman’s bound then shows that

F =G. We conclude that F is a t-intersecting family of j1,-measure pt, and so a t-star. O

Tokushige [78] obtains a very similar result for the classical setting: if F,G are k-uniform
—£\2 . .
cross-t-intersecting families on n points and k/n < 1 - 27"t then |F||G]| < (Z_:) , with equality

only if F =G is a t-star.

3.5 Classical versus probabilistic setting

The classical Erdés—Ko—Rado theorem is stated in terms of k-uniform intersecting families

(families in which each set has size k): for k <n/2, a k-uniform intersecting family on n points
. n—1 . . .

contains at most (k_l) sets. In this section we explore the connection between Theorem and

the classical Erdés-Ko-Rado theorem. Section[3.5.1]shows how to convert results in the classical

(k-uniform) setting to results in the probabilistic (u,) setting, and Section discusses the

other direction. Finally, Section [3.5.3] sketches how to translate Friedgut’s method into the

classical setting.
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3.5.1 Classical to probabilistic

We already hinted at a connection between the classical setting and the probabilistic setting
in Section where we used Katona’s circle argument to prove the Erdés—Ko—Rado theorem
both in the k-uniform setting and in the p,-setting. For that proof, the connection between the
parameters k,n,p is p = k/n. Indeed, following Frankl and Tokushige [38], Tokushige [77] and
Dinur and Safra [19], it is easy to derive the y, versions of intersection theorems from k-uniform
versions.

We start by defining two useful operations, extension and slicing, and the concept of equiv-

alence.

Definition 3.5. Let F be a family of sets on n points. For m > n, its extension to m points is
Ex(F,[m])={Sc[m]:Sn[n]eF}.
Its kth slice consists of all sets of size k:
SI(F,k)={SeF:|S|=k}.

Two families on n points are equivalent if they are the same up to a permutation on the
points. O

It is easy to see that the extension operation preserves the p, measure for all p.

Definition 3.6. Let B = (B, )o2, be a sequence of collections §B,,, where B, is a collection of

n=1

families of sets on n points. We say that P8 has the extension property if whenever F €33, and

m>n, Ex(F,[m]) € Bom. O

Examples of objects with the extension property are the objects 3¢ corresponding to t-

intersecting families: each 9!, is the collection of t-intersecting families on n points.

Definition 3.7. An object B is dominated in an interval I by a family G on m points if there

exists an integer N >m such that for all n > N, F €pB,, and k/n eI,
|SI(F, k)| < [SI(Ex(G, [n]), k)]

The domination is unique if equality is possible only if F and Ex(G,[n]) are equivalent.
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The object B is (uniquely) weakly dominated in an interval I = (pg,p1) by a family G if it

is (uniquely) dominated by G in the intervals J = (pg + €, p1 — €) for all € > 0. O

As an example, the Erdés-Ko-Rado theorem states that B! is uniquely [0, 1/2)-dominated.
The relevant family G is the star on one point, {{1}}. The extension Ex(G,[n]) is then simply
a star.

The Ahlswede—Khachatrian theorem, a far-reaching generalization of Erdés—Ko—Rado de-
scribed in Chapter |5 partitions [0,1/2) into intervals I, such that " is weakly dominated
in each of them. In the Ahlswede-Khachatrian theorem, the connection between n,k,r is
fi(r) < (k—t+1)/n < fa(r). The asymptotically negligible term (¢ +1)/n forces us to use the
more robust notion of weak domination.

The main result of this section shows that the fact that an object P is dominated implies
upper bounds on the p, measure of families in . As an example, the classical version of the
Erdés-Ko-Rado theorem directly implies Friedgut’s formulation s, (F) < p. The proof of the
upper bound follows Dinur and Safra [19]; a similar proof appears in Tokushige [77]. The result

on uniqueness is novel.

Theorem 3.29. Let P have the extension property, and suppose that B is weakly dominated
in an open interval I by some family G. For every pel and F € Py, pip(F) < pp(G).
If furthermore the domination is unique, then equality is possible only if F is equivalent to

Ex(G,[n]).

Proof. Every p € I belongs to some open interval strictly contained in I, so we can assume
that P is dominated in I. Let I = (po,p1), let N be the integer promised by the definition
of domination, and let M > N. Put Fy; = Ex(F,[M]) and Gy = Ex(G,[M]). The extension
property shows that Fjs € P5s. Domination implies that

M
11p(F) = p1p(Far) = kzpm —p)M IS Fur, k)|
=0

<X Fa-pMHSsG Y e () e

ke(poM,p1 M) k¢(poM,p1 M)

Chernoff’s inequality shows that if X ~ Bin(M,p) is a binomially-distributed random variable
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then

Pr[X ¢ (poM,prM)] < e 2P0l My 220 M (M),

for some ¢ < 1. Hence as M — oo, the second term in tends to zero. The first term is

clearly bounded by p,(Gar) = pp(G). By letting M — oo, we deduce that ju,(F) < p1,(G).
Suppose now that the domination is unique and p,(F) = p,(G). By extending F or G, we

can assume that both F and G are families on n points, and so for M and k € (poM,p1 M),

M—n)'

$1Gar, )] 81 )] = 3181 )1 1S1F D ()

The binomial coefficients are increasing: (é‘{;"l)/(]\g:f) =(M-n-k+i)/(k-i+1)=0(M). We
want to show that |SI(G,4)| = | SI(F,4)| for all 4. If not, consider the smallest index such that

|S1(G,i)| —|SI(F,i)| = a # 0. Then

|SI(Gar, k)| = | SU(Far, k)| = a@(M”-i)(]\:__:) = a@(M‘i)(]\]f).

Therefore
<l k M-k
pip(F) = pp(Far) = D 0" (1= )" [ SUFus, k)|
k=0

< > PFA-p)MHISIGar k)|

ke(poM,p1 M)

S N YA ROk ) END AR R 0

ke(poM,p1 M) k¢(poM,p1 M)

= 1p(G) = O(c™) —a® (M) (1 - 0(cM)) + O(c™).

Here all the asymptotic terms are positive, but the constant « need not be. Since by assumption
tp(F) = 1,(G), we conclude that a®(M~)(1 - O0(c™)) = O(c™) - O(c™™). This is only
possible when « =0, and so |SI(F,i)| = |SI(G,7)| for all i € {0,...,n}.

Repeating the same argument for Fys, Gar, we deduce that |SI(Far, )| = | SI(Gar, )| for all
i€{0,...,M}. Let M > max(2n + 1,n/pg), and let k = [pM] > n. For large enough M,
k € (poM,p1 M) and so unique domination implies that SI(Fps, k) is equivalent to SI(Gar, k),
say SI(Far, k) = m(SI(Gur, k)) for some 7 € Syy.

For a slice X, call two coordinates i, j congruent if X is invariant under permuting ¢ and j.

For example, the last M —n coordinates in both SI(Fys, k) and SI(Gys, k) are congruent. Let
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F be the congruence class of coordinates congruent to the last M —n coordinates with respect
to SI(Far, k), and define G similarly with respect to SI(Gas, k). Since F and G are the unique
congruence classes with at least n + 1 coordinates, we must have F' = 7(G). Without loss of
generality, we can assume that 7 fixes the last M —n coordinates, and so 7([n]) = [n].

Let 1 €{0,...,n}, and let S; € [M]~ [n] be a set of size k —1. Notice that {S c[n]:SuS;e
Far} is equal to SI(F,1), and so SI(F,l) = w(S1(G,1)). We conclude that F = 7(G), and so F

is equivalent to G. O

An application of this theorem appears in Section [10.1

3.5.2 Probabilistic to classical

We now turn to the other direction. Following Friedgut [40], we will show how to deduce a
stability version of the Erdés-Ko-Rado theorem from Theorem [3.9] Our techniques apply to

monotone objects.

Definition 3.8. Let B = (,,);2; be a sequence of collections P, where B, is a collection

of families of sets on n points. We say that 3 has the monotone property if for every family

F eP,, every S e F and every T > S, FU{T} €B,. O

The objects P! of t-intersecting families are monotone since if F is t-intersecting and S € F,

then F u{T'} is t-intersecting for all T'> S. Next, we adapt Definition to the p, setting.

Definition 3.9. An object B is p-dominated in an interval I = (pg,p;1) by a family G if for all
pel and F € By, pp(F) < pp(G).

The domination is unique if equality is possible only if F and Ex(G, [n]) are equivalent. It
is stable if there is a constant C' such that for every p € I, whenever p,(F) > (1-¢€)p,(G), there
exists a family H equivalent to Ex(F,[n]) such that pu,(GAH) < Ce.

The domination is weakly stable if the domination is stable in the intervals J = (pg,p1 — €)

for all € > 0. O

The notion of weak stability arises for technical reasons: in our applications, the constant

C' depends continuously on p, and as p — p;, C — oo. Therefore the domination is not
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stable on the entire interval (po,p1), but it is stable on the smaller intervals (pg,p1 —€) due to
continuity.

Our argument makes use of the operation of taking an upset.

Definition 3.10. Let F be a family of sets on n points. Its upset is given by
F'={Sc[n]:S2T for some T € F}.
A family F is monotone if whenever T' ¢ F and S2 7T, also S € F. O

As an example, the family F' is always monotone. Monotone families are useful because of

the following result and its corollary.

Lemma 3.30. Let F be a monotone family on n points. For every ke {0,...,n—1},

[SUF,k+ )| [SUF, k)|
() Q)

Proof. Consider the bipartite graph in which the left side is SI(F, k), the right side is SI(F, k+1),

and two sets are connected if the left set is a subset of the right set. The degree of every set
on the left is n — k, and the degree of every set on the right is at most k£ + 1. Considering the

number of edges incident to both sides,
(k+1)|SI(F,k+1)|>(n-k)|SIF,k)|,
which directly implies the statement of the theorem. O

Corollary 3.31. Let F be a monotone family on n points, let k <n and let p = k/n+n < 1.

We have
|SI(F, k)|

(%)

pp(F) > (1= 27m)

Proof. The lemma implies that
pp(F) 2 30! (1-p)"[SI(F, D)
=k

N R L
2;€p(1 p) (l)
_SI(F, )

(x)

[SI(F, )
()

Pr[Bin(n,p) > k].
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Chernoft’s inequality shows that
Pr[Bin(n,p) < k] < e 2 pk/n)? _ o=2*n
completing the proof. O
We will need the following estimate on binomial coefficients.

Lemma 3.32. Let m,l be integers satisfying 0 <1 < m. For any n > m and k in the range

l<k<n-(m-1) we have

Proof. We have

(5t) _k(k=1+1)-(n=k)-(n-k=(m-1)+1)
() ne(n-m+1)

_k k-l+1 n-k n-k- (m—l)+1
“n on-l+1 n-1 n-m+1

We want to estimate these fractions using p and 1 —p. For a,b <m and n > 2m,

‘k: -a E’ bk —an mn___ 2m
n-b nl |n(n-0)|" n(n—m)_ n
This shows that for some €, ..., €, satisfying |¢;| < 2m/n,

(_ ) H(p+el) H(l D+E).
(k) i=l+1

Expanding the right-hand side, each term which includes any ¢; is bounded in absolute value

by 2m/n, and there are 2™ — 1 of these, and so

n—-m
2m+1
(k—l)_pl(l_p)m—l < m' O

() n
The main result of this section shows that if an object B is p-dominated then it is almost
(but not quite) dominated, and furthermore stability carries over. This extends Tokushige’s
result from [77] and Friedgut’s result from [40]. Tokushige only proved the upper bound part.
Friedgut only proved the stability part, and in a weaker form (bounding |SI(F,k) \ SI(H, k)|
instead of |SI(F, k)ASI(H, k)|).

We will employ the shorthand notation C(n, k) = (Z) for the duration of the proof.
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Theorem 3.33. Let P have the monotone property, and suppose that B is weakly p-dominated

in an open interval I = (pg,p1) by some family G.

Upper bound: For every 6,e > 0 there is a constant Njs. such that whenever n > Ns. and

k/n € (po,p1 - 9), every family F €B,, satisfies

SIF B < (ayn(@) )

Stability: For every 6 > 0 there are constants Cys, N5 such that for n > Ng, k/n € (po,p1 —9)

and every € >0 and family F € B, satisfying

SIF B> (ayn(@) -9

there exists a family H which is equivalent to Ex(G,[n]) and satisfies

ISI(F, k)ASI(H, k)| < 05(6 i/ 105”)(:).

Proof. We will need the following easy fact: since p = u,(G) has a continuous derivative, there

is some constant B such that |y, (G) = pm(G)] < Blnl.

Upper bound. Suppose [SI(F,k)|/C(n, k) > pyn(G) + €. Since pg/nan(G) < pigyn(G) + Bn), for

some 7 < § we have fig/n.n(G) < pi/n(G) +€/2. Let p = k/n +n, and apply Corollary to
deduce

(7, k)|

p(F1) 2 (1 2ty 1S 5 2 = (@) 40
k

When n is large enough,
1p(FY) > iy (G) + €/2 2 p1p(G),
contradicting the fact that 3 is y-dominated by G.

Stability. Suppose that the domination is stable on (pg,p1 — §/2) with constant C, and for

some € > 0, [SI(F,k)|/C(n, k) > py/n(G) — €. We let m denote the size of the support of G.
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Let n = y/logn/n, and p = k/n +1n. When n is large enough, p < p; — §/2. Corollary
shows that

)2 1 i S
k

(1= (1p(G) = B - €) 2 1p(G) — By — e — 27" 2 1y () — e — 2B,

> (1= €2 (gyn(9) =€) 2

for large enough n, since e~27°" = 1/n? = O(W). Let €' = e+2Bmn. Stability on (po, p1—0/2)
implies that there is a family H which is equivalent to Ex(G, [n]) and satisfies p,(HAF") < C¢'.
We proceed to show that |SI(F \ H, k)| is small. Without loss of generality, we can assume
that the original coordinates of G form the first m coordinates of H. For each A < [m], let
Ha={Sc[n]~[m]:SuAeH}, and define Fy similarly. We have
pp(FNH) = AZ[: ]p|A|(1 —p)m_‘A|,up(-7:A NHa).

Corollary together with p — (k —|A|)/n >, shows that

_op2ps | SI(Fa, k- A S Fa,k-1]A
,UJp(fA)z(l 277 )| ( A | |)|_(1 1/ 2)| ( A | |)’
(k |A|) (k \A|)
When n is large enough, Lemma shows that
|SI(Fa, k- ]A])

(k)AL =k fn) Ay (Fa) = (1-2/n%)

(%)

As n — oo, p — k/n, and so for large enough n,

[SIFa k- AD]
(%)

For each A ¢ [m], either H = & or H = 2["1>™] Therefore

P = p)" My (Fa) 2 (1-3/n)

[SUF~NHE)| > | SI(Fa, k- |A])|
() AS[m]: (%)
HA=D
<(1=-3m*)" Y PN -p) M, (Fa)
Ac[m]:
Ha=

= (1-3/n*) tpy(FNH) < 20¢,

for large enough n.
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We would like to deduce that |SI(H \F, k)| is also small. To that end, we show that SI(F, k)
and S1(H, k) have roughly the same size. Corollary shows that

| SI(F, k)|

(x)

'u’k/n(g) +Bn 2 pp(G) 2 Mp(fT) > (1- 6_2772")

Therefore for large enough n,

(x)

€ < fpm(9) - Bn.

For the family H, using Lemma we get

SR _ A IS1GDICT) i((ﬁ)l(l L +0(2)) 81601 = () 0 2,

@ = G U

Therefore for large enough n,

‘ |SI(F, k)| - |SI(H, k)|

(%)

‘<e'.

Therefore
|SI(FAH, k)| < 2|Sl(.7-"\ H, k)|

(%) (%)

As a consequence, Theorem has the following implication in the classical setting. Recall

+€ < (40 +1)€. O

that in a k-uniform family, every set has size exactly k.

Theorem 3.34. For every t > 1 and § > 0 there are constants Cys, N5 such that for any

ke (0,n/(t+1)-6n) and any k-uniform t-intersecting family F on n > Ny s points satisfying

7> (2 7) ()

there exists a t-star H such that

FASI(H, k)| < Cw(e A/ log”)(Z).
n

Proof. Theorem shows that for every t-intersecting family F and p < 1/(t + 1), if p,(F) >

pt — € then there exists a t-star G such that up(}" AQG) < K, e, where K,; is continuous as a
function of p. In every interval (0,1/(t+1) -¢), K, is bounded, showing that the monotone

object P of t-intersecting families is weakly y-dominated in (0,1/(t+1) —3/2) by G = {[t]}.
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Suppose F is a k-uniform t-intersecting family satisfying

71> (i) -0

Lemma [3.32] shows that for some constant K; depending only on ¢,

(-5

Let ¢ = e+ K¢/n. Theorem shows that if n is large enough, there exists a t-star H such

logn \(n logn\(n
|fASl(H,k)I<O£,(s(€'+\/7)(k:)32@,’5(6+ n )(’“)

when n is large enough. Here Cy ; is the constant given by the theorem. The proof is complete

that

by taking Cy s = 2C} 5. O

3.5.3 Lovasz’s method

In his groundbreaking paper on the Shannon capacity of graphs [60], Lovasz presents, as an
application of his methods, a spectral proof of the classical Erdés—Ko—Rado theorem. He starts
by noticing that a k-uniform intersecting family on n points is the same as an independent set

in the Kneser graph Kn(n; k).

Definition 3.11. Let n,k > 1 be integers satisfying n > 2k. The Kneser graph Kn(n;k) has
the vertex set ([Z]) consisting of all subsets of [n] of size k, and two vertices A, B are connected

if the sets A, B are disjoint. (When 2k > n, the Kneser graph has no edges.) O

Fact 3.35 ([37]). The eigenvalues of the Kneser graph Kn(n;k) (that is, of its adjacency
matriz) are \; = (—1)2(";]:1) = (—1)2(’;‘;]“2;;) forie{0,...,k}. The eigenvalue \; has multiplicity

(7.‘)—( " ), where (_"1) =0. Let the corresponding eigenspace be V;. The subspace U; = Vo@--- @V}

7 i—1

is spanned by the (linearly independent) characteristic vectors of all i-stars.

We can define a Fourier transform with respect to the Kneser graph. In contrast to the
usual Fourier transform, here each Fourier coefficient is a vector in one of the sets V;. For a

similar situation arising when considering functions on S, consult Chapter [6}
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Definition 3.12. Let f:([z]) - R be a Boolean function. For i € {0,...,k}, f(i) is the

projection of f to V;. O

Lemma 3.36. Let f:([’,;”]) - R be a Boolean function. We have | f(0)]? = u(f)? and
A2
@I = n(h),
i=0

where u(f) =Ex f(X) and |f]* =Ex f(X)2.
More generally, for any two arbitrary functions f, g: ([Z]) - R,
k
= 2(f(0), (),
=0

where (f,g) =Ex f(X)g(X).

Proof. Let 1 be the constant 1 vector. Since the V; are eigenspaces corresponding to different
eigenvalues and the adjacency matrix is symmetric, the V; are orthogonal to each other. Since
|1] = 1, it is not hard to check that f(0) = u(f)1, and so | f(0)|* = u(f)?. The other identities

follow directly from the orthogonality of the V; together with | f|* = u(f) for Boolean f. [
As a consequence, we can apply Hoffman’s bound.

Theorem 3.37. Let n,k > 1 be integers satisfying n > 2k. Every k-uniform intersecting family

on n points contains at most ( ) sets. If furthermore n > 2k, then this bound is achieved only

k-1

by stars.
Furthermore, if F,G are k-uniform cross-intersecting families on n points then |F||G| <

(2:1)2. When n > 2k, this bound is achieved only if F =G 1is a star.

Proof. Let f be the characteristic vector of a k-uniform intersecting family F. Since f is

intersecting, f'Kn(n;k)f =0, and Lemma implies that

k A
ZgAin(i)H2 =0.

We identify Ay with A\g = (n;k) in Hoffman’s bound. Fact implies that Apin = A1 = —(n];]:l)

Hoffman’s bound implies that the measure of any intersecting family is at most

—Amin _ (nl;]—cil) _ 1 _ ﬁ

o= min - (W) () R
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Hence such a family contains at most this many sets:
2(0-G)
n\k k-1)

Since A\; = (—1)%21’;;), when n > 2k the eigenvalues \; decrease in magnitude, and so

w(F) =k/n is only possible if fe Vi@ V) =U;. In view of Fact f is of the form

n

fA) =Y ¢lie Al =) ¢

i=1 icA
Let A be a set such that i € A and j ¢ A. Since f(AA{i,j}) = f(A) +¢j—¢; and f is Boolean,
we conclude that ¢; —¢; € {0,£1}. Let cmin, Cmax be the smallest and largest values among the
¢;. Since f is not constant, cpin < Cmax, and SO Cpax = Cmin + 1, and every ¢; is equal to either of
these values.

If there are at least k of the ¢; which are equal to cpin then we can form a set containing
all of them, on which f attains its minimum value 0. This implies that ¢y, = 0 and cpax = 1.
Since f is Boolean, we conclude that there is exactly one ¢ for which ¢; = ¢pax = 1, and so F is
an {i}-star.

Otherwise, since 2k < n, there are at least k of the ¢; which are equal to ¢pax. Running the
same argument as before, we deduce that cpax = 1/k, and that there is exactly one 4 for which
¢i = Cmin = 1/k —1. The corresponding function is f(A) = [i ¢ A], which corresponds to a family
F with the wrong measure u(F) =1-k/n # k/n.

The cross-intersecting version of the result follows using similar arguments by applying the

cross-intersecting version of Hoffman’s bound. O

The eigenvalues \; are related to A\g by the formula

_ t
A= (_1)anjkmn—k(k;2—; ili- 1) 0" (_ﬁ) .
The eigenvalues we obtained in Lemma were (—p/(1-p))’. If we put p = k/n then we obtain
Xi/Xo = (=p/(1=p))?, showing that the eigenvalues in both cases behave in similar ways.

How do we generalize this proof method to t-intersecting families? It is natural to consider
the extended Kneser graph whose edges connect vertices A, B such that |[AnB| < t. However, the

eigenvalues of this graph are somewhat awkward to compute. Instead, we will follow Wilson [79]

and consider different weighted graphs.
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Fact 3.38 ([79]). Let n,k > 1 be integers satisfying n > 2k. For s € {0,...,k}, let C) be
the matriz indexed by ([Z]) given by Cﬁig = (|A§B|) (which equals zero if |[An B| > s). The
etgenspaces of C) are the subspaces V; given in Fact|3.35, and the corresponding eigenvalues

are

)\58) _ (_1)i(k5;i)(n—k—i+s).

n-2k+s

(Wilson uses the notation B*=%) for C©).)

Note that C© = Kn(n;k). The surprising property that all the matrices C(®) have the
same eigenspaces is explained by the fact that these matrices commute. A deeper explanation
lies in their forming a basis for the Bose-Mesner algebra of the Johnson association scheme (see
Wilson [79] for references): Bose-Mesner algebras are always simultaneously diagonalizable.

The definition of C(*) makes it clear that f'C)f = 0 whenever f is the characteristic
function of a t-intersecting family and s < ¢t. Therefore the admissible spectra (so to speak) are
given by functions of the form

¥ :tics(_l)i(k—i)(n—k—wrs).

= s n-2k+s

Since (n_k_”S)

ks (”_k_i”), if n is large then (n_k_”‘g) ~ (”_k_i) (recall that i < k is small).

k—i n—2k+s n—2k

Consequently,

where P is some polynomial of degree deg P < t depending on the coefficients c¢;. Conversely,
given such a polynomial P, we can calculate corresponding coefficients ¢,. Putting p = k/n, we

can further approximate

AL P(i)(—%)i.

This suggests that if we mimic the proof of Lemma then we obtain an upper bound of
roughly pt(Z) = (k/n)t(Z) on the size of k-uniform t-intersecting families for large enough n.
Wilson [79] laboriously carries out this idea, and shows that it works as long as n > (t+1)(k-t+1),
obtaining the correct upper bound (Z:E) ~ (k/n)t(Z) When n > (t+1)(k-t+1), he is also able
to prove uniqueness, that is the bound is achieved only for ¢-stars. Tokushige [78], whose work

has already been mentioned in Section [3.4] extends this result to cross-t-intersecting families.
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When n < (t+1)(k—t+1), t-stars are no longer the optimal families. The optimal families

are given by the Ahlswede-Khachatrian theorem, described in Chapter

3.6 Friedgut’s method and the Lovasz theta function

Our solution of the traffic light puzzle in Section involved proving the following theorem:
if Fc{0,1,2}" is a family of vectors such that any two z,y € F agree on some index, then

| 7| < 3", Our proof went along the following lines:
1. Let G = (V,E) be the graph whose vertex set is V = {0,1,2}", and two vectors z,y € V
are connected if x; # y; for all i € [n].

2. Let f be the characteristic vector of a family F as above, and let A be the adjacency

matrix of G. Since F is an independent set of G, f'Af = 0.
3. The graph G is 2"-regular and A has a minimal eigenvalue of —2""!, and so Hoffman’s

bound implies that |F|/|V]<2"t/(2" +2"71) = 1/3.

A similar argument is used to prove Theorem on page which states that a t-

intersecting family has y,-measure at most p* whenever p < 1/(¢ +1):

1. Given n, we construct an edge-weighted directed graph G = (V, E,w) on the vertex set
v =2 satisfying two properties:
(a) For every edge {S,T} € E, |SnT|<t.

(b) The adjacency matrix A of G has a p,-orthonormal set of eigenvectors, and Al = 1.

2. If f is the characteristic function of a t-intersecting family F then f’Af =0, since F is

an independent set in G.

3. Hoffman’s bound implies that fi,(F) < =Amin/(1 = Amin), where Anin is the minimal eigen-

value of A. Since Amin = —p'/(1 - p'), we conclude that p,(F) < p'.

In other words, in both cases we reduce the problem of bounding the size of some constrained
family to the problem of bounding the size of an independent set in an appropriate graph, and

then use Hoffman’s bound to obtain such a bound.
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In the course of his exploration of the Shannon capacity of graphs, Lovész [66] came up with
a different method of bounding the size of independent sets in graphs. As we show below, his
method is stronger than Hoffman’s bound. Chung and Richardson [9], adapting a method of
Delsarte [12], were able to strengthen Lovéasz’s method even further. We describe these various
bounds and the relations among them in Section We then explain in Section how
symmetry considerations lead to the precise way in which Friedgut’s method employs Hoffman’s

bound.

3.6.1 Bounds on independent sets in graphs

In this section we explore the following problem: Given a graph G and a positive measure w
on its vertices, what is the largest w-measure of an independent set in G?7 We will explore two
different methods, one due to Hoffman and the other due to Lovész, leading to four different
bounds. We will use the following two pieces of notation: 1 is the constant 1 vector (its length
would be clear from context), and for a vector x € R”, diag(x) is the n x n diagonal matrix
satisfying diag(z)q; = ;.

We start by defining weighted graphs and their independence number.

Definition 3.13. A weighted graph G = (V, E,w) consists of a non-empty graph (V, E) along
with a positive measure w on V. The independence number a(G) is the largest w-measure of

an independent set in G. O
Hoffman’s method relies on the following version of Hoffman’s bound [50, [51].

Lemma 3.39. Let G = (V,E,w) be a weighted graph. Suppose that A is a V xV matriz
satisfying the following properties:

1. A;; <0 whenever (i,j) ¢ E.

2. A1 =)1.

3. Ajjw(i) = Ajyw(j) for alli,jeV.

If Amin s the minimal eigenvalue of A then

_)\min

G) —
a( ) )\_)\min

w(V).
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Proof. Let n = |V|. Without loss of generality, we can assume that w(V) =1. Let Bbea VxV

matrix given by B;j = A;j\/w(i)/w(j). Since

w() ‘w(j)_ ] ’w(z’): ]
w@ = e\ w® TN ) T

By - Ay, w(j) _ Ay

the matrix B is symmetric, and so has an orthonormal set of eigenvectors vy,...,v, with
corresponding eigenvalues A1, ..., A,. Writing B = \/BA\/E_I, where D = diag(w), we see that
v; corresponds to an eigenvector u; of A given by (u;)r = (v;)x/ m . In particular, we can
assume that v; corresponds to 1, and so (v1)g = \/W and A; = A\. Note that v; has unit norm
since w(V) = 1.

Let Z be any independent set in GG, and let f be its characteristic function. Define a vector

g by gr =/w(k) fr. Since Z is an independent set,

0>g¢'Bg=> X\ig, i) 2 Mg, 1) + Amin Z(%%’)Z = Mg, 1) + Amin (9] = (g, v1)?).
i i

Easy calculation shows that (g,v1) = ||g|* = w(Z). Therefore
0> M w(Z)* + (A = Auin) (w(Z) - w(Z)?).
Dividing by w(Z) and rearranging, we get the stated bound. O]

The third property of A in Lemma [3.39] guarantees that A has a w-orthonormal set of
eigenvectors.

As an example, in Section [3.2] we dealt with the following situation. The graph G has as
vertex set all subsets of [n]. The weight of a subset i € [n] is w(i) = pp(¢), for some p € (0,1).
Two subsets i, j € [n] are connected if inj = @, and so we have a self-loop on @. We considered

the matrix
n

S s

with eigenvalues A = 1 and Apnin = —p/q (where ¢ = 1 - p), and concluded a(G) < p. The

corresponding matrix B appearing in the proof is
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showing that the third property of A is satisfied.

In all applications described in this chapter, we always had equality in the first property of
A listed in Lemma Indeed, if the bound is tight, then we must have A;; = 0 whenever 1, j
both belong to some maximum independent set.

Given a graph G, the best possible bound obtainable using Hoffman’s method can be de-
termined by solving a semidefinite program. This was first noticed by Grotschel, Lovasz and

Schrijver [47] in the context of Lovdsz’s bound.

Lemma 3.40. Let G = (V, E,w) be a weighted graph, and consider the following two semidefi-

nite programs:

ou(G) = Symmetrrrilci%eRVXV :\ﬁw(V) Ui (C) - symmetgllci%evav :\ﬁw(\/)
Amin€R Amin€R
s.t. Bij =0 whenever (i,j) ¢ E s.t. Bij <0 whenever (i,7) ¢ E
BVw = Vuw BVw = w
B > Apinl B > Apind

Here \/w is the vector given by Jw; =\/w(i), and I is the V x V identity matriz.
Then o(G) < 073(G) <0 (G).

Proof. Let A be a matrix satisfying the conditions of Lemma [3.39], and define a V x V matrix B
by B;; = A;j \/W . It is not hard to check that B satisfies the conditions of the program
for 67, and vice versa.

Since G is non-empty and 0y (G) > 05,(G) > a(G), we get that in both cases Amin >

-a(G)[(w(V) - a(@)), and so the minimum is actually obtained. O

The parameter 0, (G) equals the best possible bound which can be obtained using Lemma
while 6 (G) corresponds to the version of Hoffman’s bound used in the rest of this chapter.

An even better bound on the measure of independent sets is due to Lovéasz [66].

Lemma 3.41. Let G = (V, E,w) be a weighted graph. Suppose that A is a symmetric V xV

matriz satisfying the following property: A;; >0 whenever (i,7) ¢ E. Let W be the V xV matriz
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given by Wi; = \Jw(i)w(j), and suppose that the mazimal eigenvalue of A+ W is X\. Then
a(G) <A

Proof. Since A and W are symmetric, v'(A + W)v < A|v|? for any vector v. Let Z be an
independent set, let f be its characteristic function, and define a vector g by g = Jw(k) f.
Then

Mw(T) = Mgl* 2 ' (A+W)g 2 ¢'Wg = w(T),

Here we used |g|? = w(Z) and ¢'Wg = w(Z)2. For the latter, note that W = \/w/w and so

gWyg =g Juyw'g = (Vw,g)* = w(Z)? We conclude that w(Z) < \. O

In fact, Lovéasz only considered the case in which the condition A;; > 0 is always tight. The
more general condition was used by Delsarte [12] in the context of error-correcting codes and
ported to graphs by Chung and Richardson [9]; see also Schrijver [73]. As before, if Lovész’s
bound is tight then A;; = 0 whenever 7, j both belong to some maximum independent set.

Continuing our preceding example, the following matrix satisfies the conditions of Lemma/[3.41

n n n

P Wawo|Pe vl e VP

-vpqg 0 -vpqg 0 VP4 p
When n =1, A"+ W =diag(p,p), and in general, the maximal eigenvalue of A" + W is p.

As in the case of Hoffman’s method, the best bound obtainable using Lovasz’s method is

the solution of a semidefinite program.

Lemma 3.42. Let G = (V, E,w) be a weighted graph, and consider the following two semidefi-

nite programs:

0,(G) = min A 07 (G) = min A
L( ) symmetric AeRV*V L( ) symmetric AeRV*V
AeR AeR
s.t. Aij =0 whenever (i,7) ¢ E s.t. Ai; >0 whenever (i,7) ¢ E
A+W < AT A+W <\

Here W is the V x V' matriz given by Wij = \Jw(i)w(j), and I is the V x V identity matriz.
Then o(G) < 07.(G) <0L(G).
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The usual Lovasz theta function is 67, (G). Sometimes the Lovéasz theta function is defined

so that it coincides with 07 (G), where G is the complemented graph.

It turns out that Lovész’s method is stronger than Hoffman’s method.

Lemma 3.43. Let G = (V,E,w) be a weighted graph. We have 0,(G) < 0 (G) and 07 (G) <
04(G).
Let /w be the vector defined by Jw; = \Jw(i). If the optimum of 0.(G) is achieved for

some matriz A having \/w as an eigenvector then 0,(G) = 0y (G), and similarly for 07 (G) and
0% (G).

Proof. We start by proving that 6} (G) < 6% (G). Let B be any solution to the program for
Q}I(G), with minimal eigenvalue Ani,. We will construct a matrix A which is a solution to the
program for 07 (G) and whose maximal eigenvalue is at most —Amin/(1 = Amin) - w(V'). It follows
that 67 (G) < 607,(G).

Let W be the matrix given by W;; = \/m It is easy to check that W is a rank 1
matrix satisfying W/w = w(V)y/w. The matrix A will have the form A = —xB, for an > 0 to
be determined. Clearly A;; > 0 whenever (4,5) ¢ E. Since By/w = \/w, the maximal eigenvector
of B+ W is max(w(V) —x,—xAmin). Choosing x = w(V')/(1 = Amin ), both expressions are equal
t0 =Amin/(1 = Amin) - w(V).

Next, suppose that the optimum of 67 (G) is achieved for some matrix A having \/w as an
eigenvector with eigenvalue . Since G is non-empty, 07 (G) < 0.(G) < w(V'). Indeed, if M
is the adjacency matrix then the maximal eigenvalue of (—eM) + W is smaller than w(V') for

small enough € > 0.

Let A’ be the maximal eigenvalue of A among all eigenvectors different from \/w. We claim
that A" = 07 (G). Indeed, since W/w = v(W)+/w, the maximal eigenvalue of zA + W for z > 0
is A(z) = max(z\, zA + w(V')), which implies (putting z = 1) that A < 0} (G) —w(V) < 0. If
A < X+ w(V) then for small enough € > 0, \(1+¢) < A(1), contradicting the definition of A.

Similarly, A + w(V') = 67 (G), since otherwise A(1 —¢€) < A(1) for small enough € > 0.

Let B = A/\. Clearly By/w = Jw and so B is feasible for the semidefinite program for
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0% (G). Moreover, the minimal eigenvalue of B is Apin = min(1, A’/A) = 67 (G)/A, and so

_)\min

_ 0L(G)
1- )\mlnw(V) .

=—=———w(V)=0.(G).
We conclude that 0% (G) <07 (G) and so 65 (G) =07 (G).

The argument for 07,(G),0(G) is completely analogous. O

3.6.2 Symmetry considerations

When constructing the matrix used to prove Theorem on the maximum p,)-measure
of t-intersecting families, we were looking for a matrix whose eigenvectors are the p-skewed
Fourier characters. Why is this condition meaningful? While we are not able to provide
a satisfactory answer for the p-skewed case, when p = 1/2 we can show that the bounds
0r(G),04(G),00(G), 07 (G) are attained for matrices whose eigenvectors are the Fourier basis
vectors. As we show below, this implies that 05 (G) = 61(G) and 6%(G) = 67 (G), and so in
this case Lovasz’s bound is as strong as Hoffman’s bound.

Our argument will apply to agreement graphs.

Definition 3.14. An agreement graph is a non-empty graph G = (V, E) where V = Z7 for
some n,m and E ={{S,T}:S-TeG} for some GC V.

We view an agreement graph G as a weighted graph by giving all the vertices weight 1. O
Here are two examples:

1. The graph considered in Sectionon the traffic light puzzle has V = Z5 and E = {{S,T} :
S—-Te{1,2}"}.

2. Chapter [4 considers triangle-agreeing families of graphs. These are families of graphs on
the vertex set [n] such that the agreement G1VGy = G1AG, of any two graphs G1,Go
in the family contains a triangle. In this case V = Zgg) and G consists of all triangle-free
graphs.

Since every triangle-intersecting family (in which the intersection of any two graphs con-

tains a triangle) is a fortiori triangle-agreeing, a bound on the size of triangle-agreeing

families is stronger than a bound on the size of triangle-intersecting families. In fact,
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Theorem [£.27] on page [100] shows that the maximal size of a triangle-intersecting family
is the same as the maximal size of a triangle-agreeing family (the theorem works for any

choice of G).

An agreement graph has many automorphisms: for every z € V, S » S+ z is an auto-
morphism. This allows us to symmetrize the matrices appearing in the various semidefinite

programs considered in the preceding section.

Lemma 3.44. Let G = (V,E) be an agreement graph, and let 0 € {0p,0%,01,,07 }. There is an

optimal matrixz for the semidefinite program for 8(G) whose eigenvectors are the Fourier basis

vectors (defined in Section .

Proof. We only prove the case 6 = 0, the other cases being similar. Let B be any matrix
which is feasible for the semidefinite program for 05 (G). For every x € V, define a matrix
B* by BgT = Bgiz T+z, and note that B” is similar to B. It is not hard to check that B* is
also feasible with the same minimal eigenvalue Api,. Therefore C' = E,cy B* is also feasible.
Furthermore, for every vector f we have f'Cf = Egey f'B*f > Amin| f|?, showing that the
minimal eigenvalue of C' is at least Apin. Clearly Cstr = Csyp 742, and we conclude that
the optimum in the semidefinite program for 65 (G) is obtained for some matrix C' satisfying
Cs,1 = Cg4a,145 for all z € V, since the objective value —Amin/(1 = Amin) = 1 = 1/(1 = Amin) is
monotone decreasing with Apip.

In order to complete the proof, we show that if C' satisfies Cs 7 = Cg4 74, for all x € V' then

n
m»

2mi/m he g primitive

its eigenvectors are the Fourier basis vectors. Let V =77 and let w = e
mth root of unity. Recall that the Fourier basis vectors are given by x.(y) = w¥) where

(z,y) = >t ziyi. We have

(CXI)(Z/) = Z C ,sz(Z) = Z CO,zfyX:Jc(Z) = Z CO,ZX:E(Z + y)

zeV zeV zeV
=Xe(¥) 2. Co.2Xa(2) = X (1) (Cxa)(0),
zeV
since Yz (2 +Y) = x2(2)xz(y); here 0 is the zero vector. O

Corollary 3.45. Let G = (V,E) be an agreement graph. Then 01(G) = 0g(G) and 67 (G) =
0% (G).
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Proof. The lemma shows that each of the semidefinite programs 67, (G), 07 (G) has an optimal

solution for which 1 is an eigenvector, and so the claim follows from Lemma [3.43 O

If V = Z% and G is downwards-closed (using the identification Z§ = 2™), then the development

in Section restricts the structure of an optimal matrix for 65 (G) even further.

Lemma 3.46. Let G = (V,E) be an agreement graph with V = 2", and suppose that G = {S €
V :{V,a} € E} is downwards-closed. Then there is a matriz B achieving the optimum in the
semidefinite program for g (G) which is in the span of the matrices {By:J € G}, where By is

the matrixz defined in Lemma on page for p=1/2.

Proof. The proof is the same as the proof of Lemma [3.19] on page [44] O

Corollary 3.47. Let G = (V,E) be an agreement graph with V = 2", and suppose that G = {S €

V {V, @} € E} is downwards-closed. Then 0 (G) is given by the following linear program:

s
min = V|
cy for JeG 1 — )\min

s.t. Cyp = 1

(_1)\5\ Z cy[J €8] > Amin for all ScV.
JeG

Equivalently, 0 (G) = =Amin/(1 = Amin) - [V|, where

= ] -1 |S| C .
Do = e in (DT 2 esl € ]
C@=1

Proof. For a matrix B whose eigenvectors are the Fourier basis vectors, let Ag(B) be the
eigenvalue corresponding to yg. Lemma |3.17| on page shows that for each J € G and for
each function f on J, there is a matrix B in the span of {Bg : K € G} such that Ag(B) =
(-D)SF(Sn). Lemmaon pageshows that Ag(By) = (-1)I¥1(-1)l5"/I. Together, these
lemmas imply (using inclusion-exclusion) that for B in the span of {Bg : K € G}, Ag(B) is
always of the form

As(B) = (1)1 Y ¢;[J < 5],
JeGg

and furthermore all such functions are achievable. Since \/w = 1 = x4, the condition B\/w = \/w

corresponds to Ag(B) =1, which is the same as ¢y = 1. O
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A similar situation arises in the context of Section [3.5.3]on page[62} in which a similar argu-
ment shows that the optimal matrix has the subspaces V; given by Lemma [3.35|as eigenspaces,

and we can use a similar argument to reduce the computation of 0,6y, to a linear program.



Chapter 4

Triangle-intersecting families of

graphs

How big can a family of graphs on n vertices be, if the intersection of any two of them contains
a triangle? Simonovits and Sés were the first to raise this question, around 1976, in the context
of their studies of graphical intersection problems. They conjectured that such a family can
contain at most 2(3)3 graphs, the optimal families being A -stars, supersets of a fixed triangle.

A decade later, Chung, Frankl, Graham and Shearer [10] were the first to prove a non-
trivial upper bound on the size of triangle-intersecting families of graphs. Using Shearer’s
lemma, they gave an upper bound of 2(5)-2, Finally, 25 years later, together with David Ellis
and Ehud Friedgut, we were able to settle the conjecture in the affirmative [27].

Surprisingly, all known upper bounds on triangle-intersecting families apply to the wider
class of odd-cycle-intersecting families, in which we only require the intersection of any two
graphs in the family to contain an odd cycle. In other words, the intersection of any two graphs
must be non-bipartite. (A similar phenomenon happens with respect to triangle-free graphs: a
maximum triangle-free graph is also bipartite.)

Moreover, all upper bounds apply to odd-cycle-agreeing families, in which instead of looking
at the intersection G N Gs of any two graphs, we look at their agreement G1VGs = G1AG, =
(G1nG3)u (G nGy). Chung, Frankl, Graham and Shearer showed that this phenomenon is

general, as we discuss in Section

76
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Let us summarize all the definitions we have made so far.
Definition 4.1. The agreement of two sets A, B € U with respect to U is
AVB=AAB=(AnB)u(AnB),
where all complements are with respect to U. O

Definition 4.2. A family of graphs on n wvertices is a collection of graphs on the vertex set
[n], considered as sets of edges.

A family of graphs is triangle-intersecting if the intersection of any two graphs in the family
contains a triangle. It is odd-cycle-intersecting if the intersection of any two graphs in the
family contains an odd cycle. It is triangle-agreeing if the agreement of any two graphs in the
family (with respect to the complete graph on [n]) contains a triangle. It is odd-cycle-agreeing
if the agreement of any two graphs in the family contains an odd-cycle.

A A-star is a family of graphs of the form {G ¢ K,, : G 2 T}, where T is a triangle. A
A-semistar is a family of graphs of the form {G ¢ K,, : GnT = S}, where T is a triangle and

ScT. O
We can now state the main theorem of this chapter, settling the Simonovits—Sés conjecture.

Theorem 4.1. Let F be an odd-cycle-agreeing family of graphs on n vertices.

Upper bound: u(F)<1/8.

Uniqueness: u(F) =1/8 if and only if F is a A-semistar.

Stability: If u(F) >1/8 — € then there is a &-semistar G such that u(FAG) = O(e).

Our proof generalizes to families of hypergraphs. A hypergraph is a collection of non-empty
subsets of [n], called hyperedges. The counterpart of a triangle is a Schur triple of hyperedges,
{A, B, AAB}. Equivalently, it is a triple of hyperedges A, B,C satisfying AABAC = @. The
counterpart of an odd cycle is an odd number of hyperedges Aq,..., Asp1 whose symmetric

difference vanishes.
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Definition 4.3. A hypergraph on n points is a collection of non-empty subsets of [n], called
hyperedges. A family of hypergraphs on n points is a family consisting of hypergraphs on n
points.

A Schur triple consists of three sets A, B, AAB. An odd circuit consists of 2k + 1 sets
A1, ..., Aoy satisfying AjA--AAgg,1 = @. (A Schur triple is an odd circuit of length 3.)

A family of hypergraphs is Schur-triple-intersecting if the intersection of any two hyper-
graphs contains a Schur triple. The concepts of odd-circuit-intersecting, Schur-triple-agreeing
and odd-circuit-agreeing are defined similarly.

A Schur-star is a family of hypergraphs of the form {H c 2"\ {z} : H 2 T}, where T is a
Schur triple. A Schur-semistar is a family of hypergraphs of the form {H ¢ 2"\ {g} : HnT =

S}, where T is a Schur triple and S cT. O
We can now state the analog of Theorem for hypergraphs.

Theorem 4.2. Let F be an odd-circuit-agreeing family of hypergraphs on n points.

Upper bound: u(F)<1/8.

Uniqueness: p(F) =1/8 if and only if F is a Schur-semistar.

Stability: If u(F) > 1/8 — ¢ then there is a Schur-semistar G such that u(FAG) = O(e).

This theorem in fact generalizes Theorem given a family of graphs, we can extend it
to a family of hypergraphs with the same measure by replacing each graph with all possible
hypergraphs containing it. If the original family is odd-cycle-agreeing then the new family will
be odd-circuit-agreeing.

Both of our main theorems generalize to the p, measure for p < 1/2 with p3 replacing 1/8,
at the cost of applying to intersecting families rather than agreeing families (when p # 1/2, the

symmetry between edges and non-edges is lost); the p1, measure of a graph G with m edges is

1p(G) = p™ (1 - p) ),

Theorem 4.3. Let F be an odd-circuit-intersecting family of hypergraphs on n points, and

suppose 0 <p < 1/2.
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Upper bound: j,(F) <p?.
Uniqueness: (1, (F) = p> if and only if F is a Schur-star.

Stability: If pi,(F) > p3—e then pp(FAG) < Kpe for some Schur-star G, where K, is a constant

depending continuously on p in the interval (0,1/2).

This theorem enables us to use Theorem to obtain results concerning odd-circuit-

intersecting families of hypergraphs with prescribed number of edges.

Theorem 4.4. For every 6 > 0 there are constants Cs, Ns such that for any k € (0,n/2 —dn)

and any odd-circuit-intersecting k-uniform family F of hypergraphs on n > Ny s points,

1< g) (i)

7> (i) (i)

then there exists a Schur-star H such that

IFASI(H, k)| < Cg(e + W)(Z)

A similar theorem is true for odd-cycle-intersecting families of graphs.

If furthermore F satisfies

Theorem 4.5. For every 6 > 0 there are constants Cs, Ns such that for any k € (0,n/2 —dn)

and any odd-cycle-intersecting k-uniform family F of graphs on n > Ny s points,

A<

7> (i) (i)

then there exists a A-star H such that

IFASI(H, k)| < 05(6 . W)(Z)

If furthermore F satisfies
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Roadmap. We start our exposition with the bound from [10], proven in Section We
then present in Section [4.2] an unpublished proof of the Simonovits—Sés conjecture for families
of graphs on 8 vertices. Section is devoted to our proof of the Simonovits—Sés conjecture
for odd-cycle-intersecting families of graphs, and is the main section of this chapter. While the
proof in Section [4.3] already gives the correct upper bound for odd-cycle-agreeing families of
graphs, uniqueness and stability need a further argument which appears in Section [4.4] The
extension to hypergraphs appears in Section The chapter closes with the extension to 1,
measures for p < 1/2. Relevant open problems are discussed in Chapter

Unless otherwise specified, all the material is taken from our joint paper with David Ellis
and Ehud Friedgut [27].

We will use K4 to denote the complete graph on the vertex set A and K4 p to denote the

complete bipartite graph with bipartitions A and B. Also, K, = K[,

4.1 Bound using Shearer’s lemma

Prior to our work, the best known upper bound on the size of triangle-intersecting families of
graphs was 2(3)-2, The proof, which consists of a simple application of Shearer’s lemma, brings
forth some ideas which will be useful later. The contents of this section are taken mainly from
Chung, Frankl, Graham and Shearer [10].

We begin by stating a generalization of Shearer’s lemma due to Friedgut [72] [39].

Lemma 4.6 (Shearer’s lemma). Let S be a finite set, and let Ay, ..., Ay, be subsets of S which
cover every element of S exactly k times. For a family F of subsets of S and A € S, let the

projection of F to A be the family
proj(F,A)={BcA: XnA=B for some X € F}.

For every pe (0,1),

i (F)* < ﬁlup@roj(f, A)).

The idea of the upper bound is that if F is odd-cycle-intersecting and G is a bipartite graph,

then if we remove the edges in G, F must still be intersecting, as a family of unstructured sets.
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Since G can be chosen to contain roughly half the edges, Shearer’s lemma results in a good

upper bound.

Theorem 4.7. Let F be an odd-cycle-intersecting family of graphs on n points. Then for all

p<1/2, pp(F) <p? If p=1/2, then it is enough to assume that F is odd-cycle-agreeing.

Proof. Let F be an odd-cycle-intersecting family of graphs on n points. Let A be the collection
of all complements of Ky, g, where L, R form an unordered partition of [n]. For every A € A,
the projection proj(F, A) must be intersecting, and so the Erdés-Ko-Rado theorem implies
that p,(proj(F,A)) < p for all p < 1/2. Each edge appears in exactly half of the graphs in
A (those for which one endpoint is in L and the other is in R). Therefore Shearer’s lemma
immediately gives p,(F) < p*.

If F is odd-cycle-agreeing then the projection proj(F, A) is an agreeing family: for every two
sets S, T € proj(F, A), SVT # @. Since SVS = @, proj(F, A) contains at most half of the sets,

that is p(proj(F, A)) < 1/2. Applying Shearer’s lemma again, we conclude that u(F) <1/4. O

4.2 Families of graphs on eight vertices

In this section we prove that an odd-cycle-agreeing family of graphs on 8 vertices contains at
most 1/8 of the graphs, following our unpublished manuscript [33]. Unfortunately, we have not
been able to extend the proof beyond 8 vertices.

The basic idea is to divide all graphs on 8 vertices into sets of size 8. Each set S satisfies
the following property: the agreement of any two distinct graphs in S is bipartite. Therefore
an odd-cycle-agreeing family can contain at most one graph from S.

If we identify a graph on 8 vertices with a vector in Z3°, the set of all graphs on 8 vertices
becomes a vector space of dimension 28. Our sets will be cosets of a single vector space V of

dimension 3. The construction of V utilizes a permutation with a special property.

Definition 4.4. A permutation 7 € Sy 7} is antilinear if 7(0) = 0 and w(z) @7 (y) # (v ®Y).
Here & is the familiar XOR operation, which corresponds to addition in Zg; we identify Zg with

{0,...,7} via the mapping (a,b,c) — 4a + 2b + c. O
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Lemma 4.8. The permutation m = (1234) is antilinear.

Proof. In order to verify the second constraint, we go over all possible unordered triplets z,y, z®

y, which are given by the seven lines of the Fano plane:

r(2)en(d)er(6)=301@6=4,
rMNerd)er(5)=201a5=6,
r3)er(@)en()=401e7=2,
r()er(2)er(3)=20304=5,
r2)en()en(7)=30507=1,
r()en(6)eon(7)=2e0667=23,

mB)en(b)en(6)=4@6506="17. O
Given an antilinear permutation, the construction of V' is very simple.

Lemma 4.9. Let m€ Sy 7y be an antilinear permutation. Define a set V c 73 by

V=l ke{0,...,7}), wi(isj) = (w(i®j), k).

(Here (4ay + 2by + c1,4ag + 2bg + c2)) = ajag + bibe + c1c2 € Zo is an inner product on Z3.) The
set V' is a vector space of dimension 3, and the agreement between any two distinct graphs in

V' is a cube.

Proof. Since v; +v; = vigj, V is a vector space of dimension 3. Hence it is enough to show that
for k # 0, vy Vug = U, is a cube. The graph vy contains the edge (7,7) whenever (7(i®j), k) =0,
or equivalently i ® j € 71 (k*). Here k' is the orthogonal complement of k. Therefore i has
three neighbors i@7~ 1 (k*~{0}). We show below that the three points 7! (k*\{0}) are linearly
independent, and so Ty, is a cube. Indeed, suppose 7~ 1(k* \ {0}) = {z,y,z}. If the vectors are
not linearly independent then z = 2@y, but then w(z)@®7r(y)®7(z) # 0 by antilinearity, whereas

the points in k% sum to zero. ]

The upper bound easily follows.
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Theorem 4.10. Suppose F is an odd-cycle-agreeing family of graphs on n < 8 wvertices. Then
u(F)<1/8.

Proof. By extending F if necessary, we can assume that n = 8. Let V be the vector space
constructed in Lemma using 7 = (1234). For every graph G (regarded as a vector in Zgg),
it is easy to see that the coset V + G also satisfies the property that the agreement between
any two distinct graphs in the coset is a cube. Hence F contains at most one graph from each

coset, implying pu(F) < 1/8. O

This proof idea cannot be extended beyond 8 vertices. Indeed, suppose V is a subspace
of dimension 3 of the vector space of all graphs on n > 9 vertices, with the property that the
agreement between any two distinct graphs is triangle-free. Pick a basis for V. Assign to each
edge a color in Zg according to its 0/1 status in each of the basis vectors.

Let a,b, c be the colors assigned to some triangle. For each k, there is a graph in V' in which
the status of the edges in the triangle is (a, k), (b, k), (¢, k). These can never be all zero, since
otherwise the complement of the respective graph in V' contains a triangle. Hence a, b, c must
be linearly independent, and in particular different and non-zero.

Since there are only 7 non-zero colors but at least 8 edges incident to any vertex, the
pigeonhole principle shows that there must be some triangle whose colors are not linearly
independent (due to either a zero color or a repeated color). This shows that V' cannot exist.

There are other ways to extend the argument. For example, we can drop the assumption
that V is a subspace, or we could demand that V' have size 8k and that any set of k+ 1 distinct
graphs in it contains two whose agreement is triangle-free. Using similar but more elaborate
arguments, one can show that even with these extensions, the object V' can only exist for

bounded n. More details can be found in [33].

4.3 Proof of the Simonovits—S4s conjecture

In this section, we prove Theorem for odd-cycle-intersecting families. In fact, our proof will
already yield the upper bound for odd-cycle-agreeing families, but for uniqueness and stability

more work is necessary (this work is taken up in the next section). The proof, which employs
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Friedgut’s method, follows closely the steps outlined in Section [3.3 and the reader is advised
to read that section prior to the present one. For the rest of this section, fix the number of
vertices n.

Following our previous footsteps, the idea of the proof is to find a matrix A of dimension
(g) satisfying the following properties:

e For every odd-cycle-intersecting family F, f'Af =0, where f =1,.

e The eigenvectors of F are the Fourier characters xgs.

e The eigenvalue corresponding to g is 1.

o All other eigenvalues are at least —1/7.

Since our goal is to get a bound of 1/8, Hoffman’s bound tells us that the eigenvalues need to
be at least —(1/8)/(1 - 1/8) = —1/7, which explains the last item. As before, our first step is

identifying the admissible matrices.

Definition 4.5. Let n > 1 be an integer. We say that a matrix A is odd-cycle-admissible

(admissible for short) if it satisfies the following two properties:

Intersection property If G, H are graphs whose intersection contains an odd cycle then

1,A1, =0.
Eigenvector property The eigenvectors of F are the Fourier characters xg.
If A is admissible then we use Ag(A) to denote the eigenvalue corresponding to xq-. O

Lemma 4.11. Let J be a set of edges. Define

0 1
, ifigd,
1 0
By, =
1 0
, ifield,
0 1
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If J is bipartite then the matriz By is admissible, and the eigenvalue corresponding to xag s
Aa(By) = (-1)I9

Furthermore, the vector space of all admissible matrices is spanned by By for all bipartite

J.

Proof. Note that when p = 1/2, the matrix Al of Lemma becomes

The proof that By is admissible for bipartite J is a straightforward modification of the proof of
Lemma [3.10] The crucial point is that if the intersection of two graphs G, H contains an odd
cycle, then (Gn H) \ J cannot be empty since J contains no odd cycles.

The other statement follows from a straightforward modification of the proof of Lemma/[3.19
Here the crucial point is that a supergraph of a non-bipartite graph is non-bipartite. This allows

the reverse induction argument to go through. O

We are looking for an admissible matrix A such that A\g(A) = 1 and Ag(A) > -1/7 for
all graphs G. Following our reasoning in Section the existence of odd-cycle-intersecting
families of measure 1/8 (namely, A-stars) implies that Ag(A) = —1/7 for non-empty subgraphs
G of any triangle. In Section this was enough data to determine the matrix A. What makes
the present problem much more difficult is that these constraints are not enough to determine
A. Instead, we will restrict ourselves to a smaller supply of building blocks.

The proof of the upper bound 1/4 in Section relied on projecting the family to the

complement of a random bipartite graph. The same construction will serve us here as well.
Definition 4.6. For a graph H, define a function gz on graphs by
qu(G) = ]{?’E[G N K, g is isomorphic to H],

where L, R is a random bipartition of [n] chosen by putting each i € [n] independently in L or

in R with equal probability 1/2. Similarly, for an integer k, define

q(G) = LPEUG N K rl=k].
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O

Lemma 4.12. For every graph H there is an admissible matric Efg such that Ag(Eg) =

(1) (G).

For every integer k there is an admissible matriz Ej, such that Ag(Ey) = (-1)/%q(G).

Proof. We show that for every graph H there is an admissible matrix E}; such that
Ao (Ey) = (-1)l¢! Pr[GnKpp=H].

Given the matrices EY;, it is easy to construct the matrices Ey and Ej.

We construct EY; by taking an average over admissible matrices E}{ L.R satisfying
Aa(Ey L R) = (-G n Ky g = H].

The existence of admissible matrices Ey; | g satisfying this formula follows directly from Lemma
[

It turns out that in order to get an upper bound of 1/8, it is enough to take a linear
combination of the matrices Fj. In order to get uniqueness, we will have to throw in some of
the matrices Epg.

In order to construct the matrix A, consider the following table:

G | (G) a(G) @(G) ¢(G) qu(G)

o | 1 0 0 0 0
|12 12 0 0 0
Al 12 140 0
Al 1/4 0 34 0 0

Fy | 1/16  4/16 6/16 4/16  1/16

K;| 1/8 0 1/4 1/2 1/8
In this table, — is a single edge, A is a path of length 2, A is a triangle, F} is any forest having
4 edges, and K, is the diamond graph, obtained from K, by removing one edge. Suppose we

are looking for a matrix A of the particularly simple form
A= C()EO + ClEl + CQEQ + 63E3 + C4E4,

Aa(A) = (-1)Ncoqo(G) + c101(G) + c202(G) + €3a3(G) + caqu(G)).
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The matrix A should satisfy Ag(A) =1, A\_(A) = A (A) = Aa(A) =-1/7, and Ag(A) > -1/7 for
all graphs G. The first constraint already gives us ¢y = 1. The second constraint gives ¢; = =5/7
and cg = —1/7. Substituting ¢, c1, c2 into the inequalities corresponding to Fy and K gives us
a lower bound and an upper bound (respectively) on 4cs + ¢4. Both bounds coincide, implying

that 4cs + ¢4 = 3/7. This prompts the following choice for A:

5 1 3
A=FEy- 2B - ~Fy+ —FEs. 4.1
L S S T (4.1)

Amazingly, this matrix A fits the bill.

Lemma 4.13. The matrixz A given by (4.1)) is admissible, and satisfies the following properties:

(a) Ao(A) = 1.

(b) Ac(A) > -1/7 for all graphs G, with equality only for the following graphs: forests of one,
two or four edges; triangles; diamonds.

(¢) If \g(A) >=1/7 then in fact A\g(A) >-1/8.

The proof of this rather technical lemma appears in Section Using this lemma,
Hoffman’s bound immediately implies that the measure of any odd-cycle-intersecting family is
at most 1/8 (the argument is sketched below). However, the matrix A is not enough to prove
uniqueness, that is, that the unique maximal families are A-stars. The problem is that A\g(A)

is tight for graphs other than subgraphs of triangles. However, this is easy to fix by perturbing

A by another matrix.

Lemma 4.14. Let B be the admissible matrix

B=) Ep-Ep, (4.2)
F
where the sum goes over all forests containing 4 edges, and O is a cycle of length 4.

(a) Ag(B) =0 whenever G contains less than 4 edges.
(b) Ap(B) =1/16 whenever F' is a forest containing 4 edges.
(¢) Ag;(B) =1/8.

(d) |Aa(B)| <1 for all graphs G.
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Proof. Ttem (a) is immediate since G N K, g contains less than 4 edges.

For item (b), note first that Ap(Eg) = 0 since F' contains no O. Similarly A\p(Eps) for any
forest F' # F. If L, R is a random partition of [n], then each edge in F belongs to F n Ky g
with probability 1/2, independently of the other edges (we show this formally in Section .
Therefore Ap(Er) = 1/16.

For item (c), note first that Ax-(Er) =0. In order to calculate Ax; (En) = —gn(Ky), label
K with {a,b,c,d} so that the missing edge is (a,c). We have K; n K1 p = O exactly when
a,c belong to the same side of the partition L, R and b,d to the other, which happens with
probability 1/8. Hence Ax. (Ep) = -1/8.

Item (d) follows from 0 < go(G) <1 and 0< ¥ rgqr(G) < 1, which in turn follow from ¢g, gr

being probabilities, and the different events considered in ) gr being disjoint. O

Now all we have to do is perturb A by an appropriate multiple of B.

Lemma 4.15. Let C = A+ (2/119)B, where A is given by (4.1) and B is given by (4.2)). The

matriz C is admissible and satisfies the following properties:

(a) Ap(C) = 1.
(b) A\c(C) > -1/7 for all graphs G, with equality only for the following graphs: forests of one

or two edges; triangles.
(c) If \g(C) > =1/7 then in fact A\q(C) > -135/952.

Proof. The first item is immediate. We now consider several cases. If G is a graph for which

AG(A) > -1/7 then in fact Aq(A) > -1/8, and so |Ag(B)| < 1 implies that
Aa(C) > ~1/8 —2/119 = ~135/952.

If G is a forest on one or two edges or a triangle then Ag(B) =0 and so A\q(C) =-1/7. If G is

a forest on four edges then
Aq(C) =-1/7+(2/119)(1/16) = -135/952.
Finally, if G is a diamond then

Aa(C) = =1/7 + (2/119)(1/8) > —135/952. O
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Applying Hoffman’s bound, we get an analog of Lemma [3.14] on page 39} and from that an

analog of Theorem [3.16] on page which is the main result of this section.

Lemma 4.16. Let F be an odd-cycle-intersecting family of graphs with characteristic function
f = 1?'

Upper bound: u(F) <1/8.

Uniqueness: If u(F) = 1/8 then the Fourier expansion of f is supported on the first 4 levels,
that is f(S) =0 for |S|> 3.

Stability: If u(F) >1/8-¢ then
> fA(8)=0().

|S|>3
Proof. The proof is very similar to the proof of Lemma using the matrix C given by
Lemma Since C' is admissible, (C'f, f) =0, and so

%:/\G(C)fQ(G) =0.

Lemmashows that Apin = ming Ag(C) = -1/7 and A\g = ming.,(cy>-1/7 A\a(C) > -135/192.
Hoffman’s bound implies that u(F) < —Amin/(Ag(C) = Amin) = 1/8, hence the upper bound.
When p(F) = -1/7, Hoffman’s bound implies that f(G) # 0 only for G = @ or whenever
Aq(C) = -1/7. Uniqueness follows from the fact that \g(C) = -1/7 only for graphs containing
at most three edges. Finally, stability follows from Hoffman’s bound since As — Ay is bounded

from below by a positive constant. O
Theorem 4.17. Let F be an odd-cycle-intersecting family of graphs.

Upper bound: u(F)<1/8.

Uniqueness: u(F) =1/8 if and only if F is a A-star.

Stability: If u(F) >1/8 — € then u(FAG) = O(e) for some A-star G.

Proof. The upper bound is already given by Lemma [4.16] For uniqueness, the argument in
the proof of Theorem shows that if u(F) = 1/8 then F is a 3-star. Since F is odd-cycle-

intersecting, it must be a A-star.
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For stability, suppose p(F) > 1/8 — €. The stability part of Lemma combined with
Theorem [2.23| on page [24] shows that F is De-close to a family G depending on M coordinates,

where D depends on the hidden constant in Lemma as well as the constant C/y 3 given

by Theorem

We start by showing that if € is small enough, then G must be odd-cycle-intersecting. Sup-
pose G is not odd-cycle-intersecting. Then there are two graphs G1, G2 € G whose intersection
contains no odd cycles. We can assume furthermore that |G1[,|G2| < M, say both are supported
on the edge set X of size M. Let F; = {G ¢ X:GuGy e F}, and define Fy similarly. If G € Fy
then X \ G ¢ Fy, since F is odd-cycle-intersecting. Hence pu(Fy) + pu(Fa) < 1. Since all the
corresponding graphs belong to G, this shows that u(FAG) > 27M | which is impossible if € is
small enough.

Next, suppose G is odd-cycle-intersecting. Then p(G) < 1/8. Among all odd-cycle-intersecting
families on M coordinates with u(G) < 1/8, let the one with largest measure have measure
1/8 — .. Then u(FAG) > |u(F) - u(G)| > a—¢, and so a < (D + 1)e. If € is small enough, this

is impossible, and we conclude that (G) = 1/8. By uniqueness, G must be a A-star.

Concluding, we have shown that for some ¢y, if € < ¢y then the family G given by Theo-
rem is a A-star and u(FAG) < De. Otherwise, for any A-star G, u(FAG) < egle. In both
cases 1(FAG) < max(D, ;' )e. O

How did we know to choose A of the form coEq+c1F1+coFEs+c3FE3+cqiEy? We were looking
for a matrix A whose eigenvalues are easy to analyze. Analyzing the eigenvalues of a matrix of
this form reduces to understanding the functions g for small k, which are amenable to analysis.

Another possible choice with the same properties is
COEO + 01E1 + CQEQ + CgEg + CZL(BQ - EO - E1 - E2 - Eg)

It turns out that there is a matrix A’ of this form which satisfies a version of Lemma {13l
However, A" has more tight graphs (graphs for which the eigenvalue is —1/7) than A, and so

we preferred to work with A.
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4.3.1 Cut statistics

The present and the following section are devoted to the proof of Lemma To this end, we
develop a theory of cut statistics of graphs. Recall that the function gx(G) is the probability
that |Gn Ky gr| =k, where L, R is a random partition of the vertices of G. We think of L, R as a
random cut in the graph, and Gn Ky g is the set of edges crossing the cut. The cut distribution
of a graph G is the distribution of |G n K, g|. It will be useful to represent the cut distribution

by a generating function.
Definition 4.7. For a graph G, its cut function is
Qa(x) = Y a(@)a". O
k=0
Since G is finite, the cut function is a polynomial. As an example,

+ -,

N |
N |

Q-(x) =

since the probability that a random cut separates an edge is exactly 1/2.
Generating functions are useful because if cuts in G; and G are independent (say G1 and

G+ are disjoint) then Qg +a, = Qa, Qac,-

Definition 4.8. Let G be a graph. The vertex set of G is denoted V(G), and the number of
vertices is denoted v(G) = |V (G)|. The edge set of G is denoted E(G), and the number of edges

is denoted e(G) = |E(G)|. For U c V(G), G[U] is the graph induced by U. O

Lemma 4.18. Suppose a graph G is composed of two subgraphs G1, G2 having disjoint vertex

sets. Then Qa = Qc, @G, -

More generally, if the connected component of G are G1,...,G,, then Qg = Qg,Qa,-

Proof. A random partition of V[G] can be generated by joining together two independent

random partitions of V[G1] and V[G3]. Therefore

k
a(G) = ZZ @(G1)qe-1(G2).
-0

This directly implies the formula Q¢ = Q¢,@Qa,- O
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This lemma reduces understanding cut distributions to the case of connected graphs. The
following lemmas reduce it further to the case of biconnected graphs (graphs in which removing

any vertex does not disconnect the graph).

Lemma 4.19. Let G be a connected graph and v a vertex of GG. Suppose that removing v
disconnects the graph into components Gi,...,G,. Let H; = G[V(G;) u {v}] be the graph

resulting from reintroducing v into G;, preserving the original edges. Then Qg = Qn, QH, -

Proof. Let q;(G) be Pr[|Gn K¢ gl = k], where L, R is a random partition of V/(G)\{v}. Tt is
not hard to see that ¢;(G) = ¢x(G). The same argument employed in the proof of Lemma

now shows that

4 (G) = q;(G) = qi(H1)--qi(Hr) = qr(H1)--qr(Hr). O

Definition 4.9. Let G be a connected graph. A bridge is an edge of G whose removal discon-
nects the graph. A biconnected component of G is a maximal bridge-less biconnected subgraph
of G. A block of GG is either a bridge or a biconnected component.

The split of a graph G is obtained by replacing each block of each connected component

of G with a disjoint copy. So each block in G becomes a connected component in the split of

G. O
Lemma 4.20. Let G be the split of G. Then Qq, = Qg

Proof. Using Lemma we can assume that G is connected. If G is biconnected, we are
done. Otherwise, choose a cut vertex v of G (a vertex whose removal disconnects the graph).
Applying Lemma G has the same cut function as the graph resulting from taking each
connected component of G and attaching to it its own copy of v. Keep applying this process

until all connected components are single edges or biconnected. The result is the split of G. [

We need one more simple observation, and then we can state a formula for the first few

coefficients of the cut function of a graph (recall we are only interested in q, ..., q3).
Lemma 4.21. Let G be a bridge-less graph. Then ¢1(G) = 0.

Proof. Suppose there is a partition L, R such that G n K, r = {e}. Then e is a bridge. O
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Corollary 4.22. Let G be a graph with m bridges, and let H be the union of disjoint copies of

its biconnected components. Suppose

Qu(x) = ag + a1z + agx® + azz® + .
Then a1 =0 and

Qa(x) = 2%(@0 +magx + ((W;)ao + ag)x2 + ((Tg)ao +masg + ag)xg) 4o (4.3)

Proof. The lemma shows that a; = 0. The formula follows from Lemma using the formula

Q-(z) =1/2+ (1/2)x by expanding the product:

1 1 \™ 9 5
QG($)=(§+—LB) (a0+a2x +asx +)

2
1
= 2—m(1 +mz + (T;l)xQ + (?)x?’ + ---)(ao +asx + azz’ + )
_ ! (a + ma x+((m)a +a )x2+((m)a +masg + a )x3)+ O
= om0 0 g )00t a2 3 )0 2 +as .

4.3.2 Proof of Lemma [4.13

Armed with the theory of cut statistics developed in the preceding section, we are ready to

prove Lemma |4.13] Before starting the proof proper, we need two auxiliary results.
Lemma 4.23. Let G be a graph.
(a) If G has N connected components then qo(G) = 2V~ (Recall v(G) is the number of
vertices in G.)
(b) If G has exactly m bridges then ¢1(G) = mqo(G).
(¢) If G has a vertex of odd degree then qr(G) <1/2 for all k.
(d) For any odd k, qi(G) < 1/2.
(e) Always q2(G) < 3/4.
Proof. For item (a), let the connected components of G be G1,...,Gn. If GNn K p =@ then

each of G; lies entirely in L or in R. The probability of this is

0(¢) = q 20(G)) ~ 9u(@)”
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Item (b) follows directly from (4.3)).

For item (c), suppose G is a graph with a vertex v of odd degree. Let L', R’ be a partition
of V(G) ~ {v}. The set (Gn Kprpy,r) N (G Ky r) contains all neighbors of v belonging to
R'. Similarly, the set (G n K/ groey) ~ (G0 Kpr gr) contains all neighbors of v belonging to
L'. Therefore

(G0 Kpopy,rl =1G 0 Kp re]) + (IG 0 Ko grogoy] = |G 0 K gr]) = deg(v).

Since deg(v) is odd, we conclude that |G'n K0y | # |G N Kps grogey|- Hence the probability
that |Gn Ky, g| =k, conditioned on L' ¢ L and R’ ¢ R, is at most 1/2. Averaging over all L', R’,
the item follows.

For item (d), in view of item (c), we can assume that all vertices have even degree. This
implies that G can be partitioned into cycles (since a connected graph with even degrees has
an Eulerian tour). Each cut of G cuts either 0 or 2 edges of each cycle, and therefore an even
number of edges overall, showing that ¢;(G) = 0 for odd k.

For item (e), note that the average number of edges cut in a random cut is e(G)/2 (recall

that e(G) is the number of edges in G), and so

(@) e(G)

S5 2 ha(6) <2(G) + (G) (1= 02(6)) = e(G) + (2 e(@)ax G,
=0

The inequality is strict since ¢o(G) > 0. If e(G) = 2 then

1 13\ 1 1 1
QG(x)=(§+§x) =+ -x+ -z

so we can assume that e(G) > 2. This implies that

e(@)2  (e(G)-2)/2+1 1 1
QQ(G)<6(G)-2‘ (-2 2 e@)-2

Therefore ¢2(G) < 3/4 whenever e(G) > 6. So we can assume that e(G) < 5.

Let G5 be the split of GG, which has the same cut function as G by Lemma If G has
any bridges then Gy has vertices of degree 1, and so ¢2(G) < 1/2 by part (c¢). Otherwise, since
each block of G contains at least 3 edges, G must be biconnected. So G is one of C3,C4,Cs5, K
(here Cj is the cycle of length [). One can check that ¢2(C3) = g2(Cy) = 3/4, q2(C5) = 5/8 and

@(Ky)=1/4. O



CHAPTER 4. TRIANGLE-INTERSECTING FAMILIES OF GRAPHS 95

The following lemma focuses exclusively on qq.

Lemma 4.24. Let G be a graph with m bridges, and let H be the union of its biconnected

components.

(a) We have qo(2) =1, qo(—) =1/2, and qo(G) < 1/4 for all other graphs. (Here — is a single
edge.)
(b) If m =0 and e(G) is odd then either qo(G) < 1/16 or G is a triangle or a diamond.

(¢) If H is non-empty then qo(H) < 1/4.

Proof. For item (a), if G is connected and |G| > 2 then v(G) > 3 and so Lemma [4.23|(a) shows
that go(G) = 2'79(%) <1/4. If G has N > 2 connected components, then since every connected
component contains at least two vertices, the same item shows that go(G) = 2V =) < 27N < 1/4.

For item (b), notice that since m = 0, every connected component of G contains at least
three vertices. Lemma [4.23(a) implies that go(G) < (1/4)", where N is the number of connected
components. If N > 2 then ¢o(G) < 1/16, so we can assume G is connected. Lemma [1.23{a)
again implies that ¢o(G) < 279 hence qo(G) < 1/16 if v(G) > 5. The remaining case is
that G is a connected bridge-less graph on at most 4 vertices. Since e(G) is odd, G is either a
triangle or a diamond.

Item (c) follows directly from item (a). O
We are finally ready to prove Lemma [4.13

Lemma 4.13. The matriz A given by (4.1)) is admissible, and satisfies the following properties:

(a) Ao(A) = 1.
(b) A\g(A) >-1/7 for all graphs G, with equality only for the following graphs: forests of one,

two or four edges; triangles; diamonds.

(c) If \a¢(A) > -1/7 then in fact \g(A) > -1/8.

The idea of the proof is to consider the matrix

5 1 3
A=FEy-—-F-=-Fy+ —F 4.1
0 - B - B+ oo Es (4.1
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which has been engineered to satisfy the lemma for small graphs. For large graphs, all ¢ are
small, and so the eigenvalues tend to zero. It remains to consider what happens for graphs in
the medium range. Because of the (~1)I¢! factor (we remind the reader that |G| = e(G)), we
consider graphs with an even and an odd number of edges separately. Formula shows that
the gx decay fast if G contains many bridges, so the proof will consist of a case analysis, where
the cases correspond to different numbers of bridges.

It is possible to considerably reduce the number of cases by computing the eigenvalues for
all graphs with a small number of edges. For graphs with many edges, it is relatively easy to
show that the eigenvalues are close enough to zero. However, we opted to present a completely
human-verifiable proof. This will also come in handy later on, when we generalize the framework

to p<1/2.
Proof. In view of Lemma the eigenvalues of A satisfy the formula

Ao(4) = () (@) - 201(6) - 2a(G) + =is(@))

This formula already shows that Ag(A) = 1. It will be less confusing to consider instead of

A (A) the function
£(6) = (@) - 201(G) - 202(6) + 24D,

We now split the proof into two cases: |G| is odd and |G| is even.

Graphs with an odd number of edges. Suppose |G| is odd. We show that f(G) =1/7 if
G is a single edge, a triangle or a diamond, and f(G) < 1/8 otherwise.

Let m be the number of bridges in G. Lemma [4.23((b) shows that ¢1(G) = mqo(G), and so

16 = (1= 2m)an(6) - 2a(G) + 52as(G)

We will use the bound ¢3(G) < 1/2 given by Lemma [4.23|(d).
When m =0,
1 3
f(G) =a(G) - ;CJ2(G) + 2—8QS(G)-

If go(G) < 1/16 then using ¢3(G) < 1/2,
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If go(G) > 1/16 then Lemma [£.24|b) shows that G is either a triangle or a diamond. In both
cases, we can explicitly compute f(2) = f(K;) =1/T7.
When m =1,

1(6) = 20(G) - 202(6) + 2as(G)

If G = — then ¢o(G) = 1/2 and so f(G) =1/7. Otherwise, Lemmal4.24{a) shows that ¢o(G) < 1/4.
Therefore using ¢3(G) < 1/2,
3

= 12=1/8.

2 1
f()?i 28

When m > 2,

£(G) £ =200(6) - 2ax(G) + San(@) < g <

using ¢3(G) < 1/2.

Graphs with an even number of edges. Suppose |G| is even. We show that f(G) =-1/7
if G is a forest on two or four edges, and f(G) > -3/28 > —1/8 otherwise.
Let m be the number of bridges, let H be the union of all biconnected components of G,

and let ay = qx(H). Corollary shows that

f(G) = 2%(@0 - gmao — %((?)ao + ag) + 23_8((7;)% +mag + ag))

a2 ) () (5o )
=—I{1-=-m-- + — ag+|—-—=+—=m)azx+ —as
2m 7 7\ 2 28\ 3 7 28 28

When m =0,

1
J(G)=ap~ Zaz+ 23—8663

Lemma e) shows that as < 3/4, and so f(G) > -(1/7)(3/4) = -3/28.
When m =1,
3

1
f(G)==ap-—= —
( ) CLo 5602 56(13

Again, ag < 3/4 implies f(G) > —(1/56)(3/4) = -3/223 > -3/28.

When m > 2, the coeflicients in front of as and ag are positive, and so

@ {2 2(0) ()
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Denote the coefficient in front of f(G) by r(m). Lemma [4.24)c) shows that either H = @ or
ag < 1/4; the former case can happen only when m is even, since |G| is even. We list some

values of r(m):

m‘234567

41 1 41 23 13

1
7 224 7 448 448 512

—r(m)

Recall 2™r(m) is a third degree polynomial. It is not hard to check that the polynomial is

increasing in the range m > (7 +1/151)/3 ~ 6.4. Therefore for m > 7, r(m) > 27""r(7). If r(m)
is negative then this implies that r(m) > r(7), and otherwise r(m) > r(7) trivially.

The table shows that for m > 5, f(G) > —41/448 > -3/28. If H # @&, then ay < 1/4 and so

the table shows that for m > 2, f(G) > r(m)/4 > -41/896 > —3/28. It remains to consider the

case that m € {2,3,4} and H = @. Since |G| is even, m must be even, and so G is a forest with

two or four edges. Direct calculation shows that in both cases, f(G) =1/7. O

4.4 Agreeing families

The matrices constructed in Section [4.3] are admissible not only for odd-cycle-intersecting fam-

ilies but also for odd-cycle-agreeing families. The reason is that

not only when S =7 = {1}, but also when S =T = @.

Definition 4.10. Let n > 1 be an integer. We say that a matrix A is odd-cycle-agreeing-

admissible (agreeing-admissible for short) if it satisfies the following two properties:

Intersection property If G, H are graphs whose agreement GV H contains an odd cycle then

1’C¥B]'H = 0.
Eigenvector property The eigenvectors of F are the Fourier characters xgs.

If A is agreeing-admissible then we use A\g(A) to denote the eigenvalue corresponding to xg. O
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Lemma 4.25. Let J be a set of edges. Define

0 1
, ifigd,
1 0
By;=
1 0
, ified,
0 1
n
BJ:®BJ77;.
i1

If J is bipartite then the matriz By is agreeing-admissible, and the eigenvalue corresponding to
XG 8

Aa(By) = (-1)I$

Furthermore, the vector space of all agreeing-admissible matrices is spanned by By for all

bipartite J.

Proof. The proof uses the observation that for S,7" ¢ [1],

0 1
1 1
N R MO
10
whenever SVT # @&. In all other respects, the proof is identical to that of Lemma [4.11 O

We conclude that Lemma is in fact true for odd-cycle-agreeing families as well.
Lemma 4.26. Let F be an odd-cycle-agreeing family of graphs with characteristic function
f = 1?'

Upper bound: u(F)<1/8.
Uniqueness: If u(F) = 1/8 then the Fourier expansion of f is supported on the first 4 levels,
that is f(S) =0 for |S| > 3.

Stability: If u(F) >1/8 - € then
> F2(8)=0(e).

|S|>3

Proof. Follow the proof of Lemma replacing Lemma with Lemma O
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This already gives us the correct upper bound. However, uniqueness doesn’t follow since
our argument for uniqueness relies heavily on the fact that maximal families are monotone.
Our proof of stability relies on uniqueness, so this also does not follow.

In order to amend this situation, we take inspiration from the following result of Chung,
Frankl, Graham and Shearer [10], which shows that upper bounds for intersection problems
always imply upper bounds for agreement problems. The proof uses the classical technique of

shifting.

Definition 4.11. Let X be a finite set, and let H be a family of subsets of X. A family of
subsets of X is H-intersecting if the intersection of any two members of the family contains
some H € H. A family of subsets of X is H-agreeing if the agreement of any two members of

the family contains some H € H. O

Theorem 4.27. Let X be a finite set, and let H be a family of subsets of X. Then the mazimal

size of an H-intersecting family is equal to the maximal size of an H-agreeing family.

Proof. Every H-intersecting family is also H-agreeing, and so it is enough to show that if F is
an H-agreeing family then there is an H-intersecting family of size |F|. We do that by applying
several cardinality-preserving operations on F which will make it H-intersecting.

For i € X and a family G, the monotonization operator C;(G) is defined as follows. Partition
2% into pairs A, Au {i}. Whenever Gn {A, Au {i}} = {A}, replace A with Au {i} in C;(G).

Clearly |C;(G)| = |G|, and C;(G) is i-monotone: if A€ C;(G) then Au{i} € C;(G). Moreover,
if G is j-monotone then so is C;(G). Indeed, consider any A € C;(G). If i ¢ A then A, Au{i} eG
and so Au{j}, Au{i,j} € G. This shows that Au{j} € C;(G). Ifi € Aand A € G then Au{j} g
and so Au{j} € C;(G). Finally, if i € A and A ¢ G then A~ {i}, AN {i}u{j} € G. Therefore
Au{j} eCi(G).

The crucial property is that if G is H-agreeing then so is C;(G). Indeed, let A, B € C;(G). If
A, B € G then A, B are certainly H-agreeing. If A\ {i}, Bx{i} € G then AVB = (A~ {i})V(B~
{i}), and again A, B are H-agreeing. The remaining case is when ¢ € A and A\ {i},BeG. If
i € B then AVB > (A {i})VB, and we'’re again done. If ¢ ¢ B then necessarily Bu {i} € G,

since otherwise we would have replaced B with B u {i}, and so AVB = (A {i})V(B \ {i})
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again shows that A, B are H-agreeing.
Let F' result from applying the operators C; on F in sequence for all ¢ € X. The family F’
has the same size as F, it is H-agreeing, and it is monotone. These properties imply that for

any A,BeF', (AuB)VB = An B contains some H € H, and so F’ is H-intersecting. O

Using the same monotonization operations C;, we are able to prove a uniqueness counterpart

of Theorem (.27

Definition 4.12. Let X be a finite set, and let H be a family of subsets of X. An H-star is
an H-star for some H € H. An H-semistar is an H-semistar for some H € H, which is a family

of the form {Ac X : AnH = J} for some J ¢ H. O

Theorem 4.28. Let X be a finite set, and let H be a family of subsets of X, and T < H be a
subfamily of H. Suppose that all maximal H-intersecting families are I-stars, and that for all
IeZ, xel andy¢ I, neither I ~{z} nor I ~{z}u{y} contain any H € H. Then all mazimal

H-agreeing families are I-semistars.

Proof. Let C; be the monotonization operators defined in the proof of Theorem Suppose
F is a maximal H-agreeing family. The proof of that theorem shows that if we apply the
operators C; to F in sequence for all i € X, then we get a maximal H-intersecting family, which
is an Z-star by assumption. Therefore the proof will be complete if we show that whenever G
is H-agreeing and C;(G) is an Z-semistar, then G is an Z-semistar as well.

By possibly complementing some of the coordinates, we can further assume that C;(G) is
an Z-star, say it is an [-star, where I € Z. If i ¢ I then G = C;(G), and so G is also an I-star.

Otherwise, we know that for each A € C;(G), either A€ G or A~ {i} € G, but not both. Define

G ={AcX~T:AulegG},

G- ={AcX~T:Au(I~{i})eG}.

We will show that whenever |AVB| < 1, either A,B € G, or A,B € G_. If |[AAB| = 1 then
|AVA| = 0 while [AVB| = 1, showing that either A,B € G, or A, B € G_. It follows that either

G, =@ or G_ =@, and in both cases G is an H-semistar.
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Suppose to the contrary that [AVB| <1 and AeG,, BeG_. Since Aul,Bu(I\{i})€g,

their agreement must contain some H € H. However,
D=2 (Aul)V(BuUI~{i})=(AVB)u (I~ {i}).

By assumption, D does not contain any H € H. This contradiction shows that either A, B € G,

or A,BeG.. O

In our case, H is the family of all odd cycles and Z is the family of all triangles. The
condition in the theorem then states that the only way to introduce a cycle into a path of
length 2 with a single edge is to complete the triangle. This observation allows us to prove

Theorem [4.1]

Lemma 4.29. Let T be a triangle, x € T and y ¢ T. Then neither T'~ {z} nor T ~ {z} u{y}

contains any cycle.

Proof. Obvious. O

Theorem 4.1. Let F be an odd-cycle-agreeing family of graphs on n vertices.
Upper bound: p(F)<1/8.

Uniqueness: u(F) =1/8 if and only if F is a A-semistar.

Stability: If u(F) > 1/8 — € then there is a A-semistar G such that W(FAG) = O(e).

Proof. Lemma [£.20] already shows the upper bound. Alternatively, the upper bound follows
from Theorem [4.17] via Theorem [4.27] Uniqueness follows from Theorem [4.17] via Theorem [4.28

For stability, we use an argument very similar to the proof of Theorem The stability
part of Lemma together with Theorem [2.23] shows that there is a family G depending
on My 3 coordinates which is O(e)-close to F. As in the proof of Theorem m (replacing
intersection with agreement), we argue that if e is small enough, then G must be odd-cycle-
agreeing. Since u(FAG) > |u(F) — u(G)| and there are only finitely many possible families G,

if € is small enough then p(G) = 1/8. Then G is a A-semistar by uniqueness. O
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4.5 Extension to hypergraphs

In this section we generalize the work done in the previous sections to the hypergraph setting,
proving Theorem [4.2] For the rest of this section, fix the size n of the ground set. It will be
easier to consider the hypergraphs as collections of non-zero vectors in Z5 rather than non-
empty subsets of [n]. Under this view, a hypergraph is a subset of {z € Z} : x + 0} (where O is
the zero vector), and an odd circuit consists of an odd number of vectors z1,. .., ok, sSumming

to 0.

Our goal is to show that every odd-circuit-agreeing family contains at most 1/8 of the
hypergraphs. In view of Section we can focus on odd-circuit-intersecting families. If
hypergraphs were allowed to contain the zero vector, then the O-star is odd-circuit-intersecting
and contains at most 1/2 of the graphs, which is one reason to outlaw the zero vector. Even
if we insist that the odd circuit have size at least 3, the zero vector causes problems. First, it
is now important that the vectors in a circuit are all different: otherwise the {0, x}-star, which
contains 1/4 of the graphs, is odd-circuit-intersecting for all = # 0, since 0 + 2 + 2 = 0. Even if
we disallow that, the zero vector can turn an odd circuit into an even circuit. While we believe
that the theorem should remain true even for circuit-agreeing families, this seems much harder

to prove. For all these reasons, we do not allow our hypergraphs to contain the zero vector.

We will mostly retrace our steps in Section We start with some basic definitions.

Definition 4.13. We say that a matrix A is odd-circuit-admissible (admissible for short) if it

satisfies the following two properties:

Intersection property If G, H are hypergraphs whose intersection contains an odd circuit

Eigenvector property The eigenvectors of F are the Fourier characters xg.

If A is admissible then we use Ag(A) to denote the eigenvalue corresponding to - O
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Lemma 4.30. Let J be a set of edges. Define

0 1
, ifigd,
1 0
By;=
1 0
, ified,
0 1
n
BJ:®BJ77;.
i1

If J contains no odd circuits then the matrix By is admissible, and the eigenvalue corresponding
to xg 18

Aa(By) = (-1)!

Furthermore, the vector space of all admissible matrices is spanned by By for all bipartite

Proof. The proof is the same as the proof of Lemma [4.11 O

In the case of graphs, we made an essential use of randomly generated bipartite graphs,
which are graphs that we know do not contain odd cycles. The counterpart in the hypergraph

setting is hyperplanes.

Definition 4.14. Let y € Z3 be an arbitrary vector. The hyperplane defined by y is
Py={xeZy:(z,y) =1}

Here we understand (x,y) as a number in Z,. O

Lemma 4.31. Hyperplanes contain no odd circuits.

Proof. Let P, be a hyper plane and x1, ..., 22,41 € By. Then

(y, 21+ +@ops1) = (v, w1) + - + (Y, Dops1) = 1,

and so 1 + -+ Tops1 £ 0. O
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We can think of every graph G as a hypergraph in which each vector has Hamming weight 2.
The complete bipartite graph Ky, g corresponds naturally to a vector y € Zy in which y; = 0
whenever i € L, y; = 1 whenever ¢ € R. Under this correspondence, Ky, r is the subset of
P, consisting of vectors of Hamming weight 2. This prompts the following generalization of

Lemma 4.12

Definition 4.15. Two hypergraphs Hy, Hs are isomorphic if there is an invertible linear oper-
ator L on Z} that maps H; to Hs.

For a hypergraph H, define a function gz on hypergraphs by
qu(G) = PZr [G n P, is isomorphic to H].
yely
Similarly, for an integer k, define
q(G) = Pr [|Gn Pyl = k],
yely
The functions qg, g5, are invariant under isomorphism. O

We reuse the same notation qx,qp since the two functions have the same values in both

contexts when the input G is a graph.

Lemma 4.32. For every hypergraph H there is an admissible matriz Ef such that \g(Ep) =
(-DI%gu (G).

For every integer k there is an admissible matriz Ej, such that Ag(Ey) = (-1)/%q(G).

Proof. The proof is the same as the proof of Lemma O

From this point on, the proof is substantially the same as in the graphical case. Before

embarking on the proof, we give suggestive names to some hypergraphs.

Definition 4.16. An edge is a non-zero vector.

A forest is a hypergraph in which all vectors are linearly independent. The (unique up to
isomorphism) forest containing n edges is denoted F),. We sometimes call it an n-forest.

A cycle is a hypergraph of the form {z1,...,x,, 21+ +x,} such that z1,...,x, are linearly
independent. A cycle of size n is denoted C,, (the above cycle has size n+1). The cycle A = Cs

is also known as a triangle, and O = Cy is also known as a square.
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A diamond is a hypergraph of the form {x,y,z,2 + y,z + 2}, where z,y,z are linearly

independent. We denote this hypergraph K. O

All these definitions agree with their graphical counterparts when the hypergraph in question
is indeed a graph. Also, note that all forests of a fixed size are now isomorphic to each other.
We construct the matrix A exactly as before (physically, though, the matrices are different):

5 1 3
A=FEy—-—-F{-=-Fy+ —F 4.1
0o - B - B+ o s ({4.1)

The proof of Lemma can be modified to yield the following.

Lemma 4.33. The matrixz A given by (4.1)) is admissible, and satisfies the following properties:

(a) \g(A) = 1.
(b) Ag(A) > =1/7 for all hypergraphs H, with equality only for the following hypergraphs:

forests of size one, two, or four; triangles; diamonds.
(¢) If \u(A) > -1/7 then in fact Ag(A) > -1/8.
The proof appears in Section below. The next step is to take care of the tight hyper-
graphs.
Lemma 4.34. Let B be the admissible matrix

B=Ep, - Ep. (4.4)

(a) A\a(B) =0 whenever G contains less than 4 edges.
(b) Ay (B) = 1/16.
(¢) Ar;(B)=1/8.
(d) |Aa(B)| <1 for all hypergraphs G.
Proof. Ttems (a) is immediate.
For item (b), Ag,(B) is the probability that Fy ¢ P, when y is chosen randomly. Since all
vectors in Fy are linearly independent, it is easy to check that the probability is 1/16.

For item (c), we show that the probability that K; n P, is a square is 1/8 when w is

chosen randomly. Let K; = {z,y,2,z +y,x + 2}, where z,y, z are linearly independent. The
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only square contained in K is {y,z,x +y,x + z} (this is easy to check: these are the only four
vectors summing to zero). The vectors y, z, x+y are linearly independent, and so the probability
that all of them belong to K; n P, is 1/8. Since z+ 2z = y+ 2+ (z +y), in this case = + z belongs
to the intersection as well.

Item (d) is clear since 0 < Ag(Fx) <1 for all hypergraphs X. O
This shows that the counterpart of Lemma, is true.

Lemma 4.35. Let C = A+ (2/119)B, where A is given by (4.1) and B is given by (4.4)). The

matriz C is admissible and satisfies the following properties:

(a) Ap(C) = 1.
(b) Ay (C) > -1/7 for all hypergraphs H, for equality only for the following graphs: forests of

size one or two; triangles.

(¢) If \g(C) > =17 then in fact Ay (C) > -135/952.
Proof. The proof is the same as the proof of Lemma O
At this point, we can prove Theorem

Lemma 4.36. Let F be an odd-circuit-intersecting family of hypergraphs with characteristic

function f=1,.
Upper bound: u(F)<1/8.

Uniqueness: If u(F) = 1/8 then the Fourier expansion of f is supported on the first 4 levels,
that is f(S) =0 for |S|> 3.
Stability: If u(F) >1/8 - ¢ then
> f2(8) = 0(e).

|S]>3
Proof. Proved like Lemma O

Theorem 4.37. Let F be an odd-circuit-intersecting family of hypergraphs.

Upper bound: u(F) <1/8.
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Uniqueness: u(F) =1/8 if and only if F is a Schur-star.

Stability: If u(F) > 1/8 — € then u(FAG) = O(e) for some Schur-star G.

Proof. Proved like Theorem Note that a Schur-star is the same as a A-star. ]
Theorem 4.2. Let F be an odd-circuit-agreeing family of hypergraphs on n points.

Upper bound: p(F) <1/8.

Uniqueness: p(F) =1/8 if and only if F is a Schur-semistar.

Stability: If u(F) > 1/8 — € then there is a Schur-semistar G such that u(FAG) = O(e).

Proof. Proved like Theorem[4.1] since the condition in Theorem is satisfied: if H = {z,y,z+

y} is a triangle and z ¢ H then neither {x,y} nor {z,y,z} contain any cycles. O

4.5.1 Proof of Lemma 4.33

We start by generalizing our development of cut statistics. The cut function is defined as before.
Definition 4.17. For a hypergraph H, its cut function is
Qu(X) =Y au(G)X". O
k=0

In the case of graphs, we decomposed a given graph into its connected components and then
into its blocks. Here, it will be enough to consider a much coarser decomposition, in which only

the bridges are distinguished.

Definition 4.18. Let H be a hypergraph. A hyperedge = € H is a bridge if no cycle in H
contains x. Alternatively, z ¢ Span(H \ {z}). Denote the set of bridges in H by B(H), and let

B(H)=H ~ B(H). O

Lemma 4.38. Let H be a hypergraph, and m = |B(H)|. We have

Qu(X) = (% + %X)mQB(H)'
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Proof. Tt is easy to check that Q_(X) = 1/2 + (1/2)X, where — is an edge. The proof will be
complete if we show that whenever H is a hypergraph and v ¢ Span(H ) then Quufvy = QuAQ v}

Let u € Span(H)* be some vector satisfying (u,v) = 1. Let y = y1 + y2, where y; is
chosen randomly from {v}* and yo is chosen randomly from {0,u}. The vector y is distributed
uniformly on Z5, H n @, depends only on yi, and {v} n @, depends only on y». Hence the
formula Qpuf = QuQyy) follows from basic properties of generating functions (like in the

proof of Lemma [4.18)). O

Corollary 4.39. Let H be a hypergraph with m = |B(H)|, and let ay = q,(B(H)). Then aj =0

and

Qu(X)= 2%((10 +magX + ((7721)@0 + ag)X2 + ((T;)ao +masg + CL3)X3) + e (4.3)

Proof. We start by proving that a; = 0. Suppose B(H) n P, = {z}. If there were a cycle

C < B(H) containing z then

0=(n 5 - St -1

ceC ceC
We conclude that z is a bridge, yet by construction B(H) has no bridges. Therefore a; = 0.
The rest of the proof follows from Lemma like in the proof of Corollary [£.22] O

We now generalize the two auxiliary lemmas Lemma [£.23] and Lemma[4.24] The only major

difference is that a new tight case appears in the counterpart of Lemma M(b)

Definition 4.19. Let H be a hypergraph. A wverter is any element of [n]. The neighborhood
of a vertex ¢ in H is N(i) = {x € H : x; = 1}. The degree of a vertex is the size of its

neighborhood. O
Lemma 4.40. Let H be a hypergraph.

(a) qo(H) = 270,

(b) qi(H) = |B(H)|qo(H).

(c) If H has a vertex of odd degree then qi(H) <1/2 for all k.

(d) For any odd k, q,(H) <1/2.
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(e) Always q2(H) < 3/4.

Proof. For item (a), let R be a basis of H. Clearly HnQ, = @ if and only if RnQ, = @. The
formula immediately follows.
Item (b) follows directly from (4.3[).

For item (c), let ¢ € [n] have odd degree, and notice that

(H 0 Qy)AH 0 Qyqe;) = N (i),

where e; is the vector whose only non-zero coordinate is 4. Since |N(¢)| is odd, |H n Qy| #
|H N Qy+e,|, and so at most one of them can be equal to k.
For item (d), we can assume that all vertices have even degree. In that case, for each y € Z5

we have

Yolzyh= > > 1= ) deg(i) =0,

xeH ie[n]y;=1 xeH:z;=1 ie[n]y;=1

(the calculation taking place in Z3), and so |[H n Py| is always even.

For item (e), follow the proof of Lemma [4.23|e) to show that go(H) < 3/4 whenever |H| > 6.
We can further restrict ourselves to the case in which all vertices have even degree, and so
the vectors in H sum to zero. In particular, H is linearly dependent. Let H' be the smallest
subset of H which is linearly dependent. Thus |H'| > 3 and H \ H' also sums to zero. Since
|H ~ H'| <2, we conclude that H is minimally linearly dependent, and so a cycle. One checks

that QQ(Cg) = QQ(C4) = 3/4 and QQ(C5) = 5/8. O

Definition 4.20. A hypergraph is a k-hyperclique if it consists of a linear subspace of dimension

k, minus 0. We denote a k-hyperclique by K. O
Note that a clique on k vertices corresponds to a (k — 1)-hyperclique.
Lemma 4.41. Let H be a hypergraph.

(a) We have qo(@) =1, qo(=) =1/2, and qo(H) < 1/4 for all other hypergraphs.

(b) If |B(H)| = 0 and |H| is odd then either qo(H) < 1/16 or H is one of the following: a

triangle, a diamond or a 3-hyperclique.

(c) If B(H) is non-empty then qo(B(H)) < 1/4.
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Note that a 3-hyperclique is not isomorphic to any graph.

Proof. tem (a) follows directly from Lemma [1.23(a).

For item (b), note that if rank H > 4 then go(H) < 1/16 by Lemma[4.23|(a). Otherwise, H is
a bridge-less hypergraph of rank at most 3 with an odd number of vectors. A hypergraph of rank
1 is a bridge. The only bridge-less hypergraph of rank 2 is a triangle. A hypergraph of rank 3
with an odd number of vectors contains either 3, 5 or 7 vectors. In the first case, the hypergraph
consists of bridges. In the second case, it consists either of a 3-cycle and two additional vectors,
which must be bridges, or of a 4-cycle and an additional vertex contained in their span, a
hypergraph which is isomorphic to a diamond. In the third case, it is a 3-hyperclique.

Item (c) follows directly from item (a). O

We are now ready to prove Lemma [4.33
Lemma 4.33. The matriz A given by (4.1)) is admissible, and satisfies the following properties:
(a) Ap(A) = 1.
(b) Ag(A) > =1/7 for all hypergraphs H, with equality only for the following hypergraphs:
forests of size one, two, or four; triangles; diamonds.
(c) If Ag(A) > -1/7 then in fact A\ (A) > -1/8.
Proof. The proof of Lemma relies only on formula (4.3)), Lemma and Lemma [1.24]
Formula (4.3) has its exact analog in formula (4.3[), and the lemmas have their analogs in
Lemma and Lemma The only difference is the additional tight case in Lemma[d.41|(b),
a 3-hyperclique. In addition, some translation is needed: m should be replaced by |B(H )|, and
H by B(H).
Going through the proof of Lemma the only point in which Lemma [4.24(b) is used is

the case where |H| is odd, |[B(H)| =0 and go(H) = 1/16. The proof is complete if we verify that
f(K3) <1/8. Recall that

F(Ks) = 0(Ks) = 202(Ks) + a5 (Ks).

It is easy to check that either K3n P, = & (if y is in the orthogonal complement) or [K3nP,| = 4.

The first event happens with probability 1/8 by Lemma and so f(K3) =1/8. O
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4.6 Extension to skewed measures

We now generalize all the work done so far to the p,-setting for p < 1/2. Our aim is to prove an
upper bound of p? on odd-circuit-intersecting families, along with the related uniqueness and
stability results. We already have the upper bound for p < 1/4 by Theorem on page
and uniqueness and stability follow for p < 1/4 as in the proof of Theorem on page
In this section we bridge the gap between p = 1/4 and p = 1/2. This will enable us to use
Theorem to get results on uniform odd-cycle-intersecting families of graphs and uniform
odd-circuit-intersecting families of hypergraphs.

For the rest of this section, fix some p < 1/2, and let ¢ =1 — p. We start by generalizing the

construction of the matrix A.

Definition 4.21. We say that a matrix A is odd-circuit-admissible (admissible for short) if it

satisfies the following two properties:

Intersection property If GG, H are hypergraphs whose intersection contains an odd circuit

then 1,41, =0.
Eigenvector property The eigenvectors of F are the Fourier characters xg .
If A is admissible then we use Ay (A) to denote the eigenvalue corresponding to x . O

Lemma 4.42. Let J be a set of vectors. Define

1-2 2
T i,
1 0
By;=
10
, ified,
0 1
n
By =Q By
=1

If J contains no odd circuits then the matrix By is admissible, and the eigenvalue corresponding
to xg 1S

Au(By) = (—§)|S\J|-



CHAPTER 4. TRIANGLE-INTERSECTING FAMILIES OF GRAPHS 113

Furthermore, the vector space of all admissible matrices is spanned by By for all bipartite

J.

Proof. The proof is the same as the proof of Lemma generalizing to arbitrary p. O

Lemma 4.43. For every hypergraph H there is an admissible matriz Ex such that A\g(Ep) =

(-p/a)%au (G).

For every integer k there is an admissible matriz Ej, such that A\q(Ex) = (-p/q)“ g1 (G).

Proof. The proof is the same as the proof of Lemma [4.12 O

The definition of A has to be adapted. This time we are opting for a minimal eigenvalue of

-p3/(1-p*). We are again looking for a matrix of the form
Ap = C()EO + ClEl + CQEQ + 03E3 + C4E4,
G
Ac(4p) = (—g) (c0q0(G) + c1q1(G) + c2q2(G) + c3q3(G) + caq4(G)).

As in Section [£3] by considering small graphs we get the following constraints on the

coefficients:

60:1,

o Pop-1

T2 ap+ 1]

. pP-3p+1

2T P2 ap+l’
5p% — 27p + 45 - 16 5p® — 27p + 45 — 32/p + 8/p?
P 2p+ /p§463+c4£ P p+ /p+ /p'

p2+p+1 p2+p+1

When p = 1/2, the two bounds on 4¢3 + ¢4 coincide. When p > 1/2, they contradict one another,
so the method fails. When p < 1/2, there is a gap, and choosing any value inside the gap, the
corresponding eigenvalues are tight on neither 4-forests nor K. As before, we choose ¢4 = 0.

A judicious choice of ¢j3 is:
_ 5p% —2Tp+45-28/p + 6/p?
) A(p?+p+1) '

This choice guarantees that c3 > 0 for all p € (0,1/2]. Summarizing, we define A, as follows:

C3

p?-p-1 +p2—3p+1 +5p2—27p+45—28/p+6/p2
pP+p+1 ! p2+p+1 2 4(p?+p+1)

Ap = EO + E3. (45)

We have the following generalization of Lemma,
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Lemma 4.44. Let 7 = 0.248, and suppose 7 < p < 1/2. The matriz A, given by (4.5) is

admissible, and satisfies the following properties:

(a) Ao(A) = 1.
(b) A (Ap) > -p3/(1-p®) for all hypergraphs H, with equality only for the following hyper-

graphs: forests of size one or two; triangles.

The reason we only prove the lemma for p > 7 is that it is false for p below some critical
point smaller than 7 = 0.248. We prove the lemma in Section [4.6.1} The proof is very similar to
the earlier proofs, but is complicated by the fact that we have to care about a range of values
of p.

Using Lemma we can generalize Theorem to all p < 1/2. First we prove a general-

ization of Lemma [1.36]

Lemma 4.45. Let F be an odd-circuit-intersecting family of hypergraphs with characteristic

function f =1, and suppose T <p < 1/2.
Upper bound: j,(F) <p?.

Uniqueness: If (1,(F) = p> then the Fourier expansion of f is supported on the first 4 levels,
that is fp(S) =0 for|S|> 3.

Stability: If ju,(F) > p® — ¢ then
Z f;?(S) < Tpev

|S>3

where Ty, is a continuous function of p which doesn’t depend on n.

Proof. The lemma is proved much like Lemma, In order to show that C), is a continuous

function of p, recall that C), derives from Hoffman’s bound:

_)\min
p—
P )\2 - /\min
In our case Apin = —p°/(1-p?), and Mg is the second minimal eigenvalue of A,.

First we show that for each p there is some constant T}, that doesn’t depend on n. Lemma

shows that Ag(Ap) > Amin for all graphs other than the graphs listed there. As |H| — oo,
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A (Ap)| — 0, and so Ay is bounded away from Apin, showing that we can choose T, that
doesn’t depend on n.

Second, we show that T}, is continuous on each interval [7,1/2 - §]. For each § we can find
Nj such that if [H| > N5 then [Ag(Ap)| < [Amin|/2 for all p in the interval. Hence Ay depends
only on finitely many hypergraphs, and because Mg (A4;) is continuous for every H, we deduce

that T}, is continuous. O

As p — 1/2, the constant T}, tends to oo due to the hypergraphs A, K; which are tight for
p =1/2. We can perturb A, as in Section using the same matrix B and constructing Cp in
a similar way: C), = A, + (16/17)(A2(A4p) — Amin(Ap))B. As a result, we can obtain a version of
Lemma in which T}, is bounded as p — 1/2. The interested reader can consult the details
n [27]. We omit this step since it is not needed for any of our results.

Now we are ready to prove the generalization of Theorem [4.17]

Theorem 4.3. Let F be an odd-circuit-intersecting family of hypergraphs on n points, and

suppose 0 <p<1/2.
Upper bound: su,(F) <p®.
Uniqueness: 1, (F) =p> if and only if F is a Schur-star.

Stability: If j1,(F) > p®—€ then pu,(FAG) < Kye for some Schur-star G, where K, is a constant

depending continuously on p in the interval (0,1/2).

Proof. The upper bound is given by Lemma for p > 7 and by Theorem for p < 7. For
uniqueness, the argument in the proof of Theorem shows that if pu(F) = p3 then F is a
3-star. Since JF is odd-circuit-intersecting, it must be a Schur-star.

For stability, suppose u(F) > p® —e. Suppose first that p > 7. The stability part of
Lemma combined with Theorem shows that F is Dpe-close to a family G depend-
ing on M, coordinates, where D, = T,Cp3 (T, coming from the lemma and C,3 from the
theorem) and M), are continuous.

We claim that if € is small enough then G is odd-circuit-intersecting. Suppose G is not odd-

circuit-intersecting. Thus there are two hypergraphs Hy, Hs € G whose intersection contains no
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odd cycles. We can assume furthermore that |Hi|,|Hs| < M, say both are supported on the
edge set X of size M,. Let F; = {H ¢ X : HuH; € F}, and define Fy similarly. If H € Fy
then X \ H ¢ F», since F is odd-cycle-intersecting. Therefore F;, F» are cross-intersecting, and
Lemma shows that p,(F1)py(F2) < p®. Thus either y,(F1) < p or p,(Fa) < p. Without
loss of generality, assume f,(F1) < p. Since all the corresponding graphs belong to G, this
shows that 1,(FAG) > (1 —p)uz[;x](Hl) > (1 - p)p™r, which is impossible if € < (1 - p)p™r.

There are only finitely many odd-circuit-intersecting families G depending on M, coordinates
such that 11,(G) < p>. Let the maximal tp-measure among all of them be p® — . Note that o
is continuous in p. If 1, (G) # p* then p,(FAG) > |1p(F) - p1p(G)| 2 a — € and so a < (D, + 1)e,
which is impossible if € < a/(Dp, + 1). By uniqueness, the only odd-circuit-intersecting family
with measure p? is a Schur-star.

Taking K, = max(D,, ((1 - p)pMe)~t (a/(Dy +1))71), we deduce that for some Schur-star
G, up(FAG) < K¢, for any value of e. Notice that K, is continuous in p.

Suppose next that p < 7. Replacing Lemma [4.45] with Lemma the same argument
shows that for some Schur-star G, 11,(FAG) < K}'e, where K}/ is continuous in p.

We can find a continuous function K, defined for all p € (0,1/2) larger than both K, and

K, in their respective intervals, completing the proof of stability. O

Applying Theorem [3.33] we deduce the following version of our main theorem for uniform

families of odd-circuit-intersecting hypergraphs.

Theorem 4.4. For every 6 > 0 there are constants Cs, Ns such that for any k € (0,n/2 — dn)

and any odd-circuit-intersecting k-uniform family F of hypergraphs on n > Ny s points,

1< (e g) (i)

7> (i) (i)

then there exists a Schur-star H such that

IFASI(H, k)| < 05(6 . W)(Z)

If furthermore F satisfies
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Proof. Let > be the monotone object of odd-circuit-intersecting families of hypergraphs. The-
orem shows that B* is weakly p-dominated in (0,1/2). The result now follows as in the

proof of Theorem on page O
A similar result can be proved for uniform families of odd-cycle-intersecting graphs.

Theorem 4.5. For every 6 > 0 there are constants Cs, Ns such that for any k € (0,n/2 — dn)

and any odd-cycle-intersecting k-uniform family F of graphs on n > Ny s points,

1< s) (i)

7> (i) (i)

then there exists a A-star H such that

IFASI(H, k)| < 05(6 . W)(Z)

Proof. The proof is the same as Theorem [£.4] O

If furthermore F satisfies

4.6.1 Proof of Lemma [4.44]

The proof of Lemma [4.44] is complicated by the fact that instead of the arithmetic inequalities
appearing in the proof of Lemma this time we get polynomial inequalities. Furthermore,
the sign of some of the coefficients will depend on p. To handle the latter problem, when we want
to lower bound an expression cya given bounds 0 < a < B, we will replace it by min(c;B,0). If
¢ 2 0 then cpa > 0, and otherwise cpa > ¢ B.

As a result, we will get expressions involving (at times) multiple invocations of min. Each
such inequality is equivalent to an inequality of the form min.S > 0, where S is a finite set of
polynomials. In order to verify these inequalities, we check that P > 0 for each P € S. In order
to check that P >0, we check that P(3/8) > 0 and that P has no zeroes in [7,1/2); the latter
can be done formally using Sturm chains [76]. This tedious verification has been done for all
the inequalities appearing in this section, and so the reader can rest assured that the proof is
correct.

The proof requires one additional auxiliary lemma.
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Lemma 4.46. Let H be a hypergraph.

(a) If|B(H)| =1 and |H|> 1 then |H| < 4.

(b) If | B(H)| =0 and |H| <5 then H is one of the following hypergraphs: the empty hyper-

gTCLph, C37 C4; 057 KZI

Proof. For item (a), if |H| > 1 then B(H) # @ and so |B(H)| > 3, since B(H) must contain a
cycle.

For item (b), notice that if H is non-empty then H must contain a cycle. If |[H| = 3 then
H = Cs. If |H| = 4 then either H = Cy, or H contains a triangle, and so it is of the form
H = {z,y,x +y,z}; clearly z must be a bridge. If |H| = 5 then either H = C5, H contains a
triangle, or H contains a square. If H contains a triangle then since H is bridge-less, it must
be of the form H = {z,y,z+y, 2,z + 2z} which is a diamond. If H contains a square then it must

be of the form H = {x,y,z,x +y + z,x + y}, again a diamond. O

Lemma 4.44. Let 7 = 0.248, and suppose 7 < p < 1/2. The matriz A, given by (4.5) is

admissible, and satisfies the following properties:
(a) Ao(A) = 1.
(b) Mg (Ap) > -p3/(1-p®) for all hypergraphs H, with equality only for the following hyper-

graphs: forests of size one or two; triangles.

Proof. Let ¢y = 1,¢1,¢2,c3 be the coefficients of Ey, E1, Eo, E3 in (4.5). One checks that ¢; is
always negative on [7,1/2) and c3 is always positive. The coefficient ¢ is more troublesome: it
changes sign from positive to negative at (3 - /5)/2 ~ 0.382.

In view of Lemma the eigenvalues of A satisfy the formula

p Ml
)\H(Ap) = (_Tp) (QQ(H) + Clql(H) + CQQQ(H) + ngg(H)).

This formula already shows that Agz(A,) = 1. Let m = |[B(H)|. We split the proof into two

cases: |H| is odd and |H| is even.
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Hypergraphs with an odd number of vectors. Suppose |H| is odd. We show that
A (Ap) > -p*/(1-p?), with equality only if H is a single vector or a triangle. Lemma [4.40(d,e)

implies the general bound

A (A4p) > —(%)m[qo(f—[)(l +mey) + max(ZCQ,O) + %03].

It can be checked that 1 + ¢y >0, whereas 1+ mc; <0 for m > 2.

When m = 0, Lemmal[d.46(b) shows that either H is a triangle, Cs or K, or |H| > 7. If H is a
triangle then Ay (Ay) = —p*/(1-p?). If H is C5 or K, we can verify that Ay (4,) > -p*/(1-p%)
by direct calculation, except that for K, we get equality when p = 1/2. If |H| > 7 then
Lemma b) shows that either H = K3 or ¢o(H) < 1/16. In the former case, one can verify

that Ay (Ap) > —p3/(1 - p?) directly. In the latter case,
7
P 1 3 1
A (A4p) > _(Tp) [1_6 + I’Ila.X(ZCQ,O) + 503].
One can check that the right-hand side is always larger than —p3/(1 - p?).
When m = 1, Lemma M(a) implies that either |[H| =1 or |H| > 5. In the former case,
A(Ap) = -p¥/(1 - p*). In the latter case, Lemma M(a) implies that go(H) < 1/4, and

therefore

Tl 3 1
AH(Ap)z—(%) [Z—l(l+cl)+max(162,0)+563].

It can be checked that the right-hand side is always larger than —p3/(1 - p?).

When m > 2, since 1+ mcy < 0, we have the sharper estimate
|H] 3 1
Ar(A4p) > —(%) [max(ZCQ,O) + 503].

If |H| = 3 then H = F3, and we can verify that Ay (4,) > —-p3/(1 - p?) directly. Otherwise,

~(p/(1=p))!¥ > ~(p/(1 - p))?, and so

A (Ap) > —(%)5[111&}((202,0) + 303].

It can be checked that the right-hand side is always larger than —p3/(1 - p?).
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Hypergraphs with an even number of vectors. Suppose |H| is even. We show that
A (Ap) > -p?/(1 - p?), with equality only if H consists of two vectors. Formula (3] implies
that

1]
Air(Ay) = (%) o (m)ag + da(m)as + ds(m)as).

where dy, ds, d3 are defined by

do(m)=2"" [1 +mey + (ZL)CQ + (ZL)CS] )

da(m) =27 (cg + mes),

d3(m) = 2_mC3.

Since c3 > 0, we know that ds(m) > 0. We can further check that da(m) >0 when m > 2; this
just involves checking that co + 2¢3 > 0.
We claim that dy(m) > 0 for m > 10. To see this, check first that ¢; +7c3 > 0 and ¢ +2¢3 > 0.

Note that

2m+1d0(m + 1) - deo(m) =C1 +Mmcy + (T;)Cg

> (c1 +7c3) + m(cg +2¢3) >0,

using (7;) > 2m + 7, which is true for m > 7. It remains to check by direct calculation that
dy(10) > 0.

We have shown that when m > 10, Ay (A4,) > 0. If m < 10 and H is a forest, then H is either
a 2-forest, a 4-forest, a 6-forest or an 8-forest. If H is a 2-forest, then Ay (4,) = -p3/(1 - p?).
For the other forests listed, direct calculation shows that Ay (4,) > —p3/(1 - p)3, except that
for 4-forests, we get equality when p = 1/2.

The remaining case is when m < 10 and H is not a forest. Lemmas [1.40|(e) and [£.41fc) give

the following bound:
P \? 1 3
Ar(Ap) > (E) [min(l—ldo(m),()) + min(zdg(m),())].

It can be checked that for all m < 10, the right-hand side is larger than —p3/(1 - p?). O



Chapter 5

The Ahlswede—Khachatrian theorem

The Erdés-Ko-Rado theorem determines the largest pi,-measure of an intersecting family of
sets. In this chapter, we consider the analogue of this theorem to ¢-intersecting families (families
in which any two sets have at least ¢ elements in common), following Ahlswede and Khacha-
trian [2, B]. We present a proof of the p, version of their theorem, which is adapted from the

earlier proofs. Due to the simpler nature of the p, setting, our proof is simpler and cleaner.

We have already considered t-intersecting families in Section in which we proved a
theorem of Friedgut showing that if F is a t-intersecting family of sets and p < 1/(¢ + 1) then
pp(F) < p'. The upper bound on p came naturally from the proof. This limitation is not
arbitrary. Indeed, when p > 1/(t + 1), the bound p’ is incorrect. The correct bound was found
by Ahlswede and Khachatrian [2], [3] in the k-uniform setting. We state it in the language of
slices, defined in Section on page for a family of sets F, SI(F,k) ={A e F:|A| =k}.

Definition 5.1. The (¢,7) Frankl family F;, is the t-intersecting family defined by
Fer={Sclt+2r]:]S|2t+r}. O

Theorem 5.1 (Ahlswede-Khachatrian). Let 1 < ¢t < k < n and r > 0, and let F be a t-

intersecting family. When
(E-t+1) (2+g) <n<(k-t+1) (2+E),
r+1 T
we have |SI(F, k)| < |SUFyr, k)|, with equality only if the slices are equivalent.

121
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When

n:(k:—t+1)(2+u),
r+1

we have |SI(F, k)| < [SUFir, k)| = | SU( Fire1, k)|, with equality only if SI(F, k) is equivalent to
either SI(Fir, k) or S(Fy i1, k).

Theorem on page |54 implies the following counterpart in the j, setting.

Corollary 5.2. If F is t-intersecting then for r >0, when

T r+1
<p< )
t+2r-1 t+2r+1

we have p,(F) < pip(Fip) with equality only if F is equivalent to Fy .

Ifp=(r+1)/(t+2r+1) then puy(F) < pp(Fer) = pip(Frpe1)-

Corollary [5.2| covers all p < 1/2 (and for ¢ = 1, all p < 1/2). For p > 1/2, there is no meaningful
bound in sight: the p,-measure of the t-intersecting family consisting of all sets of size at least

(n+t)/2 approaches 1. For p = 1/2, the measure of this family approaches 1/2.

Theorem [3.29] isn’t strong enough to handle equality when there are two different optimal
families. In the rest of this chapter, we adapt the proof of the Ahlswede-Khachtrian theorem
to the p, setting, thereby settling the cases p= (r+1)/(t+2r+1). We will prove the following
version of the Ahlswede-Khachatrian theorem, which uses the notion of extension, also defined

in Section for a family of sets F on m points, U"(F) ={Ac[n]: An[m]e F}.

Theorem 5.3. Let F be a t-intersecting family on n points for t > 2. If r/(t+2r-1) <p<
(r+1)/(t+2r+1) for some r > 0 then pu,(F) < pp(Fir), with equality if and only if F is
equivalent to U™ (Fir).

Ifp=(r+1)/(t+2r+1) for somer >0 then puy(F) < pp(Fir) = pp(Fire1), with equality if

and only if F is equivalent to either U"(Fy,) or U™ (Firs1).

5.1 Proof overview

Our proof of the Ahlswede-Khachatrian theorem in the 1, setting combines the approaches in

the two papers [2, 3] in which Ahlswede and Khachatrian proved their theorem in the classical
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setting (the two papers present two different proofs). Theorem on page 35| covers the case of
intersecting families (the classical Erdés—Ko—Rado theorem), and therefore we will concentrate

on t-intersecting families for ¢ > 2.

Given t > 2 and p € (0,1/2), our goal is to determine the ¢-intersecting families of maximum
pp-measure. In general, the maximum p,-measure of a t-intersecting family depends on the size
of its support: for example, the maximum y,-measure of a 2-intersecting family on 2 points is p?
for all p < 1/2, but for any p > 1/3 there is a 2-intersecting family of larger measure 4p* — 3p* on
4 points, namely the Frankl family 75 ;. We will not be interested in the maximum i,-measure
of a t-intersecting family on n points. Rather, we will be interested in the supremum of the
pp-measures of t-intersecting families on any number of points; we will show that for all p < 1/2,

the supremum is attained at one of the Frankl families.

The proof uses the technique of shifting. A t-intersecting family F on n points is left-
compressed if for all A e F, j e A and i € [n] \ A satisfying i < j, we have A~ {j}u{i} ¢ F.
Using shifting, we can show that given any t-intersecting family, there is a left-compressed t-
intersecting family with the same p,-measure for all p. Therefore as far as upper bounds are

concerned, it is enough to consider left-compressed families.

Let F be a left-compressed t-intersecting family, let » > 0 be an integer, and suppose that
r/(t+2r-1)<p<(r+1)/(t+2r+1). We can also assume that F is monotone (if A € F and
B2 A then B € F). The proof consists of two steps. In the first step, we show that if F depends
(as a Boolean function) on some i > t + 2r then we can construct from F a t-intersecting family
of larger p,-measure. This implies that the maximum p,-measure of a t-intersecting family is
attained at some family on ¢+ 27 points. In the second step, we show that if F is not symmetric
with respect to its first ¢ + 2r coordinates then we can construct from F a t-intersecting family
of larger p,-measure. This implies that the maximum j,-measure of a t-intersecting family is
attained (uniquely) at a family of the form {A c [t +2r]:|A| >k}, and so at the Frankl family
Fir

A similar but more delicate argument handles the case p = (r +1)/(t + 2r + 1), and this

completes the proof for left-compressed ¢-intersecting families. The upper bound on the -

measure holds for arbitrary t-intersecting families. An argument similar in spirit to the one
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in Section @ shows that ¢-intersecting families of maximum p,-measure are equivalent to the
corresponding Frankl family or families.
For the duration of the proof, we will use ,ui( (F) to denote the p,-measure of a family F

as a subset of 2¥.

5.2 Shifting

In this section we develop formally the classical technique of shifting. We start by defining the

shifting operator.

Definition 5.2. Let F be a family of sets on n points, and let 4,j € [n], i # j. For A€ F, let
Sicj(A) =A~{jlu{i}ifjeA i¢ Aand AN{jlu{i} ¢ F, and let S;;(A) = A otherwise. The
shifted family S;—;j(F) consists of the sets S;;(A) for all A e F. O

As an example, let F = {{2},{13},{23}}. Then S;.o(F) = {{1},{13},{23}}. Since
ISij(A)| = |A|, shifting doesn’t change the p,-measure of a family. Shifting also maintains

the property of being t-intersecting.

Lemma 5.4. Let F be a family of sets onn points, and leti,j € [n], i # j. If F is t-intersecting

for some t > 1 then S;;j(F) is also t-intersecting.

Proof. Let A" =S;j(A),B’ = Sij(B) € Sij(F), where A, B € F. We consider several cases.
If A’=A and B’ = B then |A'n B’| =|An B| >t since F is t-intersecting. If A"+ A and B’ + B
thenie A’ B" and j € A, B, and so |[A'n B'|=|[(AnB)~{j}u{i}| =|An B| > t. The remaining
case is when A’ # A and B' = B. If j ¢ B then |A'nB’| > |(A~{j})nB|=|AnB|>t. If j € B and
i€ Bthen |[A'nB'|=|(A~{j}u{i})nB|=|AnB|>t. If j € B and i ¢ B then by the definition of
Si;(B), we must have B” = B\ {j}u{i} € F. Hence |A'nB| = [(A'~{i}u{j})n(B~{j}u{i})| =

|An B"| >t. Therefore S;;(F) is t-intersecting. O
By shifting a given family toward smaller elements, we can obtain a left-compressed family.

Definition 5.3. A family F on n points is left-compressed if S;;(F) = F for all 4, j € [n] such

that i < j. O
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Lemma 5.5. Let F be a t-intersecting family on n points. There is a left-compressed t-
intersecting family G on n points such that p,(G) = pp(F) for all p € [0,1]. Furthermore,

G can be obtained from F by a sequence of applications of the operators S;; for various i, j.

Proof. Let ®(F) be the sum of all elements in all sets in F. It is easy to see that ®(S;;(F)) <
®(F) whenever i < j, with equality only if S;;(F) = F. Let S(F) result from applying in
sequence the operators S;; for all i,j € [n] such that i < j, and define a sequence Fy = F,
Fse1 = S(Fs). Since ®(Fsi1) < (Fs) and ®(Fs) is a non-negative integer, ®(Fy) reaches
its minimum at some s = T. Since ®(Fry1) = ®(Fr) and so Fry = Fr, we conclude that
Si—j(Fr) = Fr for all i, j € [n] such that ¢ < j, and so Fr is left-compressed. Lemma shows
that Fr is t-intersecting. Finally, it is easy to check that shifting preserves the p,-measure for

all pe[0,1]. O

From now on until Section [5.5] we will only be interested in left-compressed families.

5.3 Generating sets

In this section we implement the first step of the proof, following [2]. In this step, we show that
if F is a monotone left-compressed t-intersecting family and p < (r+1)/(t +2r + 1), then either
F depends only on the first ¢ + 2r points, or we can modify F to obtain a t-intersecting family

of larger measure. The tool we will use is generating sets.

Definition 5.4. Let F be a family of sets on n points. Its generating set G(F) is the family
of inclusion-minimal sets in F. Its extent m(F) is the largest integer appearing in any set in
G(F).

Let G be a family of sets on n points. Its upset U™(G) is the family F = {Ac[n]: A2
B for some B € G}.

A family of sets F on n points is monotone if for all B € F, we have A € F whenever

Bc Ac[n]. An upset is always monotone. If F is monotone then F = U"(G(F)). O

For example, G(F,) = {Ac [t+2r]:|Al =t+r} and m(F;,) =t +2r. In the language of

monotone Boolean functions, if F is monotone then G(F) is its set of minterms.
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Our goal in this section is to show that if F is a monotone t-intersecting family, p < (r +
1)/(t+2r+1) and m(F) > t+2r then there is another ¢-intersecting family G with 11,(G) > 11, (F).

We will construct G by modifying the generating set of F, guided by the following easy lemma.

Lemma 5.6. Let F be a left-compressed t-intersecting family with m = m(F), and suppose that

A, B € F both contain m. If |An B|=t then AuB =[m] and so |A| +|B|=m+t.

Proof. Let A,B € F be as indicated. Clearly Au B < [m]. Suppose that for some i € [m],
i ¢ Au B. By assumption, i < m. Since F is left-compressed, A" = A~ {m} u {i} € F. However,
|A"nB|=|AnB|-1=t-1, contradicting the assumption that F is t-intersecting. We conclude

that AuB =[m] and so |A|+|B|=|AuB|+|AnB|=m+t. O
This lemma suggests separating the sets in G(F) containing m according to their size.

Definition 5.5. Let F be a family of sets with m = m(F). We define G*(F) = {A ¢ G(F) :
me A} and GE(F) = {A e G*(F) :|A| = a}. In words, G*(F) consists of those sets in G(F)
containing m, and G, (F) consists of those sets in G(F) containing m and of size a.

For a family G on n points and m € [n], we define Gxm={A~{m}: AeG}. O

Suppose a+b=m(F)+t and a # b. Lemma implies that U (G(F) \ (G5(F)u Gy (F))u
(G:(F)~m(F))) is t-intersecting. Moreover, it turns out that this transformation can be used
to increase the p,-measure.

We start by proving two easy auxiliary results.

Lemma 5.7. Let F be a monotone left-compressed family on n points with m = m(F) and let
AeG*(F). Then
FAUM(GE) N {A)) = {4} x 200,

In words, if AeG*(F) then the sets generated by A are exactly {A} x olnIlm],

Proof. Suppose B e FNU"(G(F)N{A}). Clearly B2 A. We would like to show that Bn[m] =
A. If not, then let x € (Bn[m])~ A. Since F is left-compressed, C' = S, ,,(A) € F. Clearly
CeU"(G(F)~{A}), and since B2 C, also B e U"(G(F)~ {A}), contrary to the assumption.

Hence Bn[m] = A.
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For the other direction, let B = AuC, where C ¢ [n]\[m]. If Be U"(G(F) ~ {A}) then
B2 D for some D e G(F)~ {A}. Since max D <m, necessarily D € Bn[m] = A, contradicting

the fact that A is inclusion-minimal. This completes the proof of the lemma. O

Lemma 5.8. Let F be a family of sets on n points with m = m(F) and let A € G*(F). If

BeF and Bn[m—1]=A~{m} then m e B.

Proof. Suppose that m ¢ B. Since B € F, B 2 C for some C € G(F). Since maxC < m and

m¢ B, CcBn[m]=A~{m}, contradicting the fact that A is inclusion-minimal. O
Next, we describe the transformation itself.

Lemma 5.9. Let F be a monotone left-compressed t-intersecting family on n points with m =

m(F), and let a+b=m+1 for some non-negative integers a # b. Define

Ha = G(F) N (Go(F) v Gy (F)) v (GL(F) xm), Ga = U"(Ha),

Hy,=G(F)N(GL(F)uGy(F))u(Gy(F)~m), Gy =U"(Hyp).

The families Go, Gy are t-intersecting. Furthermore, if G;(F) # @ or Gy (F) # @ then for all

p <1/2, max(pp(Ga), p(Go)) > pp(F).

Proof. In order to show that G, is t-intersecting, it is enough to show that H, is t-intersecting.
Let A,B e H,. If A\B ¢ G;(F)~m then A,B € G(F) and so |An B| > t, so suppose that
A e G;(F)~m. Notice that Au{m} e G;(F). If B¢ G*(F) then m ¢ B and B € G(F), and so
|AnB|=|(Au{m})nB|>t. If Be Gi(F) then c#band so |[Au{m}|+|B|=a+c+a+b=m+t.
Therefore Lemma [5.6|implies that [(Au{m})nB|>t+1 and so |AnB| > t. A similar argument
applies if B € G (F) ~ {m} (with a in place of ¢), and we conclude that G4 is t-intersecting.
The proofs for G, are analogous.

Let p < 1/2. We proceed to calculate 11,(G,) and p,(Gp). Lemma [5.7| shows that
FN Gy =Gy (F) x 2 ml,
and Lemma [5.8] shows that

Gu N F = (GA(F) ~ m) x 2 ml,
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Therefore

1(Ga) = pp(F) = ub™ (G (F)) + ub (G (F) s m)

= iy (F) - (G (F)) + L Ly )

Without loss of generality, suppose that ,u][gm](G;(]—' ) > H;[om](GZ (F)), which implies that
ul[,m](GZ(}" )) > 0 by assumption. Then

1

G) 2 1y(F) + (2 - 1)ul (o)) >0

since p < 1/2 implies (1 -p)/p > 1. O

This lemma allows us to achieve our goal whenever G (F) # @ for some a # (m(F) +1)/2.
When a = (m(F) +t)/2, the construction in the lemma doesn’t result in a t-intersecting family.
In order to fix the construction, we will focus on a subset of G}(F) not containing some
common element. This property will guarantee that the result is t-intersecting. If p is small

enough (depending on m(F)), then the construction still increases the p,-measure.

Lemma 5.10. Let F be a monotone left-compressed t-intersecting family on n points with

m=m(F)>t+2r for somer >0, and let a = (m+1t)/2 be integral. Forie[m—1], define
HZ'ZG(f)\GZ(?)U{AEGZ(?)\WL:Z'¢A}, QZZUH(HZ)

The families G; are t-intersecting. Furthermore, if p< (r+1)/(t+2r+1) and Gi(F) + @ then

MaXe[r-1] Mp(gz‘) > Mp(F)'

Proof. Let i € [m —1]. We proceed to show that G; is t-intersecting. As in the proof of the
corresponding part of Lemma|5.9] it is enough to show that H; is t-intersecting. If A, B € H; and
not both A, B € G;(F) ~m then the argument in Lemma shows that |[An B| > t, so suppose
that A, B € G;(F)\m. Note that i ¢ A, B. Lemma [5.6 shows that [(Au{m})n (Bu{m})|>t,
and so |[An B| >t, unless (Au{m})u(Bu{m}) =[m]. However, the latter is impossible since
i ¢ Au B. This shows that G; is t-intersecting.

Let K; ={AeG;(F):i¢ A}. We proceed to calculate p,(G;). Lemma |5.7| shows that

FNGi= (Go(F)~ Ka) x2mhim),
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and Lemma shows that

Gi N F = (K; ~m) x 2[hm],
Therefore

1p(Ge) = ip(F) — (G ()~ ) + 2Ll (i)
X P (5.1)
=qu7—uK”K¥CfD+5MTVKU-

In view of this, we would like to maximize ugm](Ki). Since all sets in K; have Hamming weight
a, MI[;,m](Ki) = |K;|p*(1-p)™ ¢, and similarly uz[,m](GZ(}")) =|GX(F)|p*(1-p)™ *. We therefore
want to maximize |K;|. Since each A € G} (F) satisfies [An[m—1]| =a—-1, it is easy to see that

m-—a
E |K|=T"2%
_1] m —

ie[m 1

G (F)I-

There must be some i € [m—1] which satisfies |K;| > (m—-a)/(m-1)-|G(F)|, and so ,ul[,m](Ki) >
(m-a)/(m-1) -uz[,m](GZ(]:)). Substituting this in (5.1)), we obtain

1 m-a

p(G0) = p(F) 2 (ot 1 )l (G ()

:m—a—p(m—l)
p(m—-1)

™ (G (F)).

The proof will be complete if we show that m—a > p(m—1). Since m > t+2r and m+t is even,

m>t+2r+2, and so

2lm-a-p(m-1)]=m-t-2p(m-1)
=(1-2p)m—-t+2p
>(1-2p)(t+2r+2)-t+2p
=2r+2-2p(t+2r+1)

=2[r+1-p(t+2r+1)]>0. O

Combining Lemma and Lemma we obtain the following result.

Lemma 5.11. Let F be a monotone left-compressed t-intersecting family on n points with
m=m(F)>t+2r for somer >0. If p<(r+1)/(t+2r+1) then there exists a t-intersecting

family G on n points satisfying pu,(G) > pp(F).
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Proof. By definition, G*(F) # @, and so G (F) # @ for some a. If a # (m +1t)/2 then the result

follows from Lemma [5.9] otherwise it follows from Lemma [5.10 O

We can conclude an important corollary.

Corollary 5.12. Let t > 1, r >0 and p < (r+1)/(t + 2r + 1). There exists a monotone left-
compressed t-intersecting family F on t + 2r points such that for every t-intersecting family G,

pp(G) < pp(F). Furthermore, equality is only possible if m(G) <t +2r.

Proof. Lemma implies that it is enough to construct a (not necessarily left-compressed) t-
intersecting family F on t+2r points. We let F be a t-intersecting family of maximal y,-measure
among those on t + 2r points.

Now let G be a t-intersecting family on n points. In order to show that 1,(G) < pp(F),
we can assume that G has maximal pp-measure among t-intersecting families on n points.
Lemma implies that m(G) <t +2r, and so py(G) < pp(F) by definition. The lemma also

implies that equality is only possible if m(G) <t + 2r. O

At this point, [2] considers the complemented family F = {[n]~ A: A € F}. When F is
a k-uniform t-intersecting family, F is an (n — k)-uniform (n — 2k + t)-intersecting family, and
we can apply Corollary to F. However, in our setting F need not even be intersecting.

Instead, we turn to the argument in [3].

5.4 Pushing-pulling

In this section we implement the second step of the proof, following [3]. We will show that if F
is a left-compressed t-intersecting family of maximal p,-measure, where p > /(¢ +2r — 1), then

the first t+2r coordinates of F are symmetric. We start by formalizing the notion of symmetry.

Definition 5.6. A family of sets F is {-invariant if for all ¢ # j in the range 1 < 4,5 < ¢,
Sly_j(]“) =F.
The symmetric extent £(F) of a family of sets F on n points is the maximal ¢ < n such that

F is f-invariant. O
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Our goal in this section is to show that if p > r/(¢t + 2r — 1) and ¢(F) < t + 2r for some
t-intersecting family JF then we can come up with a t-intersecting family of larger j,-measure.
Since we are focusing on left-compressed families, the only way in which /-invariance can fail
is if Sgi(F) # F for some i < £. The following definition singles out the sets which determine

the symmetric extent of a family.

Definition 5.7. Let F be a family of sets on n points with £ = £(F). If n > £ then its boundary
sets are given by

X(F)={AeF:Sp1-i(A) ¢ F for some i < (}.
if n = ¢ then we define X (F) = @. O
Our starting point is the following analog of Lemma

Lemma 5.13. Let F be a left-compressed t-intersecting family with ¢ = £(F), and let A, B €

X(F). If[AnB| =t then AnBc [{] and AuB?2[{], and so |[An[l]|+|Bn[f]|=¢+t.

Proof. Let A, B € X(F) be as given, and note that £+ 1 ¢ A, B. We start by showing that
An B c [{]. Suppose that z € An B satisfies > ¢. Since £+ 1 ¢ A, B, in fact x > £+ 1. Since
F is left-compressed, Sy;1..(A) € F. However, |Sps12(A)NnB|=|[AnB|-1=t-1, contrary to
assumption. We conclude that An B c [/].

Next, we show that Au B 2 [¢]. Suppose that z ¢ Au B for some x € [¢]. Since ¢t > 1
and An B c [{], there is some y € An Bn[{]. Since F is (-invariant, S;,(A) € F. However,
ISzey(A) N B|=|AnB|-1=t-1, contrary to assumption. We conclude that Au B 2 [/].

Finally, let A"’ = An[{] and B'= Bn[{]. We have A’uB’ =[{] and |[A'nB'| =|An B| =t,
and so |A'|+|B'|=|A"uB/|+|A'nB'|={+1t. O

This suggests breaking down X (F) according to the size of the intersection with [¢].

Definition 5.8. Let F be a family of sets on n points with ¢ = £(F). Its ith boundary marginal
is given by

X(F)={Bc[n]~[¢+1]:[i]]uB e X(F))}. O

The part played by the sets [i] is arbitrary. Indeed, we have the following easy lemma.
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Definition 5.9. For a set X and an integer ¢, we define

(X):{AEX:\A|:z'}. O

1

Lemma 5.14. Let F be a family of sets on n points with € = ((F). Then
o
x@-U(!)) x5
i=1\ ?

Proof. If A e X(F) then Sy11.;(A) # A for some ¢ < ¢, and in particular i € A. This shows that
Xo(F) =@. Also, clearly £+1 ¢ A for all Ae X(F). The lemma now follows directly from the

f-equivalence of F. O

We now present two different constructions that attempt to increase the p,-measure of a

t-intersecting family. The first construction is the counterpart of Lemma[5.9

Lemma 5.15. Let F be a t-intersecting left-compressed family on n points with £ = £(F), and

let a+b=10+t for some non-negative integers a #b. Define

[4]

Gu= F~ ([i]) < Xy(F) U (a_ 1) {0+ 1} x Xa(F),

Gy = F ([ﬁ]) Y Xo(F) U (b[f]l) {0+ 1) x X, (F).

The families Go, Gy are t-intersecting. Furthermore, if G;(F) # @ or G;(F) # @ and t > 2 then

for all p€(0,1), max(p(Ga), up(Gp)) > pp(F)-

Proof. We start by showing that G, is t-intersecting. Let A,BeG,. If A,B ¢ (a[f]l) x{l+1} x
Xy (F) then A, B € F and so |An B| > t, so assume that A € (CE{]I) x{l+1} x Xo(F). Pick some
x € [¢] such that x ¢ A, and notice that A= AN {{+1}u{z} e F.

Suppose first that Be F. If /+ 1€ B or 2 ¢ B then |[An B| >|A"n B| > t, so suppose that
(+1¢Band zeB. If B'=Sp1.,(B) € F then |[An B| =|A"n B'| >t. Otherwise, B € X(F)
and since £+ 1 ¢ B, [Bn[{]| #b. Since [A'n[l]|=a, |[A'n[l]|+|Bn[{]|+#a+b={+t, and so
Lemma shows that |[A" n B| > ¢+ 1, which implies |[AnB|>|A'nB|-1>t.

Finally, suppose that A, B ¢ F. Pick some y € [¢] such that y ¢ B, and notice that B’ =
B {¢+1}u{y} e F. Since |A'n[€]|+|B'n[f]] =2a # a+b = {+t, Lemma [5.13 shows that
|A"n B’| >t+ 1. Therefore |[An B| = |[(A"~{z})n (B ~{y})]u{l+1}| >t. We conclude that

G, is t-intersecting.
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It is straightforward to compute the p,-measures of G, and Gy:

pp(Ga) = () = ()P (=) BN )+ (1 ) o ()),

Np(gb) _ ,U'p(j:) _ (ﬁ)pa(l _p)€+1—augn]\[€+1](Xa(f)) N ( 12

. 1)pb(1 _p)tab LN X (7))

These formulas become simpler if we put

14

E a —-a TN
= (=9 (). =

)pb(l _ p)Z+1—bMI|;)n]\[€+l] (Xb(f))

By assumption, either 7, > 0 or v, > 0. Substituting these variables, we get

tip(Ga) = tp(F) = va + Vo, bp(Gp) = pp(F) =7 + Ya-

a
{-a+1 {-b+1

Multiply the first equation by £ —a + 1, the second equation by £—-b+ 1, and sum to get

(t=a+1)(pp(Ga) = pp(F)) + (£=0+1) (up(Go) = 11p(F)) = (a+b—L=1)(Ya+) = (t=1)(Ya+m) > 0.
We conclude that either 11,(Gy) > pp(F) or pp(Gp) > pp(F). O

The second construction, which is the counterpart of Lemma concerns a = (£ +1t)/2,

and works by adjoining a new element, which ensures that the resulting family is ¢-intersecting.

Lemma 5.16. Let F be a t-intersecting left-compressed family on n points with £ = £(F), and

let a = (£ +1t)/2 be integral. Define
G=F~ ([f]) % Xy (F) x 201 | ([“ 1]) % Xo(F) x {n+1).
a a

Note that G is a family on n+1 points. The family G is t-intersecting. Moreover, if Xo(F) # @,

t>2andr/(t+2r-1)<p<1/2, {<t+2r for somer >0, then puy(G) > pp(F).

Proof. Put F' = G x 2{"*1} "and note that F' is t-intersecting and p,(F') = p,(F). We start by
showing that G is t-intersecting. Let A, B e G. If A, B € F' then clearly |An B| > t, so suppose
that A e ([ézl]) x Xo(F)x{n+1} and £+ 1€ A. Pick some z € [¢] such that = ¢ A, and notice
that A" = AN {{+1,n+1}u{x}eF'.

Suppose first that Be F'. If £+ 1€ B or x ¢ B then |An B|>|A'n B| > t, so suppose that

(+1¢Band zeB. If B'=Sy1,(B) € F' then |An B| = |A"n B’| > t. Otherwise, B € X (F").
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We distinguish between two cases. If |[Bn[{]| # a then |A'n [£]|+|Bn [¢]]| # 2a = £ +t, and so
Lemma [5.13|shows that |A’n B| > t+1, which implies |[AnB| > |[A'nB|-1>t. If |[Bn[{]| = a then
necessarily n+1 € B, and so B’ = Bx{n+1} € F'. Therefore |[AnB| > |[[(A'~\{z})nB'Ju{n+1}| >
|A"nB'| >t.

Finally, suppose that A, B ¢ F'. Pick some y € [¢] such that y ¢ B, and notice that B’ =
B {{+1,n+1}u{y} € F'. We have |AnB| = |[[(A'~{z})n(B'~{y})]u{l+1,n+1}| > |A'nB’| > t.
We conclude that G is t-intersecting.

It is straightforward to compute the j,-measure of G:

Mp(g) _ ,U,p(f) _ (s)pa(l _p)é—a+lugn]\[€+l](Xa(f)) + (f '; 1)pa+1(1 _p)f—a+lul[)n]\[€+l] (Xa(f))

_ _ (+1 O\ aii Ne—a+l [nN[E+1]
= () + (<14 ) () =)l O ().

Since X,(F) # @, in order to complete the proof we need to show that the expression inside
the parentheses is positive. Since £ <t +2r and £+t is even, £ <t +2r — 2. Clearly a < ¢ and so

f—a+1>0, hence the parenthesized expression is positive if the following expression is:
20+ p-((-a+1)]=2a-2(1-p)(£+1)
=t-1-(1-2p)(£+1)
>t—-1-(1-2p)(t+2r-1)
=2p(t+2r-1)-2r>0,

using in the third line the assumption p < 1/2. O

Combining Lemma and Lemma we obtain the following result.

Lemma 5.17. Let F be a left-compressed t-intersecting family on n points with £ = {(F) < t+2r
for somer>0. Ift>2 and r/(t+2r—1) <p < 1/2 then there exists a t-intersecting family G on
n+1 points satisfying p,(G) > pp(F).

Proof. By definition, X (F) # @, and so X,(F) # & for some a. If a # (¢ +1)/2 then the result

follows from Lemma [5.15] otherwise it follows from Lemma [5.16 O

Combining this result with Corollary we can prove the Ahlswede—Khachatrian theorem

for left-compressed families.
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Theorem 5.18. Let F be a left-compressed t-intersecting family on n points for t > 2. If
r/(t+2r-1)<p<(r+1)/(t+2r+1) for somer >0 then pu,(F) < pp(Fer), with equality if and
only if F=U"(Fir).

Ifp=(r+1)/(t+2r+1) for somer >0 then py(F) < pup(Fer) = pip(Fire1), with equality if

and only if either F = U"(Fiy) or F = U™ (Fire1)-

Proof. Suppose first that r/(t+2r—1) <p < (r+1)/(t+2r+1) for some r > 0. Corollary gives
a monotone left-compressed t-intersecting family F* on ¢t +2r points such that p,(F) < p,(F*),
with equality only if m(F) < ¢+ 2r. Lemma shows that ¢(F*) =t+2r, and so F* must be

of the form

Fr={Ac[t+2r]:|A|>s}

for some s. This family is ¢t-intersecting for s > ¢t + r, and the optimal choice s = t + r shows
that F* = F/,, = Fi,r. The corollary and the lemma together show that p,(F) = pp(F*) is
only possible if m(F) = (F) =t+2r, and so F = U"(F}) for some s. This readily implies that
F=U"(F*).

Suppose next that p = (r+1)/(t + 2r + 1) for some r > 0. Corollary gives a monotone
left-compressed t¢-intersecting family F* on ¢ + 2r + 2 points such that p,(F) < pp(F*), with
equality only if m(F) <t+2r+2. Since p, is continuous and there are finitely many families on
t +2r + 2 points, we see that p,(F*) = pp(Fir) = pp(Fir+1). Corollary and Lemma
show that p,(F) = pp(F*) is only possible if m(F) <t+2r+2 and ¢(F) >t + 2r. Assume for

simplicity that n =t + 2r + 2. The family F has the following general form:

C

F=F,uFy x{t+2r+ 1} UF, x{t+2r+2} UF] x {t+2r+1,t+2r +2}.

Some of these parts may be missing, in which case we use Fj,. Since F is t-intersecting,
d>t+r-1. If d=t+r -1 then since F is t-intersecting, a >t + 7+ 1 and b,c >t + r. Therefore
F ¢ Firs1 and so F = Fi pi1. Otherwise, d > ¢ +r, and so monotonicity shows that a,b,c>t+7.

Therefore F ¢ U"(F;,) and so F = U™ (F). -
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5.5 Culmination of the proof

Combined with Lemma Theorem already provides a tight upper bound on the u,-
measure of arbitrary t-intersecting families. In order to complete the proof of the Ahlswede—
Khachatrian theorem, it remains to prove uniqueness.

Recall that two families F,G on n points are equivalent if they differ by a permutation of
the coordinates. We start by showing that the families F; , are resilient to shifting in the case

of t-intersecting families, using an argument from [2]. We need a preparatory lemma.

Lemma 5.19. Lett,r >0, and consider the following graph. The vertices are subsets of [t+2r]
of size [t +r]. Two subsets A, B are connected if |An B| =t (note that |An B| >t). Then the

graph is connected.

Proof. If r = 0 then the graph contains a single vertex and there is nothing to prove, so suppose
r > 1. We start by showing that A=[t+r] and B=[t+r]A{l,t+r+1}={2,...,t+7r+ 1} are

connected. Let C =[tJu{t+r+1,...,t+2r}. Then

[AnCl=t]] = ¢,

IBNC|=[2,...,t}u{t+r+1} =t

Hence A and B are connected via C. This shows that any two sets A, B with |[AAB| =2 are

connected, and so the graph is connected. ]

Now we can prove the desired result on shifting.

Lemma 5.20. Let F be a t-intersecting family on n points, and suppose that for somei,j € [n],

Si—;(F) is equivalent to Fy,. Then F is equivalent to Fy .

Proof. We can assume that S; j(F) = U"(F;,). If j € [t +2r] then since S;;(F) depends only
on the first ¢ +2r coordinates, necessarily i € [t+2r] and so S;;(F) = F. Similarly, if i ¢ [¢+2r]
then necessarily j ¢ [t+2r] and again S;;(F) = F. In both cases the lemma trivially holds. So

without loss of generality, suppose that n=t+2r+1, i =t+2r and j =t + 2r + 1. The following
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two subfamilies are involved in the shift:

Fr={AeF:jeAi¢ A, AA{i,j} ¢ F},

fz:{AGJ:ZEA,]¢A7AA{’L>‘7}¢T}

We have
qu_j(f‘) =F~ fl U {AA{Z,]} tAe fl}

If 71 = @ then S;j(F) = F, and the lemma clearly holds. If F5 = & then S;;(F) results from
F by switching the coordinates ¢ and j, and again the lemma holds. It remains to consider the

case Fi,Fo + @. Consider the family
G={Ac[t+2r-1]:|Al=t+r-1}.

For every Ae G, Au{i} = Au{t+2r} e F,, and so either Au{i} e Fo or Au{j} € F1 (but
not both). Form a graph whose vertices are the sets in G, and two sets A, B are connected
if [AnB|=t-1. Color a vertex A with 1 if Au{j} € Fi1, and with 2 if Au {i} € F». Since
F1,Fs # @, the coloring is not monochromatic. Lemma [5.19|shows that the graph is connected,
and so there is some bichromatic edge (A4, B), say A" = Au{j} € 7y and B’ = Bu{i} € Fu.
However, |[A"'n B'| = |An B| =t -1, contradicting the fact that F is ¢t-intersecting. We conclude

that either 71 = @ or Fo = @. O
The Ahlswede-Khachatrian theorem is an easy corollary.

Theorem 5.3. Let F be a t-intersecting family on n points for t > 2. If r/(t+2r—-1) <p<
(r+1)/(t+2r+1) for some r > 0 then pu,(F) < pp(Fir), with equality if and only if F is
equivalent to U™ (Fir).

Ifp=(r+1)/(t+2r+1) for somer >0 then p,(F) < pp(Fir) = pp(Fire1), with equality if

and only if F is equivalent to either U™ (Fir) or UM (Firs1).

Proof. Let G be the left-compressed family satisfying p,(G) = p,(F) given by Lemma
Theorem [5.18] implies the upper bounds. Together with Lemma the theorem implies the

cases of equality. ]



Chapter 6

Fourier analysis on the symmetric

group

In this chapter we introduce Fourier analysis on the symmetric group, which is the group S,, of
all permutations on [n]. Our goal in this chapter is to sketch the Fourier-theoretic proof of the
Deza—Frankl conjecture [13] on intersecting families of permutations, due to Ellis, Friedgut and
Pilpel [28]. These are families in which any two permutations agree on at least one point. Deza
and Frankl proved that such families contain at most (n — 1)! permutations, and conjectured
that the optimal families are of the form {7 € S, : (i) = j} (we call these families cosets).

While the material in this chapter is not strictly used in the rest of the thesis, the chapter
serves as a bridge between the first part of the thesis, intersection theorems, and the second
part, stability theorems. The investigations in Chapter [7] and Chapter [§ were motivated by the
work of Ellis, Friedgut and Pilpel, and the main theorem in Chapter [7] can be used to prove
the stability part of their main result.

We start the chapter by highlighting in Section some properties of the Fourier trans-
form on {0,1}" that are exploited by Friedgut’s method. The Fourier transform on S,, satisfies
similar properties, and this explains why it is useful for extremal combinatorics. Section
describes the Fourier transform on S, from a slightly unorthodox perspective. The more or-
thodox perspective is sketched in Section in which we also prove that our description in

Section matches the classical description; to this effect, we use a method of Ellis [23]. The

138
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Deza—Frankl conjecture and its Fourier-analytic proof are sketched in Section

The only possibly original contribution of this chapter is the unorthodox presentation of
the Fourier transform on .S,,. The material on the Deza—Frankl conjecture is taken from Ellis,
Friedgut and Pilpel [28], and the rest is classical representation theory.

For permutations «, 8 € S,, we follow the convention that af is the permutation resulting

from applying 3 then «. For example, (13)(12) = (123).

6.1 Friedgut’s method and the symmetric group

Our proof of the Simonovits—S6s conjecture in Chapter {4 (for the usual x4 measure) uses the fol-
lowing general plan. Start with a triangle-intersecting family of graphs F and its characteristic
function f =1,. Construct a matrix A such that f’Af =0, whose eigenvectors are the Fourier

characters. Conclude an equation of the form
> Aaf(G)? =0,
G
and use Hoffman’s bound to deduce a bound on p(F). The last step uses the identities
WF) = f(@) = 3 f(G)?,
G

which follow from two properties of the Fourier characters: x4 is the constant 1 vector, and
the Fourier characters are orthonormal. Hoffman’s bound also implies that when p(F) = 1/8,
the Fourier expansion of F must be supported on the first four levels, and this implies that F
is a A-star.

The matrix A, in turn, is a linear combination of the matrices By described in Lemma {4.11
for various bipartite graphs J. Looking closely at the matrices By, we find that their effect on

a vector v is shifting by J:
(BJ/U)G = vG@j)

where & is the exclusive-or operation. Therefore

f'Bif=|Fn(FeJ), where FeJ={GaJ:GecF}.
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Since F is triangle-intersecting, whenever .J is bipartite, the two families F and F @ J are
disjoint, since

Gn(GeJ)cGv(GeJ)=Gv(GVJ)=J.

(Recall that V is the agreement operator, GVH = (GnH)u (Gn H).)
Summarizing, let us take stock of the features of the Fourier transform which are used in

our proof:

e If F is triangle-intersecting then F n (F @ J) = @ for every bipartite .J, and the operator
taking 1 to 1 FoT has the Fourier basis vectors as eigenvectors (this is used to get the

fundamental equation f'Af =0).

e The Fourier basis is orthonormal, and the constant 1 vector is one of the basis vectors

(this is used for the upper bound).

e If a Boolean function is supported on the first k + 1 levels and has measure 27% then it is

a k-star (this is used for uniqueness).

e If a Boolean function is concentrated on the first k + 1 levels then it is close to a Boolean

function depending on O(1) coordinates (Kindler—Safra; this is used for stability).
The Fourier basis which we will construct for .5, will satisfy similar properties:

o If 7 c S, is intersecting then 7F = {ma : a € F} is disjoint from F whenever 7 is fixed-
point free, and the operator taking 1 to } cppr, 1,7 has the Fourier basis vectors as

eigenvectors (here FPF,, ¢ S, is the set of all fixed-point free permutations).
e The Fourier basis for .5,, is orthonormal, and the constant 1 vector is a basis vector.

e If a Boolean function on .5, is supported on the first two levels then it is the disjoint union

of cosets.

e [f a Boolean function on S, is concentrated on the first two levels and has measure roughly

1/n then it is close to a coset.

The last property is the subject of Chapter [7]
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6.2 Fourier analysis on the symmetric group

Our goal in this section is to construct a Fourier basis for S,,, which is an orthonormal basis
for the space R[S, ] of all real functions on S,,. This basis will enjoy the properties listed in the
previous section. We endow R[S,,] with the inner product

1

(fr9) == 3 f(m)g(m).

n. TESH

Our basis will be orthonormal with respect to this inner product.
Recall that for a function f on {0,1}", the kth level of the Fourier transform consists of

those Fourier coefficients f(S) of size |S| = k.

Definition 6.1. A function f on {0,1}" is k-simple if its Fourier expansion is supported on
the first k + 1 levels.
A k-semistar is a family of sets on n points of the form 74 p = {X ¢ [n]: X n A = B} where

|A| =k and B c A. O

Lemma 6.1. The space Llio’l}n of k-simple functions on {0,1}"™ is spanned by the characteristic

functions of all k-semistars.

Proof. 1f f is an A-semistar for |A| = k then Lemma shows that f(T') # 0 only for B ¢ A,
hence f is k-simple. For the other direction, we show that y4 can be written as a linear
combination of k-semistars whenever |A| < k. First, note that every l-semistar for [ < k can be
written as a combination of k-semistars. Second,
xa= y (P . O
BcA
We will define the levels of the Fourier transform of S, by analogy, and through this the

Fourier basis. We start with the analogs of k-stars.

Definition 6.2. A k-coset is a family of permutations of the form T4, 4.y, (axb) = {7 € Sn
m(a1) =b1,...,m(ax) = by}, where a; # aj and b; # b; whenever ¢ # j.
The space Lf” Cc R[S, ] is the linear span of the characteristic functions of all k-cosets. We

say that a function on S5, is k-simple if it belongs to Lf". O
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Like their analogs in the Boolean cube, the spaces Lj (we omit the superscript S, for
clarity) get increasingly bigger: Ly ¢ Ly c -+ ¢ L, = R[S,]. It is not hard to verify directly
that Ly c Li,1 by writing a k-coset as the disjoint union of (k + 1)-cosets. We can write Ly
as an orthogonal sum of two subspaces Ly = Ly_1 ® R}, (in other words, R; is the orthogonal
complement of Lj_1 with respect to Ly). The kth level of the Fourier transform corresponds to
the subspace Ry.

We can now describe a coarse version of the Fourier transform: given a function f € R[S, ],

define f'(k) to be the projection of f to R}.. The coarse Fourier expansion of f is
EDWHG!
k=0

This looks quite different from the Fourier expansion of functions on {0,1}". There, the Fourier
coefficients were scalars, while here, each Fourier coefficient is a function belonging to some
subspace. The two views can be unified if we replace the scalar f(A) with the function f(A)xa

which belongs to the one-dimensional subspace {ax 4 : @ € R}.

6.2.1 A finer decomposition

One crucial property of the Fourier transform on {0,1}" is the convolution property: the
operator taking 1, to 1,4, has the Fourier basis as eigenvectors. In order to obtain a similar

property for .S, we need to refine the Fourier transform constructed heretofore.

Definition 6.3. A partition of n is a non-increasing sequence of positive integers summing to
n, for example \ = (2,1,1) is a partition of 4. We also write A = (2,12) in this case. The parts
of A are Ay =2 and Ay = A3 = 1. If X\ has k parts, we use the convention that Ay = 0 whenever
£ > k. The expression A - n means that X\ is a partition of n.

For a partition A of n, a (Young) tabloid of [n] of shape X\ = A1, ..., A is an ordered partition
Aq, ..., Ay of [n] (collectively known as A) with |A;| = A\;. We also say that A is a A-tabloid.

For a partition A = A1,..., A\r of n, a A-coset is a family of permutations of the form
Tag={meS,:m(A1)=DB,...,m(A;) = By}, where A, B have shape \.

For a partition A of n, the space Lf" c R[S, ] is the linear span of the characteristic functions

of all A-cosets. We say that a function on 5, is A-simple if it belongs to Lf". O
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Here are some examples. A k-coset is the same as an (n -k, 1¥)-coset. An (n - k, k)-coset
is a family of the form {7 € S,, : m(A) = B}, where |A| = |B| = k. It is easy to see that every
(n -k, k)-coset is a disjoint union of k-cosets, and so Ln-kk) C L(n-p,1¥)- For two partitions

A, i, there is a general condition for the containment Ly ¢ L.

Definition 6.4. Let A, u be two partitions of n. We say that A dominates i, in symbols A > p,
if 37, A > X7, for all j (recall \; = 0 if A has fewer than i parts). If A u and A # y, then

we say that A strictly dominates p, in symbols A > pu. O

Claim 6.2. Let A\, i be two partitions of n. Then Ly € L, if and only if X\> p, and Ly ¢ L, if

and only if A > p.

For example, (n - k,1%) > (n - (k +1),1%1), and so L%y © Ln—(k+1),1¢+1)- Similarly,
(n—-k,k) > (n-Fk 1%) implies L(n-kk) € L(n-g,1%y- The domination order on partitions is only
a partial order: for example the two partitions (32) and (4,12) are incomparable. Claim
like Claim below, is proven in Section by appealing to the representation theory of .S,,.

Mirroring our definition of the kth level R;, we define the subspaces Ry and note their

crucial property.

Definition 6.5. For a partition A of n, let Ry be the subspace of L) consisting of all vectors
orthogonal to L, for all u > X\. The Fourier expansion of a function f e R[S,] is
f=3 o,
AN

where f()\) is the projection of f to Rj. O

Definition 6.6. For a function f € R[S,,] and a permutation 7 € S,,, the function 7 f € R[S, ]

is defined by (7f)(7wa) = f(«) for all a € S,. O

Claim 6.3. Let P € S,, be a set of permutations which is closed under conjugation (we say that
P is conjugation-invariant ). For each partition A of n there is a constant Cp such that for all
feR[Sn],

§(N) = Cpaf(N), where g= Y nf.

weP
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As an example, we could take P to be all transpositions or all fixed-point free permutations.
When P is not conjugation-invariant, the relation between the Fourier transforms of f and g
is more complicated, and outside the scope of this thesis.

The subspaces R) are orthogonal by construction, and so we get Parseval’s identity.

Lemma 6.4. Let f,g € R[S, ]. We have

1717 = X 1FI°

AN

and

(f.9)= 2 (F(N).a(N).

AFn
Corollary 6.5. Let P € S, be a conjugation-invariant set of permutations. Let Bp be the
operator taking f to ¥ pmf. For every function f e R[S,],

f'Bpf=> CpalfOV?,

A1

where Cpy are the constants given by Claim [6.3,

To complete the picture, we show how to extract pu(F) from the Fourier expansion of its

characteristic function.

Lemma 6.6. Let F ¢ Sy, and let f =1, be its characteristic function. Then

w(F) = ()l = S IFOI*.

AN

Proof. The subspace R,y = L(,) consists of all constant functions, and so f((n)) = u(F)lg, .

Therefore u(F) = | f((n))|. The second equality follows from Parseval’s identity since | f]? =
{(£; 1) = n(f)- O

Finally, in order to obtain an orthonormal Fourier basis, it suffices to choose an orthonor-
mal basis for each subspace R). This choice is arbitrary to some extent, and the literature
contains several different canonical choices. For our purposes, the decomposition of R[S, ] into

orthogonal subspaces R) suffices.
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6.3 Representation theory of the symmetric group

We proceed to broadly outline classical representation theory, and some elements of the repre-
sentation theory of S,,. Our account follows standard textbook treatments. For general repre-
sentation theory, the standard text is Serre [74], and an introductory textbook is James and
Liebeck [56]. For the representation theory of S, the standard text is James and Kerber [55].
For a quick overview of both, see Diaconis [14].

The purpose of this section is to connect our somewhat unorthodox description in Section[6.2]
to the classical point of view, thereby proving the two unproved claims in that section. The
reader who is willing to believe these claims can safely skip this section. Conversely, our account

assumes familiarity with the rudiments of representation theory.

6.3.1 General representation theory

Representations The traditional way of developing the Fourier transform over an arbitrary
group is through representation theory. A representation p of a group G is a homomorphism
from G to the group of linear transformations over some finite vector space V. In other words, p
assigns to each «a € G a linear operator p(«) acting on V' in such a way that p(af) = p(a)p(f5).
The dimension of p is dimp = dimV. We sometimes write the representation as (p, V'), to
emphasize the role of V.

For example, let G = S,, and let V' be an abstract vector space of dimension n with basis
€1,...,en. For each 7 € S, we define p(r) by sending e; to er(;). This is known as the
permutation representation, since in matrix form, p(7) is the permutation matrix corresponding

to .

Reducibility A representation p acting on V is reducible if there is a non-trivial subspace
0¢ W ¢ V such that p(a)W =W for each « € G (this means that for each w e W, p(a)w € W).
Such a subspace is called an invariant subspace. If no such subspace exists, the representation
is called irreducible.

For example, the permutation representation of S, is reducible since the subspace Wi

spanned by ej + --- + e, is invariant. Another invariant subspace W5 is spanned by the vec-
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tors e; — ey, for i <n, and we have V = W; @ W5. The representation p thus decomposes to two
subrepresentations p1, p2 acting on Wy, Ws, respectively. The representation p;, known as the
trivial representation, is trivially irreducible (any representation of dimension 1 is irreducible),
and it turns out that po is also irreducible.

Every representation can be decomposed into irreducible subrepresentations. More explic-
itly, given any representation p on V', there is a way of decomposing V' into orthogonal invariant
subspaces V1, ..., Vi, such that the restriction of p to each Vj is irreducible. Here orthogonality

is with respect to the inner product

- LS fa)gla).

90 = iq 2,

Equivalence We say that two representations (p1, V1) and (p2, V2) are equivalent if there is
a bijection T between Vj and V5 such that for all « € G and v € Vi, T'(p1(a)v) = p2(a)(Tv).

For example, take n = 2 in the previous example. The representation p; is equivalent to
the representation pj(e) = p1((12)) =1 acting on C by multiplication. The representation ps is
equivalent to the representation p)(e) =1, p5((12)) = -1 acting on C. The two representations
are inequivalent.

In general, the decomposition of a representation into irreducible subrepresentations need
not be unique (we give an example below). However, if we lump all equivalent subrepresenta-

tions together, we get a coarser decomposition which is unique.

Group algebra We can turn C[G] into an algebra by defining a multiplication operation
between any two f, g€ C[G]:
(fo)(@) = Y flaB™)g(B).
BeG

In Section we defined a similar operation «f, which is equal to 1, f.

The regular representation The regular representation preg on C[G] is defined by preg () f =
af. A subrepresentation of C[G] is determined by a subspace W ¢ C[G] which is invariant,
that is, satisfies aw € W for all a € G, w € W. From now on, we identify the subrepresentation

with W.
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For example, consider the group G = S3. Define

Wi ={f eC[Ss]: f(m) = f(m(23)), ). f(7) = 0}.

The first condition states that f(7) depends only on 7(1). It is not hard to check that dim W; =
2 and that Wy is invariant. Similarly we can define subspaces Wy and Wj. It is not hard to
check that W7(132) = Wy and W1(123) = W3, and so Wy, Wa, W3 are all equivalent.

More generally, if W is an invariant subspace of C[G], then for each f e C[G], Wf ={wf:
w € W} is another invariant subspace. It turns out that if W, W' are equivalent subrepresenta-
tions of C[G] then W' =W f for some f € C[G].

An important property of the regular representation pe is that each irreducible repre-
sentation is equivalent to some subrepresentation of pree. Moreover, in any decomposition of
C[S,] into irreducible invariant subrepresentations, there are dim p factors equivalent to each
irreducible representation p.

Continuing our example, for G' = S3, every decomposition of p,es into irreducible subrepre-
sentations contains two subrepresentations equivalent to Wi. In any such decomposition which
contains Wi, the other subrepresentation equivalent to W7 is W1(1(132) - 1(123)). Different
decompositions are available, for example there is one containing Ws as a factor and another
containing W3 as a factor. In all such decompositions, the sum of the two subrepresentations

equivalent to W7 is the invariant subspace

W ={f eC[Ss]: 3 f(m) = 3 (-1)"f(x) = 0},

where (-1)7 is the sign of 7.

Fourier transform The Fourier transform of a function f € C[G] at a representation p on
Vis
fp) =, f(e)p(e),

aeG

which is a linear transformation on V. By choosing a basis for V', we can think of f(p) as a
matrix of dimension dim V. This definition is different than the one we gave in Section we

explain the connection below.
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For example, if p is the one-dimensional trivial representation (available at any group), then
f(p) = Za f(@).

The Fourier transform of f consists of f (p) for all irreducible representations p. The Fourier
transform of f determines f, that is, given matrices A, of dimensions dim p, there is a unique
function f such that f (p) = A, for all p. This is proved by recourse to the regular representation.

The homomorphism property of p shows that

fa(p) =Y (fo)(@p(a)= > f(aBNg(B)p(aB)p(B) = f(p)a(p).

aeG a,BeG

For each irreducible representation p, f( p) is a matrix with (dim p)? entries. In each decom-
position of preg into irreducible subrepresentations, there are dim p subrepresentations which are
equivalent to p, each of dimension p. The sum of all the corresponding subspaces is a subspace
U, of C[S,] of dimension (dim p)?. One basis of U, is given by the functions f;;(a) = p(a);;.
In this way, we can think of f(p) as an element of U,. This connects the description of the
Fourier transform in this section to its definition in Section [6.2l The advantage of the latter
definition is that it is basis-free. Moreover, the formula fg(p) = f(p)g(p) remains true under

the latter definition.

Class functions A class function f € C[G] is a function which is constant on conjugacy
classes, that is f(«) = f(B) if «, 8 € G are conjugate. If p is an irreducible representation then

f( p) is a scalar (multiple of the identity). This is the property behind Claim

Characters FEach representation p has an associated character x, defined by x,(«) = Tr p(a).

It is easy to see that x, is a class function:

Xp(BaB™) =Trp(B)p(a)p(B) ™" = Tr p(e) = x,(c),

using the homomorphism property of p. It turns out that the vector space of all class func-
tions is spanned by the characters of all irreducible representations. Therefore the number of
inequivalent irreducible representations is equal to the number of conjugacy classes of G.

It is easy to see that dimp = x,(e), where e € G is the identity element. Also, calculation
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shows that for every a € G,

L 106)(0) = S| 55 € ).

Therefore, in order to calculate the constants Cpy in Claim (6.3} it is enough to know all the
characters of irreducible representations of G.

If a representation p decomposes into subrepresentations p;, then it is easy to see that

Xp = 2i Xp;- We will use this fact to calculate the characters of S,.

6.3.2 The symmetric group

In the previous section, we considered the space of all complex-valued functions over a group G.
Such generality is needed, for example, in the case of the groups Z7 for k£ > 2. This is manifested
by the fact that the Fourier characters in this case are complex. However, for G = S,,, there is
a real-valued Fourier basis, and so we consider for simplicity R[S,,] instead of C[S,,].

The irreducible representations of the symmetric group are indexed by partitions of n.
This is not surprising, since the conjugacy classes of S,, (known in this context as cycle types)
are also indexed by partitions of n, and we know that the number of inequivalent irreducible
representations is the same as the number of conjugacy classes.

Before constructing the actual irreducible representations, we construct the permutation
modules M. (A module here is the same as a vector space.) For each partition A of n, consider
the set P(\) of all A-tabloids. A permutation 7 € S,, acts on a A-tabloid A = (Aq,...,Ag) by
permuting the numbers: A”™ = (7(A1),...,m(Ag)). In this way, we get a representation p on a
vector space of dimension |P(\)|: given a basis {ea : A € P(A\)}, p(7)(ea) = ear.

The representation corresponding to M? is reducible, but it contains an irreducible sub-
representation which corresponds to a submodule S* known as a Specht module. We do not
construct S* explicitly here. The decomposition of M? into irreducible representations contains
representations isomorphic to S* if and only if 4 > X, and furthermore S* appears only once,
and this fact can be used to construct the modules S™.

The regular representation decomposes into irreducible representations, and there is a cor-

responding decomposition of R[S, ] into subspaces which are equivalent to irreducible represen-
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tations. For a partition A of n, let Uy ¢ R[S,] be the sum of all such subspaces equivalent to
S, and let V) be the sum of U ., for all > X\. While the decomposition of R[S, ] into irreducible
subspaces is not unique, the subspaces Uy and V) are uniquely defined. Following Ellis [23],

the following lemma shows that V) = L for all A\, where L) is the space defined in Section [6.2]
Lemma 6.7. For every partition A of n, Vy = L.

Proof. For a tabloid A € P(\), let V(A) be the subspace of R[S, ] spanned by {TaB : B ¢
P(X)}. It is not hard to check that for m € S,,, 7TA B = T B~. From the definition it is obvious
that the restriction of pyeq to V(A) is equivalent to M*. If we decompose V (A) into irreducible
subrepresentations, all the irreducible representations we obtain in this way are equivalent to
SH for some > A (this is a property of M?). Hence V(A) € Vy. Since Ly is the sum of V(A)
over all A € P(\), we conclude that Ly c V).

For the other direction, take any p > A, and pick an arbitrary A € P(\). Since V(A) is equiv-
alent to M?, it contains some subrepresentation W equivalent to S*. Every subrepresentation
of R[S,,] equivalent to S* is of the form W f for some f € R[S, ]. Since V(A)l{ﬂ_l} =V(AT),
we see that V(A)f c Ly, and so Wf ¢ Ly. Therefore U, ¢ Ly. Considering all p > X, we

conclude that V) € L. O
Corollary 6.8. For every partition X\ of n, Uy = R).

Another immediate corollary is Claim To prove Claim recall that for every class
function g and irreducible representation A, g(\) is equal to some scalar multiple of the identity
Cp.. Therefore gf()\) = G fON) = Cp,)\f()\). In other words, the effect of multiplying by g
from the left on the projection to Uy = R) is to multiply the projection by Cp . Taking g =1,
for some conjugation-invariant family of permutations, we get Claim since

1of= Zﬂ‘f

meP

6.3.3 Some formulas

In order to satisfy the curiosity of the reader, we now give some formulas for the characters of

S,,. For a partition A, let £y be the character of M*, and let x be the character of S*.



CHAPTER 6. FOURIER ANALYSIS ON THE SYMMETRIC GROUP 151

Lemma 6.9 (Young’s rule). Let p be a partition of n. The module M* decomposes as
M" = @ K8,
Abp
that is, there are K ,, submodules equivalent to S*, where the Kostka number K, is the number
of solutions of the following problem. For each part A;, choose \; integers Nj1 < ... < N, y, under
the following constraints: N1 ; > N;j for all i,j such that N;j, Nii1; exist; and each integer

k is chosen exactly p times.

Corollary 6.10. Let p be a partition of n. We have

§u= Z Ky ux-
Ay

Young’s rule gives us a way of calculating the characters x) from the characters §,. The

latter have an explicit formula.

Lemma 6.11. Let p be a partition of n, and m € S,. The character §,(m) is equal to the

number of u-tabloids fixed by .

There are many other formulas which help calculating the characters S,. For a list, consult

for example [28].

6.4 Intersecting families of permutations

Having developed Fourier analysis over S, we now put it to use to study intersecting families

of permutations.

Definition 6.7. A family of permutations F <€ .S, is intersecting if every two permutations

«, B € Sy, agree on at least one point. O

Lemma 6.12. An intersecting family of permutations in S, contains at most (n—1)! permu-

tations.

Proof. Let 0= (12...n). Fori+j€{0,...,n-1} and 7 € S, the permutations 7o’, 707 do not

intersect. Indeed, 7o' (t) = w(i +t) whereas w07 (t) = 7(j +t), where addition is modulo n. For
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each permutation 7, define S(7) = {no® :4 € {0,...,n~1}}. It is easy to check that the sets
{S(7) : (1) = 1} partition S,. Every intersecting family contains at most one permutation

from each of these (n —1)! sets. O

This proof comes from Deza and Frankl’s paper [I3]. Deza and Frankl conjectured that
the only intersecting families of permutations of size (n — 1)! are cosets. This turned out to
be much harder to prove, and the first proofs, due to Cameron and Ku [7] and to Larose and
Malvenuto [65] appeared only 25 years later.

In this section we present an alternative proof of this uniqueness result due to Ellis, Friedgut
and Pilpel [28]. Their proof follows Friedgut’s method, and has the advantage of providing a
stability result: if an intersecting family of permutations has size (1 -¢)(n—1)!, then it is close

to a coset.

Definition 6.8. For an integer n, let FPF, € S, consist of all permutations having no fixed

points. O

Lemma 6.13. A family F ¢ S, is intersecting if and only if F is disjoint from wF for every
w € FPF,,.

Proof. If F intersects ©F for some 7 € FPF,,, say o = w3 for some «, 8 € F, then for all i € [n],
a(i) =7B(1) # B(i), and so F is not intersecting. Conversely, if F is not intersecting then there

are some «, 8 € F which agree on no point. Hence a~! € FPF,,, and F intersects a3~ 'F. O

The family FPF,, is conjugation-invariant, and so we can apply Claim to obtain a

condition on the Fourier expansion of the characteristic function of every intersecting family.

Lemma 6.14. Let F be an intersecting family of permutations, and let f = 1. There are

coefficients C such that

> CAlF)I = 0.

AFn

The coefficients C'y satisfy the following properties:

(a) C(n) = ‘FPFn|

(b) When n >4, maxy.(,)|Cx| = [FPF,|/(n-1).



CHAPTER 6. FOURIER ANALYSIS ON THE SYMMETRIC GROUP 153

(c) When n 25, |Cy\| = |[FPF,|/(n - 1) is attained only at C(,_q 1) = ~|[FPF,|/(n-1).

(d) We have maxy,(n) n-1,1)|Cx| = O((n = 2)!). (Note that [FPF,|=0(n!).)

Proof. Let B, denote the operator mapping f to wf, and define

A- Y B,
meFPF,

Lemma [6.13] shows that
FAF=0.

Claim implies that for some constants C),

AF(N) = Crf(N).

Hence the claimed formula follows from Parseval’s identity.
Clearly C(,y = |[FPF,|. All other properties of C) are proved in Ellis [22]. See also

Renteln [71], who proves the first three properties. O

Applying Hoffman’s bound, we get an alternative proof of the upper bound (n —1)! on

intersecting families.

Theorem 6.15. Let F be an intersecting family of permutations.
Upper bound: Ifn >4 then u(F) <1/n.

Uniqueness: Ifn>5 and u(F) =1/n then 15 € L, 1y-

Stability: If u(F) > 1/n—c then || f - fi|* = O(e), where f = 1, and fi is the projection of f

to L(n—l,l) .

Proof. All items follows from Lemmal6.14]via Hoffman’s bound, with & replaced by the partition
(n). To avoid confusion, we replace A with C' in Hoffman’s bound. We have C,) = [FPF,|.

When n >4, Chin = —|FPF,|/(n-1). Hence

FPEJ/(n-1) 1
< = = —.
HF) < M = Ep B FPFLJ(n=1) " n
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When n > 5, ju(F) = mmax only if |f(A)] = 0 unless A € {(n), (n—1,1)}, proving uniqueness.

For stability, note that Co = O((n - 2)!) = O(JFPF,|/n?). Hence u(F) > (1 - ¢)/n implies that

o FPF,/(n-1)
oo O S o T 1) - oQrPE, )

e =0(e). O

Using the cross-intersecting version of Hoffman’s bound, we get in the same way that for
n >4, if F and G are cross-intersecting then |F||G| < (n — 1)!?. This is false for n = 3, as the
example F = {e, (123),(132)}, G = {(12),(13),(23)} given by Ellis [22] demonstrates.

Ellis, Friedgut and Pilpel [28] proved an analog of Theorem for t-intersecting families of
permutations (families in which every two permutations agree on t points), and Ellis [23] proved
an analog of the theorem for t-set-intersecting families of permutations (families in which every
two permutations agree on the image of some set of size t).

We use an argument due to Ellis, Friedgut and Pilpel to show that cosets are the unique

maximal intersecting families.

Lemma 6.16. Suppose f € L(,_1 1) satisfies f >0. Then f can be expressed as a non-negative

linear combination of the cosets 1, I

Proof. Since f € L(,,_q 1), for some coefficients «; j,

f = Z aivlei,j' (61)

i,j=1

While the functions 1, ; sban L(-1,1), they don’t form a basis since they are not linearly inde-
pendent. In other words, there are many different ways of expressing f as a linear combination

of laij. Indeed, for any 3;,v; satisfying ¥, 8; + ¥, v; = 0, another such linear combination is

f = i (ai,j + Bz + Vj)lTi,j' (62)

i,j=1
We claim that there is such a linear combination in which all coefficients are non-negative.
Suppose to the contrary that is a linear combination maximizing the value m =
min; j o; 5, and m < 0 (the maximum is achieved since m is the solution to a bounded lin-
ear program). Let G be a bipartite graph with n vertices on both sides, in which i and j are
connected if o j = m. We claim that G has no perfect matching. Indeed, if {(¢,7(3)) : i € [n]}

is a perfect matching, then

f(m) = ZO‘M =nm <0,
i=1



CHAPTER 6. FOURIER ANALYSIS ON THE SYMMETRIC GROUP 155

contradicting the fact that f > 0. Here we use the fact that 7 € T; ; if and only if j = 7 (7).
Choose an arbitrary entry aj; = m, and consider the graph H obtaining by deleting the
two corresponding vertices from G. The graph H has no perfect matching, and so there is
some set A of rows whose neighbor set B has cardinality |B| < |A|. For some small € > 0, let
Bi = —[i € AJe and let y; = [j € B]e + [j = [](|]A| - |B|)e. Note that 3, 3; + ¥, v; = 0. If € is small
enough, the linear combination has min; ;(cy ; + Bi +7;) > m, and m occurs less times
among the coefficients as before (since ag; + B + v > m). Repeating this operation enough
times, eventually we get a linear combination whose minimal coefficient is strictly larger than

m, contradicting the choice of «; ;. ]

Lemma 6.17. Suppose f € L(,_1,1) is a function with non-negative integer values. Then f can
be expressed as a non-negative integral combination of the functions ]_Tij fori,je[n].
In particular, if f is Boolean, then f is the characteristic function of a disjoint union of

cosets.

Proof. The proof is by induction on Y f(xw). If f =0 then the result is trivial. Otherwise,
let f=3%,; 0 1Tm_ be the non-negative linear combination given by Lemma Since f # 0,
there must be some positive coefficient ay; > 0. Hence f(m) > 0 for every m € T} ;. Since all
values of f are integers, this shows that f(7) > 1 for all 7 € T};. Hence f - 1Tk,l is again a
function with non-negative integer values. Applying the induction hypothesis, we deduce that
f is a non-negative integral combination of the functions 1r,. for i,7 € [n].

If f is Boolean then f must be a sum of distinct 1Ti,j' Furthermore, the cosets T; ; appearing

in this sum must be disjoint, for otherwise the sum is not Boolean. O

Ellis, Friedgut and Pilpel [28] prove a similar result for L,_j 1s). Ellis [2I] shows that a
similar result is not true for A, the alternating group (for the analog of L,_1 1))

As a simple corollary, we obtain a proof of the Deza—Frankl conjecture.

Theorem 6.18. For n>5, if F €S, is an intersecting family of permutations of size (n—1)!

then F is a coset.

Proof. Theorem shows that in this case, 1z € L(,_11). Lemma shows that F is
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a disjoint union of cosets. Since |F| = (n —1)!, this disjoint union must consist of a single

coset. O

The generalization of Lemma to L(p_41+) implies a similar generalization of Theo-
rem to t-intersecting families of permutations. Ellis [23] proved a similar result for ¢-set-
intersecting families of permutations, which are families in which any two permutations agree
on the unordered image of a set of size t. His proof does not involve the analog of Lemma |6.17
for L4, though it does use the analog for L, ).

In the next chapter, we prove a stability result which will allow us to conclude that an
intersecting family of size (1-¢€)(n—1)! has to be O(e/n)-close to a coset. For the proof as well

as other results in this vein, consult Section [7.6



Chapter 7

A structure theorem for small

dictatorships on 5,

The classical theorem by Friedgut, Kalai and Naor [42], Theorem shows that a Boolean
function on {0, 1}" whose Fourier expansion is concentrated on the first two levels must be close
to a Boolean function whose Fourier expansion is supported on the first two levels (which must
be a function depending on at most one coordinate). In this chapter and the next, we prove
similar results for Boolean functions on .5,.

In Chapter (3| we showed that an intersecting family of sets of maximal p,-measure (for
p < 1/2) has the property that the Fourier expansion of its characteristic function is supported
on the first two levels. Similarly, if the family has almost maximal measure, then the Fourier
expansion must be concentrated on the first two levels. The Friedgut—Kalai-Naor theorem then
implies stability: such a family must be close to a star. Similarly, in Chapter [6] we showed that
an intersecting family of permutations of maximal size has the property that its characteristic
function belongs to the space L,_1 ) spanned by {le_ 4,7 € [n]}. Moreover, if the family
has almost maximal size, then the characteristic function is close to its projection to L,_1,1).
Using the main theorem proved in this chapter, we will prove stability: such a family must be
close to a coset. In other words, we will show that if a Boolean family of permutations of size

roughly (n—1)!is close to a function in L(p-1,1) then it must be close to a Boolean function in

L(n—l,l)'

157
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Our goal in this chapter is to prove the following theorem.

Theorem 7.1. There is an €g > 0 such that the following holds.

Let F ¢ Sy, be a family of permutations of size ¢(n —1)!, where ¢ <njf2. Let f =14 (so
E[f]=c/n) and let f1 = f((n)) + f((n-1,1)) be the projection of f to L, 1)

IfE[(f - f1)?] = ec/n, where € < €q, then there exists a family G € S,, which is the union of

[c]| cosets satisfying

|FAG| = 0(\/E+ %)CQ(H -1l

Moreover,

|c—[cJ|:O(\/E+%)02.

Here and in the rest of the chapter, [c| is the integer closest to ¢, breaking ties arbitrarily,
and x = O(y) means that for some constant C >0, x < C'y for large enough n.
The cosets comprising the family G need not be disjoint, and so it need not be the case that

15 € L(;-1,1)- This is unavoidable, for consider the family F =T ; UT5 3. We have

1

”f - h H s ”f N 1T1,1 N 1T2,2 H - H17‘(1,1),(2,2) H - m,

where T(1 1y,(2,2) = T(1,1) N T(2,2)- Therefore we can take ¢ ~ 1/(2n). On the other hand, it is not
hard to check that [FAG| = Q((n-1)!) for every family G which is the disjoint union of cosets.
So on the one hand, the Fourier expansion of f = 1, is concentrated on the first two levels, and
on the other hand, it cannot be approximated with an error which is o(|F]) by a family which
is the disjoint union of cosets.

Because the cosets comprising the family G are not necessarily disjoint, Theorem [7.] is
not a classical stability result. A classical stability result has the following form: if a Boolean
family is close to a collection L, then it is close to a Boolean member of L. As shown in the
preceding paragraph, such a result isn’t true in our case (unless ¢ = 1). In the following chapter,
we prove a similar result which corresponds to the case ¢ = ©(n). In that regime, we are able
to approximate F with a family which is the disjoint union of cosets, and so the theorem we

obtain there is a classical stability result.
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In subsequent work [25], we generalize Theorem to Boolean functions of size ¢(n —t)!
supported on the first ¢ + 1 levels (in other words, close to L,,_;1¢). This enables us to deduce
stability for t-intersecting families of permutations.

This chapter follows our joint work with David Ellis and Ehud Friedgut [24].

7.1 Overview of the proof

The rest of this chapter, up to Section [7.6] contains the proof of Theorem We will assume
throughout that the family F and the related functions and quantities n, f, f1,c, € are given.

The idea of the proof is to analyze the n x n matrix B whose entries are given by

70Tl _ |71 c
K T S

When F is a disjoint union of ¢ cosets, the matrix B takes one of the following forms:

1= n _n(n_—l) _n(”_—l)
1-£ 1-c - “n
1 _c __n-c __n—c
n—c n—c c c " n(n-1) wn-l)
" n(n-1) “n(n-1)  n(n-1) n(n-1) o _c _c —<
n n(n-1) n(n-1)
) A1) n(n-D) n(n-1) e _c _c
n n(n-1) n(n-1)
(7.1)

As we can see, in these cases B contains ¢ “strong” entries (close to 1), and all other entries
are of order O(c/n). While we cannot expect B to be of similar form in general (since F might
not be close to a family which is a disjoint union of cosets), we will show that B has roughly ¢
strong entries, and all other entries are small.

In order to analyze the entries of B, we will estimate their sum of squares and their sum
of cubes. It will turn out that both quantities are roughly equal to ¢, which implies (together
with easy bounds on the individual entries) that B has roughly ¢ strong entries.

It remains to analyze the moments of the entries of B. To this end, we define an auxiliary

function

n

p—

hzzj:bilei’jzn—l n-1
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The moments of this function are directly related to the moments of the entries of B:
E[h?] = 1 3 b2,
n— 1 ’L,] Zj’
n
E[R*] = —— o D02
= ey &7
We will be able to estimate E[h?] using E[ f?] = E[f] = ¢/n and E[(f - f1)?] < ec/n. Estimating

E[h3] is the most technically difficult part of the proof.

7.2 Basic definitions

In this section we start the proof proper. We make the following crucial definitions:

|F Tl
- 7.2
¢
bij = aij - —, 7.3
J = Qij n (7.3)
9= ayly,, (7.4)
ij=1
h= Y bily, . (7.5)
ij=1

The entries a;; and b;; form two nxn matrices A and B, respectively. We start by calculating

the row and column sums of these matrices.

Lemma 7.2. Each row and each column in A sums to c. Each row and each column in B

sums to zero.

Proof. We have

Lo & FnTy JF
i;ah_; -0 (-1 ©

A similar calculation shows that each other row and each column in A sums to ¢. The other

claim follows directly from b;; = a;; — ¢/n. O

Corollary 7.3. For each i,j € [n],
2. 2 bt = big.
k+il+j

(The first sum is over k € [n] \ {i}, and the second is over l € [n]~{j}.)
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Proof. Using the fact that rows and columns sum to zero,

> D bk = (=biy) = by O

k+i l#j k+t

Next, we relate g and h to fi (the projection of f to L(,_11)). We need first an easy result

on the size of the intersection of two cosets.

Lemma 7.4. Let T;;, Ty be two cosets and S = |T;; nTy|. Ifi=k and j =1 then S = (n-1)\

If i+ k and j #1 then S = (n—2)!. Otherwise, S =0.

Lemma 7.5. We have

n n—2
= +
g=—h+—¢

n C
h= -

no1 T o1

Proof. 1t is easy to see that h = g — ¢, and so it is enough to prove the second formula. Since
both sides of the formula are in L,_y 1), it is enough to show that both sides have the same

inner product with each 1r,, (since these functions span L,_; 1)). We have

(h,1g, ) Z bu(ly, 17, )
k=1
1 n
= Z bt They 0 T 5]
l:
bij
=— , Ok

il =
n nn-1) n-1

using Lemma [7.4] On the other hand,

|.7:OT,J| c c
ij = (Tl 1)| ;_n<f71Ti,j> <f17 ZJ>
Therefore
(hip,)= 0= g ) e Py ) S 1 1) O
) T _TL—]. 1, T; 5 ’I’L(?’L—l) = 1, T;,; 1 Sn Tl



CHAPTER 7. A STRUCTURE THEOREM FOR SMALL DICTATORSHIPS ON S, 162

7.3 Moment formulas

We proceed to relate the moments of A and the moments of B, making repeated use of the fact

that the rows and columns of B sum to zero.

Lemma 7.6. We have

1 n
272 2
E[h?] — mz:lbw.

Proof. Squaring the defining expression (7.5)) of h, we get

n
2
h* = Z bijbkllTi,lekl Z b 1T + Z bijbkllT(i,j),(k,z)'

Z'7j7k7l:1 7.] 1 7j7k7l:
ik, j#l
Taking expectations,
1
Ly > by Y b
n 1,5=1 _1)23 1 k#zl#g
1 1
— b b2,
n ,321 n(n-1) Z] ljz:l i
using Corollary O

The calculation for the third power is similar but longer.

Lemma 7.7. We have

E[h*] = (n- 1)(n 2) Zb

i,5=1

Proof. Cubing the defining expression ([7.5)) of h, we get

Z b; il 3 Z wabklle) " Z 2. 2 bisbribpal ;) iy oy’
1,7=1 1,7= 1%@# 1,7=1 k+i p#i,k

#J 1#] q#j,l

Taking expectations,

z b3 n(n 5 S Y b+ 1)(n 5 L2 bbby (76)

z] 1 ©,7=1 k+i ,j=1 k+ip#ik
lzj x5 q#j,l

The sum in the second term simplifies to

> S b= 3 b,

i,5=1 k+i 2,Jj=1
l+j
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using Corollary [7.3] Simplifying the sum in the third term requires more work. First,

E Z bpq == Z (bpj""bpl) :bij+bil+bkj+bkl.

p#i,k q#7,l p#ik
Therefore for each 1, j,

pg = i i . .
Z Z bklb q Zbkl(bj+bl+bk2]+bkl)

k#i p#i,k k+i
15 q#4,1 l#j

Summing over all 4, j,

Z Z Z bijbklbpq Z bzg Z bkl(bw +by + bk:j + bkl)

1,j=1 k#i p#ik i,7=1 k+i
1#j q#4,1 [E%

I
.M:

bijbri(bij + big + by + byy)

~
<
ko
—~
Il
—_

bijbkj (Qbij + Qbkj)

bijbil (Qbij + 2bil)

M= S0
I

S
)

T~
Il

—_

M:

zg (4bU) 4 Z b

i,j= ,5=1
All other terms other than the last vanish due to Corollary since in each case we can find at

least one index which appears only once. For example, in the first term bgjbkl, both k,[ appear

only once, and in the second term b;;by;b;, both j, k appear only once. Substituting everything

in ([7.6)), we get

1 3 4 S
N e e ATy ) P e PG

1]1

7.4 Bounding the moments

Having related the moments of B to the moments of h, we estimate the moments of h.
Lemma 7.8. We have E[f1] =c¢/n, E[g] =¢, E[h] = 0.

Proof. The first formula follows from the fact that the constant vector is in L,_1 ). For the

second formula, Lemma [7.5] implies that

-2 2
E[Q]:—n E[f1]+n c= e+ P20
n-1 n-1 1

The third formula follows from h =g — c. ]
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Lemma 7.9. We have

TL2 C nn —
El:g2] = (1 _6) (TL— 1)2 ﬁ + (7(71_ 1?2) 02’
2 2
E[h2]=(1-¢)— 0 S - —©

(n-1)2%n (n-1)%
Proof. Since fi is a projection,
E[f}]=EL"]-E[(/ - /))]=(1- o) .

Using Lemma [7.5]

E[92] :E[(n? 1f1 + Z:ic)Q]

oon? n(n-2) (n-2)?
T E[f§]+2mda[f1]+ (n_1)2c2
B n? ¢ n-2 (n-2)>
_(1—6)(n_1)2ﬁ+2(n_1)202+ (n—1)202
~ n? ¢ n(n-2)
=09 En Y12
Similarly,
n C 2
E[hQJZE[(n—lfl_n—l) ]
TL2 n C2
ZWE[JC%]—QWCEUJJFW
n2 C 62 C2
BRI RS EE R I e oV
_(1-) n? ¢ c? 0

(n-12n (n-1)%
Estimating E[h3] is more difficult. Instead of estimating E[h3], we estimate the related
quantity E[¢®], using the fact that g > 0 and that g = n/(n—1)f1 + (n—2)/(n - 1)c is close to

the function n/(n—-1)f + (n—2)/(n - 1)c, which takes only two different values. We will use

the following inequality.

Lemma 7.10. Let 6 € (0,1/2] and let H,L,n > 0, where H > L. Suppose F is a measurable
function defined on [0,1] such that the measure of F~*(H) is 6 and the measure of F~'(L)

is 1 -6. If G > 0 is a measurable function defined on [0,1] satisfying E[G] = E[F] and
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E[(G - F)?] <7, where n < 0(1-0)(H - L)?, then

E[G?] > E[F?] - LQ)\/_-\/—_ 2,

Here the expectations are over a random x € [0,1].
Proof. Without loss of generality, we can assume that F' is given by

H if0<z<0,
F(x) =

L iff<x<l1.

Let G be another function on [0,1] given by

lfeG(nv)da: if0<x <0,
G(I‘)Z 6J0

l%efglG(az)da: if<z<l.

Clearly E[G(z)] = E[G(x)]. The Cauchy-Schwarz inequality (or the convexity of z* via

Jensen’s inequality) shows that
0 1
27 - )2 _7\2
E[(G - F)?] f (G(z) - H) d:z:+f0 (G(z) - L) da

_;(f (G(x) - H)dx)2+—(/ (G(x) - L)dx)
:0(5./0 G(a;)dx—H) +(1‘9)(79/; G(a:)d:c—L)zzE[(é—F)2].

3

Moreover, since z” is convex, Jensen’s inequality shows that

E[G3]=fHG(x)?’dm+/01G(x)3dx

9. —/ G(z)? de+ (1-6)- ﬁ ') da
3

29(%[) G(x)dm)3+(1—9)(mf9 G(m)dm) “E[GY].

Since G > 0, we see that the minimum of E[G®] is attained on functions of the form G.
The function G attains only two values: G/(0) in the range [0,6), and G(1) in the range
[0,1]. Since E[G]=E[F]=0H + (1-0)L, if we put 6 = (H - G(0))/(1-6) then
G(0) = H - (1-6)s,

G(1) = L +66.
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The first formula is by definition, and to verify the second, it is enough to check that these
formulas agree with G (0) + (1-6)G(1) = 0H + (1-6)L. We get a bound on § from the second
moment:

n>E[(G-F)*]1=0((1-6)5)*+ (1-6)(85)*=6(1-0)5°

Moreover,

E[G3] > E[G®] = 0(H - (1-6)8)> + (1-60)(L + 65)>.

The derivative of the right-hand side with respect to J is

30(1-0)[-(H - (1-0)8)? + (L +66)*]
=30(1-0)[(0* - (1-6)*)6%+2(0L + (1 -0)H)5 + L? - H?]

=30(1-6)(0-(H -L))(H +L-(1-260)9).
In particular, the right-hand side is decreasing in the range

<6<H-L.

1-26
Hence, provided \/n/(6(1-60)) < H — L, we can conclude that

E[G®] > 0(H ~ (1-6)0)" + (1 -0)(L +60)°, where & = \/%

(Note that —(H + L)/(1-20) <-(H - L) since L >0 and 6 < 1/2.) Calculating,

E[G®] > 0H?+ (1-0)L%-30(1-6)(H? - L*)&

+30(1-0)((1-0)H +0L)52 +0(1-6)(6* - (1-6)*)55

1-20
=E[F?]-30(1-0)(H? - L?)/n+3((1-0)H +0L)1 - mnw.
The third term is positive, and the lemma follows using 0 <6 < 1/2. ]

We can now get a lower bound on E[¢?].

Lemma 7.11. Assuming €y < 1/2,

n? n(n-2) 5 (n-2)%(n+1) 3

E[gg]z(n_1)3c+ (n_1)3c+ (0 1) c O(\/E(1+c)§).
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Proof. Define a function F' by

n n-—2
F=—1f+
n—lf n-1

C.

Although F' and g are functions on S, rather than on [0,1], we can think of them as functions
on [0, 1] by assigning each permutation 7 € S, an interval of length 1/n!; a random x € [0, 1] cor-
responds to a random 7 € S,,. Clearly E[F'] =E[g] and g >0, and so we can apply Lemma

The relevant parameters are

6=,
n
- n +n—20’
n-1 n-1
L:n_2c,
n-1

n2 Tl2 C

n:E[(F_g)Z] = (n_1)2 E[(f_fl)Q] :e(n_1)2 E

Note that

TL2

0(1-6)(H-L)%> o 1)

and so 17 < (1 - 0)(H - L)? whenever € < 1/2. Therefore the lemma applies, and we get

9 B 3 3/2
5 - n n(n-2) n_oc .~ [2n n® T g,
Elg"] 2 E[F7] 3((71—1)2 +2(n—1)20)n—1n\/g c (n—l)?’ng/26

_E[F?] —O(\/E(1+c)§).

To complete the proof of the lemma, we compute E[F3]:

E[F3]=0H?+(1-6)L?
c n? n?(n-2) n(n - 2)? (n-2)3 c\(n-2)3
((n—1)3 P A e (n—1)383)+(1_5)(n-1)303

n? n(n-2) ,

(n-2)* 3 (n-2)° 4

= (n_1)30+3(n_1)3c +3(n_1)3c +(n—1)3
on? n(n-2) (n-2)%(n+1)
= (n_1)3c+3(n_1)302+ =1y . ]

Using our calculation of E[h?], we can conclude a bound on E[A?].

Lemma 7.12. Assuming ey <1/2,

n? 3n 2, 2
c— c
(n=1)>" (n-1)>  (n-

E[h%] > 1)303—0(\/2(1+c)§).
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Proof. The starting point is
E[¢®] = E[(h + ¢)®] = E[h®] + 3¢E[h?] + 3 E[h] + ¢3.

Lemma shows that E[h] = 0, and Lemma gives the value of E[h%]. Using the lower

bound on E[¢?] given by Lemma we get a lower bound on E[A3]:

E[h*] = E[¢*] - 3cE[h?] - ¢

n? n(n-2) (n-2)%(n+1)
S OIS ) MM o L e R ofvea+o)
n C3
3G Ty ey
n? 3n 2 c
e o e o vear o) -

Applying Lemma [7.6] and Lemma [7.7], we get good estimates on the moments of the matrix

B.

Lemma 7.13. Assuming ey <1/2,

1
Z_: 1]—(1—6) c—n_lcQ,

n
%]
n

Z

nn—2 3(n -2 2(n-2
(2_1)2)0— (72_1)362+n(( 1))2 3 (\/_(1+c)c)

Proof. The first formula follows from Lemma and Lemma The second formula follows
from Lemma [L.7 and Lemma [7.12] O

If F is a sum of ¢ disjoint cosets then € = 0, and in this case

n 1 _c(n-c)
,jzlb c_n—162_ n-1"
n z'))':n(n—2)c_3(71—2)62+ 2(n-2) C3:(n—2)(n—c)(n—20)c
i o (n=1)2 (n-1)? n(n-1)2 n(n-1)2

This can be checked either directly or by going through the proof: we have been careful not
to drop any term which isn’t multiplied by a power of €. For general F, the values of these
moments are somewhat smaller. When c is small, the difference is not significant, and it is this

fact that drives our proof.
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7.5 Culmination of the proof

We start by giving a lower bound on ¢. This will allow us to replace 1+ ¢ with O(c) in the

statement of Lemma,
Lemma 7.14. Assuming €y is small enough and n is large enough, ¢ > 1/2.

Proof. Suppose that ¢ < 1. Lemma shows that the second moment of B is at most (1 +

O(1/n))c. The convexity of 32 implies (via Lemma that

3/2
b =S (%)% < (Z bfj) = (1+0(1/n))*23? = (1+0(1/n)) 2.
4,J ,J 4,J

On the other hand, Lemma shows that

Lt} > (1-00/n) -0

Together, we get \/c > 1—-0(1/n) - O(\/€), and so for ¢ small enough and n large enough,

¢>1/2. (Here 1/2 is an arbitrary constant smaller than 1.) O
This allows us to rewrite Lemma, more succinctly.

Lemma 7.15. Assuming €g is small enough and n is large enough,

c- O(ec+—) Zb <c+O<n)

4,7=1

2
Z by > c- O(\/Ec2+c—).
n

1,j=1
The idea now is to subtract the two moments, and conclude that there must be roughly c

strong values.

Lemma 7.16. Assuming g is small enough and n is large enough, there exists a set M ¢ [n]?

of size m such that
2
S bijzm- 0(@;2 + C—).
(i.)eM n

Furthermore,

2
|m —c| = O(\/Ec2 + C—)
n
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Proof. Let E = \/ec* + ¢?/n. By Lemma we can assume that ¢ > 1/2. Lemma implies

that

i b7 (1 -bij) = O(E).

1,7=1

Let M = {(i,7) € [n]? : bij > 1/2} be the set of strong entries, and let m = |[M|. We have

> <2 3 b(1-by) = O(B).
(1.5)¢M (i,5)¢M

Therefore

m> > b5>c-O0(E), (7.7)
(i-j)eM

since b;; < a;; <1. On the other hand,
Z (1 - bij) <4 Z b?j(l - bij) = O(E)
(i.5)eM (i.5)eM
Therefore

Z bij > m—-O(E).

(i,5)eM
Using 2 > 22 — 1, we also get
>ob> Y (2b-1)=m-O(E).
(i,5)eM (i,5)eM

On the other hand,

2 S c

(i.)eM i,j=1
The last two equations together show that m—c = O(FE). Equation (7.7) shows that c—-m = O(E),

and we conclude that |m - c| = O(E). O

By modifying M slightly, we deduce a version of Lemma in which |m -¢| < 1.

Lemma 7.17. Assuming g is small enough and n is large enough, there exists a set M ¢ [n]?

of size m such that
2
Z bij >m— O(\/EC2 + C_)
(i.j)eM n

Furthermore,

2
|m —¢| < Inin(l,O(\/Ec2 + C—))
n
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Proof. Let M’ be the set of size m' given by Lemma If [m' - ¢| < 1 then we take M = M'.
Otherwise, it is enough to find a set M whose size m satisfies |m —¢| < 1.
If m’ < ¢ then we let M consist of M’ along with d = |¢| —m’ additional arbitrary elements.

Note that d < c—m’ = O(\/ec® + ¢2/n). Since b;; > —c/n, we have
2
Y by >m' - O(\/Ec2 + —)
(i-j)eM "
2
2m—d—gl—0( 662+c—)
n n
02
>m - O(\/Ec2 + —).
n
If m' > ¢ then let M contain the m = [¢] largest elements in M’. Since m < m/', we have

2 2
> bl-jzﬂ,m'—ﬁ,O(\/ECZ+C—)Zm—O(\/Ec2+C—). O]
m m n n

(i,4)eM

Using this lemma, we can essentially prove our main theorem.

Lemma 7.18. There is an €y > 0 such that the following holds.

There exists a family G which is the union of m cosets satisfying
LY o
IFAG| = o(ﬁ+ —)c (n—-1).
n
Furthermore,

2
Im —c| < min(l, O(\/Ec2 + C—))

n
Proof. Pick €y so that the conditions in Lemma and Lemma hold given n > N, for
some N. For n < N, if ¢ = 0 then the lemma trivially holds, and otherwise we can choose the

constant in the first O(+) so that the theorem becomes trivial. From now on, assume n > N.

Let M be the set of m indices given by Lemma and let the family G be given by

G= U T

(1,5)eM

Lemma [7.16] shows that
2
Z |fmn,j| 2 (n— 1)! Z bij = (n— 1)!(m—0(\/E02 + C_))
n

(irj)eM (irj)eM
2
=(n- 1)!(6— O(\/Ec2 + C—))
n
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Since |T; j N T | < (n —2)! whenever (7,7) # (k,1),
2
Fagls (n-1)c-0f Ve + C—)) - (T;)(n—2)!
n
m2

=(n-1!c-0 \/E02+§+7))

=(n-D!fc-0 \/Ec2+§)).
We used m < ¢+ 1 =0(c), since ¢ > 1/2 by Lemma(7.14 Therefore
IFAG| = |F|+9]-2(|F ngl)
<(m+e)(n=-1)=2¢(n-1)+ O(\/E02 + %)(n— !

SO(\/ECQ+§)(7L—1)!. O
The main theorem easily follows
Theorem 7.1. There is an €g > 0 such that the following holds.
Let F ¢ Sy, be a family of permutations of size c(n —1)!, where ¢ < nf2. Let f =1, (so
E[f] = ¢/n) and let f1 = f((n))+ f((n—1,1)) be the projection of f to Lp-1,1)-
IfE[(f - f1)?] = ec/n, where € < €y, then there exists a family G € S,, which is the union of
[c]| cosets satisfying
|FAG| = o(&+ %)02(71— 1.
Moreover,
=[] =o(ﬁ+ %)CQ.
Proof. Let G' be the family given by Lemma Since m is an integer, the inequality on
|m — ¢| implies that
le=T[e]l = O(\/Ec2 + 2—2)
If m = [c] then we can take G = G'. Otherwise, form G by taking G’ and either adding or

removing |m — [¢|| cosets (note that [m —[c]|=1). Since
2
|m—[c]|<im=c|+]|c—[c]| = O(\/Ec2 + —),
n

we deduce

FAG| < |FAG!| + m ~ [¢]|(n - 1)! = o(ﬁ+ %)02(71 _1). 0



CHAPTER 7. A STRUCTURE THEOREM FOR SMALL DICTATORSHIPS ON S, 173

7.6 Intersecting families of permutations
As an application of Theorem we prove two stability results for intersecting families of
permutations. Our first stability result is a straightforward application of Theorem

Theorem 7.19. Let F € S, be an intersecting family of permutations of measure (1 -0)/n,

where § is small enough. Then there is a coset G such that
1
|FAgG|= O(\/5+ —)(n— 1!,
n

Proof. Let f =1,. Theorem shows that ||f — f1|* = O(6/n). We apply Theorem [7.1| with
c=1-6 and € = O(6). If § is small enough then € < ¢y. Theorem then gives us a family G

which is the union of [¢] =1 cosets satisfying
1
|ng|:o(¢5+—)(n—1)1. 0
n
Using a slightly more complicated argument, we get a stronger stability result.

Theorem 7.20. There exists 6 > 0 such that for large enough n, every intersecting family of

permutations of measure at least (1 —38)/n is contained in a coset.

Proof. Let F be an intersecting family of permutations of size at least (1 —9)/n. If § is small

enough, then Theorem applies, and there is a coset T; ; such that
1
F ATy - O(\/3+ —)(n— L.
n

Suppose F is not contained in G, and pick some 7 € F \ G. Without loss of generality, assume
i=j=1and m=(12). Every fixed-point free permutation in Sty 1 lifts to a permutation in

T1,1 which does not intersect . Since there are (1 -1/e+ O(1/n))(n—1)! of these,

1 1
Fatyl>(;-0(5))m-1
e n
If § is small enough and n is large enough, this leads to a contradiction. O

Using more complicated arguments (and before Theorem [7.1] was proved), Ellis [22] was able
to prove a much sharper result: the largest intersecting family of permutations not contained

in a coset has size (1 -1/e+O(1/n))(n—1)!. In fact, for n > 6, the maximal family is

F={meS,:m(1)=1and 7(:) =1 for some ¢ >2} u{(12)}.
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Moreover, all maximal families are of the form aF 3. For n < 5, another optimal family is the
one in which every permutation has at least two fixed points.

Ellis [21I] proved a similar result for ¢-intersecting families of permutations. Such a family
must be contained in a t-coset (a family of the form T(;, ;) . (i, j,)) unless it is smaller than
(1-1/e+0O(1/n))(n-1t)!, and for large enough n, the maximal families are of the form aFf,

where
F={reS,:m(1)=1and 7(i) =i for some i >t+1} u{(i(t+1)):1<i<t}.

These results are analogous to a classical result by Hilton and Milner [49] in the context of
k-uniform intersecting families of sets on n points. They proved that for k < n/2, the maximal

families not contained in a star are of the form
F={Ac[n]:|Al=k,1eA,An{2,...)k+1} @} u{2,....k+1}.

Ahlswede and Khachatrian [I] proved a similar theorem for ¢-intersecting uniform families of
sets. In this case, the optimal family is always one of the families described in Section [10.1

(other than the restriction of a t-star).



Chapter 8

A structure theorem for balanced

dictatorships on 5,

In this chapter we continue our study of Boolean functions on S,, whose Fourier expansion is
concentrated on the first two levels. In the previous chapter, we considered functions which
contained c¢(n —1)! permutations, where ¢ is small. In this chapter we consider the case where
¢ =0(n). We will use the slightly different parametrization ¢ = ¢/n. Our goal in this chapter is

to prove the following theorem.

Theorem 8.1. Let F ¢ S, be a family of permutations of size ¢n!, and let n = min(c,1—c). Let
f=21,-1, and let f = F((n)) + f((n-1,1)) be the projection of f to Lip-1,1)-

IfE[(f - f1)?] = € then there exists a family G € S,, which is the union of [en] disjoint cosets
satisfying

1 1
FAG| = O(E(el/7+ m))n'

Moreover,
1
|Cn - |'C’I’LJ| = O((61/7 + m)n)

A minor difference from Theorem is our definition of f: there, we defined f = 1,
whereas here, we define f =21,-1. Let f O fl(l) correspond to the definition in Theorem

and let f(z),fl(Q) correspond to the definition in Theorem We have f® =21 _1 and

175
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f1(2) = 2f1(1) -1, and so
E[(f® - 1)) =4E[(f O - f{)]%

Therefore if we replace the definitions of f and f; with their definitions in Theorem [8.1] we get
essentially the same result. We use the present definition so that f becomes a +1 function, a
convenient device often used in Fourier analysis.

In contrast to Theorem in this theorem we are guaranteed that the family G is a union

of disjoint cosets. Therefore G is either of the form
G={meS,:m(i)e A}

or of the form

g:{ﬂ'esn:ﬂ—_l(i)EA}v

where |A| = [en].

In the case of Theorem we were not able to guarantee the disjointness of the cosets
forming G since a family of the form 77 ; U T3 5 satisfies the hypotheses of the theorem. In the
regime considered in the present chapter, a union of c¢n arbitrary cosets will be far from its
projection to L(,_11y: E[(f - f1)?] = ©(¢?). This is intuitively why we are able to guarantee
the disjointness in the present case.

The proofs of Theorem and Theorem are rather different. While the proof of Theo-
rem consists of analyzing the first few moments of a matrix consisting, essentially, of entries
|F nT;;|/(n-1)!, in the present case these moments are not enough to distinguish a matrix
corresponding to the union of roughly ¢n cosets from an arbitrary matrix. The argument is
therefore completely different.

The material in this chapter is taken from our joint paper with David Ellis and Ehud

Friedgut [26].

8.1 Overview of the proof

For simplicity in this overview, we assume throughout that ¢ = n/2. For technical reasons, for

most of the proof we make the assumption € > 1/n"/3,
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Our starting point is the matrix A given by
aij = (n=1)(f,Ti;)-

This is different from the matrix A appearing in the proof of Theorem though it is an affine

shift of the matrices A and B appearing there. When F =T} ; U---UT} ;/5, the matrix A looks

like this:
n
2
—
1-1 1-1 L1_q 19
n n n n
_1 _1 1 1
n n n n
_1 _1 1 1
n n n n
_1 _1 1 1
n n n n

The matrix has a strong first row, consisting of entries which are close to +1, and all other
entries are small, of order 1/n.
The coefficients a;; satisfy the equation
n
f1 = Z CLilei,j.
i,7=1
Indeed, this is the reason behind choosing this particular formula for a;;. This equation implies

the fundamental formula
fi(m) = Zaifr(i)a
i=1

which we will use over and over again.

The proof breaks down into three main parts. In the first part, we show that for almost all
7 € Sy, the generalized diagonal defined by 7 in A, namely {a;r¢; : i € [n]}, has precisely one
entry which is large (close to £1), and all the rest of its entries are small. In the second part,
we deduce that A has either a row or a column in which almost all entries are large. In the
third part, we extract a good approximation to F from the strong row or column highlighted
by the second part.

The first part, comprising Sections to consists of two steps. In the first step, we

consider a restriction of f; into permutations belonging to a set of the form T'xy = {m € Sy, :
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m(X) =Y}. The value of f; on permutations from T’xy depends only on entries a;; for which
(i,j) € X xY or (i,j) € X xY (here X = [n]\ X). We separate the effects of these two
submatrices by defining
91(m1) = Y Gy iy, 92(M2) = Y Gimy(iy, 9(m) = g1(m1) + g2(7m2).
ieX ieX

Here 7 = 7|x and mo = 7|, and the domain of all functions is T’x,y. Using straightforward
estimates, we show in Section that for most choices of X, Y, the functions g1, g2, g are well-
behaved: the function g is close to +1, and Eg; ~ E go ~ 0. Using the decomposition g = g1 + go,
we conclude in Section that one of g1, g2 must be essentially constant, and the other must
be close to £1. This is intuitively obvious: there is no other way for g to be close to +1.

In the second step, we turn the table around: instead of first choosing the restriction (X,Y")
and then looking at all permutations 7 € T'x y-, we first choose the permutation 7 € S), and then
consider all restrictions (X,Y’) such that 7 € T'x y. Essentially using the Friedgut-Kalai-Naor
theorem, we conclude in Section that for almost all 7 € S, the generalized diagonal defined
by 7 in A has precisely one entry which is close to +1, and n — 1 small entries.

The second part, consisting of Section [8.7] is largely independent of the first part. We
consider the following abstract problem. We are given a matrix in which entries are either
large or small. Furthermore, a 1 -6 fraction of the generalized diagonals in this matrix contain
exactly one large entry. We show that the matrix must contain a strong line: either a row or a
column in which 1 - O(¢) of the entries are large.

In the third part, consisting of Sections [8.8] and we combine the results in both parts
to prove the main theorem. Section [8.8] applies the result of the second part to the matrix
A, and obtains the desired approximating family G in a straightforward manner. Finally, in
Section we discharge the assumption € > 1 /n7/ 3 using a perturbation argument, as well as

other assumptions detailed in Section [8.3]

8.2 Nomenclature

In this section we collect some simple definitions which will be during the proof.
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The notation x -y is shorthand for the closed interval [z -,z ++] (7 will usually be a small
positive number). We say that x is vy-close to y if |x — y| < v, which is the same as z € y + v or
y € x +v. Otherwise, we say that x is v-far from y. We say that x is y-close to y in magnitude
if x| is y-close to y. We say that z is vy-close to y + z if either x is y-close to y + z or z is y-close
to y — 2. For a set S, we say that x is «-close to S if x is y-close to some y € S.

Given a function ¢ and a probability distribution X over its domain (which will always be

clear from the context), we say that ¢ is (0,7)-almost close to C' if

fo’g(M(x)eCify] >1-0.

In words, with probability 1 -0, ¢(z) is y-close to C. Similarly, we say that ¢ is (d,v)-almost

Boolean if |¢] is (0,7)-close to 1, that is

Prllo@lcley]>1-4

We will apply this terminology to restrictions of fi, which is why by almost Boolean we actually
mean close to +1.

For a permutation 7 € S, and X ¢ [n], 7|x is the restriction of 7 to the set X, which is a
bijection from X to 7w(X).

Other notation will be defined along the way.

8.3 Basic definitions

We now begin the proof proper. For most of the proof (until Section7 we make the following

assumptions:

1
n >4, T Seécmf. (8.1)

Here ¢g is a constant which arises from the proof. In fact, during the proof, we will use the
phrase since € is small enough compared to 7. By that we mean that the proposition qualified
by the phrase holds if € is small enough compared to 17, and by choosing ¢y appropriately,
we can assume that the required condition on e is satisfied. Since n < 1/2, these assumptions

also imply that € < co/27. When we use the phrase since € is small enough, we mean that the
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qualified proposition holds if € is small enough, which again can be guaranteed by choosing ¢y
appropriately.

We also assume throughout the proof (until Section that F, f, f1,¢c,n, € are all given.

The rest of this section mirrors Section [7.2] However, since the basic definitions are slightly
different, we repeat all of the proofs.

Since f1 € L;,-1,1), it can be written as a linear combination of T; ;. We single out one such
way. Let

n-2

aij = (n=1){f,1g, ;) = —— (2~ 1). (8.2)
The entries a;; form an n x n matrix A.

Lemma 8.2. Fach row and each column of A sums to 2¢— 1.

Proof. Since the cosets T4 ; partition Sy, we have

Yoayj=(n-1)(f1g)-(n-2)(2c-1)=(n-1)(2c-1) = (n—2)(2c - 1) =2c - 1.
j=1
A similar argument works for the sum of any other row or of any column. O
This implies the following formula for double sums.

Lemma 8.3. For each i,j € [n],
Z Zakl =ai; t (n - 2)(2C - 1).
k+t l+j
Proof. Using Lemma (8.2
Yo > a =Y (2c-1-agj) =(n-1)(2c-1) - (2c - 1 - a5j) = az; + (n—2)(2c - 1). O
k+i l+j k+1i

We can now prove the formula for fi.

Lemma 8.4. We have

n
fi= ) aijlr,

ij=1

and so for all me S,

fi(m) = Z; Qi (4)-
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Proof. Since both sides in the first equation belong to L,_1 1), it is enough to show that both

sides have the same inner product with each 1, . Using Lemma [7.4] and Lemma we have

n
( Z alj]‘T ’lTk,l> = Z aij<1Ti7j’ ]'Tk,l>

,5=1 i,5=1
ag
“n n(n 1) g];;au
S n(skl 5 Y
- n“fll SR = (g ) = ()
The second equation follows from the first since 7 € T; ; if and only if j = 7 (7). O

We proceed to calculate the sum of squares of the entries of A.

Lemma 8.5. We have
f_j =(n-1)(1-¢) - (n-2)(2c-1)2
Proof. Since fi is an orthogonal projection of f and f(7) e {1},
LA =112 == Al =1-e
Using Lemma Lemma and Lemma we get

n
2
Hle Z aija’kl<1Ti7j’ 1Tk,l>

1,7,k,l=1
LS L Sy,
= 2. ;
n, 2 (n 1) ;54 ]k#-i#j
1 & 5
= — S — -+ 2)(2c¢-1
P ey z( (n-2)(2¢ - 1)ayy)
1 & -2)(2c-1)2 1
:—Za$j+”(” )2 =17 Za +(n-2)(2c-1)2). O

8.4 Random restrictions

In this section, we analyze the behavior of f; under random restrictionsﬂ

'Pun intended.
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Definition 8.1. A restriction (X,Y") is composed of two subsets X,Y < [n] of the same
magnitude. We define a distribution R over restrictions as follows: choose X by including each
i € [n] with probability 1/2 independently, and choose Y at random among all sets of size | X|.
If (X,Y)~7R then we call (X,Y) a random restriction.

Given a restriction (X,Y), its complement (X,Y) is given by X = [n]~\ X, Y = [n]\Y. O

The idea is to look at the behavior of f; for all permutations 7 € S,, satisfying 7(X) =Y.
The behavior of fi; on permutations of that form depends only on the two submatrices of
A supported by X xY and by X xY. We decouple the effects of the two submatrices by

decomposing f1 on this set of permutations as a sum of two functions.

Definition 8.2. For a restriction (X,Y), the associated set of permutations is
Txy={meSy:m(X)=Y}.

We define the following functions, whose domain is T'x y:

Y XY Xy _ XY XY
=Y aijly, , g5 =Y ayly,, ¢ =g gy
ieX ieX
ey jey
Let mxy = E[gf(’y], where the expectation is taken over all 7€ Ty y. O
The function gX’Y is in fact identical to f; on T'x y.
Lemma 8.6. For a restriction (X,Y) and 7€ Tx y, gX’Y(Tr) = f1(m).
Proof. Follows immediately from Lemma O
The goal of this section is to determine some typical properties of the functions gX Y, g? Y, gX o

which hold for a random restriction (X,Y’). We start by determining the expectation and vari-

ance of mxy = E[gf{’y]. This will allow us to determine the value of mx y to a large accuracy.
Lemma 8.7. Let (X,Y)~R. Then E[mxy]=c-1/2 and Vimxy]<1/(2n).

Proof. We start with an explicit formula for myx y:

mxy = E Z aU Ti,j X Z Qij-
ieX | | 1eX
jey jey
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Conditioned on | X| = z, the probability that i € X is x/n, as is the probability that j € Y, and
both events are independent. Therefore

1 L x T
E[mx y[|X]= - Z = ﬁn(Qc -1)= E(2c— 1),

H

using Lemma Since E[|X]|] = n/2, we deduce that
2 1
E[mx.y] ZPr 1X| = 2] S(26-1)= 12 9 _ 1) =g
n

The variance requires a similar but longer calculation. The formula for mx y implies the
following formula for its square:
mX’Y |X’2 z aw + Z aijakj + Z aijail + Z aijakl .

ieX i+keX 1€X itkeX
jey jey j#leY J#leY

Given |X| = x, the probability that ¢,k € X for i # k is (z —1)/n(n - 1). The same formula
applies for the probability that j,l € Y for j # [, and the two events are independent. Therefore

1 (22 & 22 (z-1) &
2 _ _ 2
Elofeolix -1+ 5 (5 8 e B S T

1,7=1 k+i

$2(x 1) . " Q(x 1)2 n ; "
w2 (n-1) JZl ”z; EEECER I “)
:%i;IGZ +2 2(n l)wzlazj(QC - ajj)
z—-1)2
" ng(n )1)2 'L]ZI aij(ai; + (n=2)(2c-1))
(n-z)® & L2e-D(-D+ (n-2)(z- 1)?
nz(n 1)2 ijl 7‘L2(’fl 1)2 (C—1)27

using Lemma and Lemma Routine calculation gives E[(n - |X|)?] = n(n + 1)/4 and

E[(]X]|-1)?] =n(n-3)/4 +1 (these can be verified by checking the cases n = 0,1,2), and so

n 4(n—2)(n—1)+(n—2)(n(n—3)+4)

Elmy] = 4nzln+ 11)2”2:1 4n(n-1)2 (2c-1)°
n+1 n-2)(n+1
4n(nJr 1)2”21 ( (n)—(l)Jr2 )(QC b*
ntl 1) (- 2)(2- 1))+W(2c 1)2

: dn(n -1)2
_on+1 (n-2)(n+1)
~dn(n-1) " dn(n-1)

4(n-1)

(2c-1)%,
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using Lemma Subtracting E[mx y]* = (2¢ - 1)?/4, we deduce

V[mx,y] < 4;57;_11) L 2)(;2711)__1;1(% D (9c-1y2
n+1 (2c—1)2< n+l 1

B dn(n-1) 2n(n-1) " 4n(n-1) " 2n’

using the assumption n > 4. O

The main result of this section is that for almost all restrictions (X,Y’), the resulting
functions gf(’y, gg( ’Y, gX’Y are nicely behaved, in a way which is summarized by the ensuing

definition.

Definition 8.3. A restriction (X,Y") is typical if the functions gf(’y,gg(’y,gx’y satisfy the

following properties:

(a) ¢°Y is (%7, /7)-almost Boolean.

(b) E[gf’y] and E[gg(’y] are e'/"-close to ¢ - 1/2.

() E[(lg™"[-1)*] <. O

For the definitions of almost Boolean and v-close, see Section The specific powers of €

were chosen by optimizing the parameters, taking into account the rest of the proof.

Lemma 8.8. The probability that a random restriction is typical is at least 1 — 3€l7.

Proof. We will show that each of the three properties listed in Definition fails with proba-

bility at most el

, and the lemma then follows via a union bound. We will repeatedly use the
fact that choosing (X,Y) ~ R and then choosing 7 € T'x y randomly is the same as choosing a
random permutation 7 € S,,. The reason is that given X, the sets Tx y partition S,, and they

all have the same size.

Since f is +1-valued,
E[(IAil- D1 <E[(fi-)*] =€ (8.3)

Property (a). For a restriction (X,Y"), let

axy =Pr[lg* "¢ 1],
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Using the observation about choosing 7 € T'x)y for a random restriction (X,Y") together with

Lemma [8:6]

B ploxy]=Prllfil¢ 1 T = Pr{(lfa] - 1) > /7] <

using (8.3)) and Markov’s inequality. Another application of Markov’s inequality shows that
Prlaxy > ] < €7,

Property (b). This is a straightforward application of Lemma Chebyshev’s inequality
implies that

XY iy €T
PHIE[ ] (e~ 1/2)> T < - <

since 1/n < €¥/7 by assumption (8.1). Since gg( Yo glf’? and (X,Y) has the same distribution
as (X,Y), we get a similar bound for E[ggf’y].

Property (c). For a restriction (X,Y), let

XY
Bxy =E[(lg"" |- 1)%].
Again using the observation on choosing 7 € Ty y for a random restriction (X,Y"),

[Bxy]=E[(Ifi]-1)?] <,

E
(X,Y)~R

using (8.3)). Markov’s inequality now implies

Pr[Bxy > ST < €17, O

8.5 Decomposition under a typical restriction

In this section we analyze the functions giX’Y, gg( Y gX’Y for a typical restriction (X,Y) (see

Definition . If (X,Y) is typical then gX’Y is almost Boolean. Now gX’Y can be written as
gy = gf(’y + gg(’y, where gf’y(w) only depends on 7|y, and gf’y(w) only depends on 7|.
How can an independent sum of two functions be almost Boolean? Intuitively, it is obvious that
one of g‘lx7y, gf Y must be almost constant C , and the other must be almost close to two values

-C £ 1. Since E[gf(’y] ~ E[ggf’y] ~ ¢—1/2, we can actually determine the constants involved,

namely C'~c¢—1/2.
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Turning this intuitive argument into a formal proof, we reach the following difficulty: given
that (say) gf(’y is almost constant and E[gf(’y] ~ ¢ —1/2, can we conclude that gf(’y is almost
close to ¢ — 1/2? 1In general, the answer is false: it could be that most of the contribution
to E[gf( ’Y] arises from some rare extreme values. Property (c) in the definition of a typical
restriction will be used to show that this cannot happen in our case. To that end, we need the

following technical lemma.

Lemma 8.9. Suppose that a function ¢ on a probability space satisfies the following two prop-

erties:

(a) & is (p,7y)-almost close to 0.

(b) For some C eR, E[(|¢+C|-1)%] <6, where § < 1.

Then

5
|E[¢]] <3v+3p+6 s (8.4)

Moreover,

IC] =1 <y+y /- (8.5)
p

Proof. Without loss of generality, we assume for the entire proof that C' > 0. We start by
proving . If |C - 1| <+ then clearly holds. Otherwise, there are two possibilities:
C<l-yand C>1+7.

Suppose first that C' <1 —+. Whenever |¢| <y we have C+¢ < C+yand C+¢p>C -y >
—(C+7), and so |C' + ¢| < C'++. Therefore 1 - |C' +¢| >1—-C -~ > 0. Since |¢| < happens with

probability at least 1 — p, we conclude that
§2E[(lp+Cl-1)*]2 (1-p)(1-C-9)*

Therefore |1 - C' —v| <1/d§/(1 - p), implying (8.5).
The case C' > 1+« is similar. Whenever |¢| <y we have C'+ ¢ > C' = . Since C' -~ >0, we
conclude that |C' + @| > C — . Therefore |C +¢|—1>C —-1-~>0. Since |§| < v happens with

probability at least 1 — p, we conclude that

02E[(|¢+C|-1)*] > (1-p)(C-1-7)*
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Therefore |C' ~ 1 —~| < \/5/(1 - p), implying (8.5).

Concluding, in all cases holds. We now turn to prove . The idea is to consider
separately the points in which |¢ + C| > 2, the points in which |¢ + C| < 2 and |¢| > v, and the
points in which |¢| < v (these categories are exhaustive but need not be mutually exclusive).
For points of the first type, we use the inequality = < 22 (valid for 2 > 1) to deduce that their
contribution to E[|¢ + C' — 1|] is small, using assumption (b). For points of the second type,
we use assumption (a) to show that their contribution to E[|¢ + C' - 1|] is small. Finally, the
contribution of points of the third type to E[|¢ + C' - 1|] is trivially small. Equation then
completes the proof.

We start with points of the first type. Assumption (b) implies that
E[ll¢+Cl-1]-[¢+C22[] <E[(|¢ + C|-1)*-[¢+ C > 2]] <.
(Recall that [¢ + C > 2] is equal to 1 if ¢ + C' > 2 and 0 otherwise.) Therefore
E[lp+C-1|-[¢+C>2]]=E[||¢+C|-1]|-[¢p+ C >2]] < 6.

When ¢ + C < 0, it is no longer the case that |¢p + C' = 1| = ||¢ + C| - 1|, and the first term is

actually larger than the second. However, if ¢ + C' < -2 then
p+C-1=1-(¢+C)=-3+(4-(¢+C))<-3-3(¢+C)=3(p+C|-1)=3||¢p+C|-1]|.
Therefore as before,
E[lp+C-1|-[¢p+C =22]] <3E[|l¢+C|-1|-[¢+C >2]] < 36.
Putting both cases together, we get
E[lp+C -1]-[l¢o + C| >2]] < 46.

We continue with points of the second type. When |¢ + C| < 2, the triangle inequality shows

that |¢ + C' — 1| < 3. Assumption (a) implies that

E[j¢+C - 1]-[l¢+C| <2 and |¢] > 1]] < 3p.
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Finally, we handle points of the third type. If |¢| < v then shows that |¢p + C - 1| <

++/0/(1=p). Therefore

J

Bllg+C 1[0l <7l <27+ 7

’B .

Since all three types of points are exhaustive, we conclude that

0
E[lp+C—-1|] <46 +3p+ 2y + T
-p

Using the triangle inequality (twice) and ({8.5)),

[E[o]| <E[|¢|]] <E[l¢p+C-1|]]+|1-C| <45+ 3p+ 3y +2 Tp

Since 6 <1, § </ </5/(1 - p), which completes the proof. O

During the rest of this section, we will always have some typical restriction (X,Y") in mind.
Therefore we use the shorthand notations g1, go, g for gX Y, gg( Y, gX Y Other useful pieces of
notation are m = w|x and mo = 7T|y. Since g1 depends only on 71, we can think of g; as a
function whose domain is the set B; of bijection from X to Y. Similarly, go depends only on

79, and we can think of it as a function whose domain is the set By of bijections from X toY.

Under these conventions, we have the identity

g(m) = g1(m1) + g2(m2), where meTxy. (8.6)

Given 7 € By and w9 € By, we will denote by ;7w the permutation which restricts to m; on
X and to m on X.

Our end goal in this section is showing that for a typical restriction (X,Y), one of g1, g2 is
almost constant, and the other is (up to a shift) almost Boolean. The next lemma shows that
this is the case locally: if we sample two permutations «, 8 € T’x )y, then the values of g; and
g2 on these two permutations behave as if one of these functions were almost constant, and the

other almost Boolean (up to a shift).

Lemma 8.10. Suppose (X,Y") is a typical restriction. Choose o, B uniformly and independently

from Txy. Let
01 =g1(a1) = g1(B1), d2=g2(a2)—g2(B2).

With probability at least 1 —8¢2/7, one of the following three cases holds:
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(a) |61] < 2eM7 and |6o) < 2¢M7.
(b) [61] < 2eM7 and |65] € 2 2617,

(¢) |01] €2+ 267 and |62) < 2¢V/7.
(Since € is small enough, these cases are mutually exclusive.)

Proof. Property (c) in Definition states that

E [(lg(m)]-1)*] <.

ﬂ'GTX’Y

Markov’s inequality implies that

Pr [[lg(m)] -1 > /7] < V7.
TI’GTX7y
We can choose the permutation 7 by choosing 7w € B; and mo € By independently. Markov’s

inequality shows that

Pr [ Pr [[lg(r1;m2)| = 1] > €V/7] >62/7] <l

7T1€B1 ﬂ'QEBQ

We will choose o and 3 by choosing o, 51 € By and aw, f2 € By independently. With probability
at least 1 - 2¢%/7 over the choice of a1, 81, we have
Pr [|lg(an;m)| -1 > /7] < €7,
TFQGBQ
Pr [[lg(Bi;m2)| —1]> /7] < 7.
7r2€BQ

2/7

Hence with probability at least 1 —4e* " over the choice of oy, 81, a2, B2, all the following quan-

17

tities are e/ ‘-close in magnitude to 1:

g(ar;az), g(a1; B2), 9(B1; 1), 9(B1; B2)-

17

We now consider several cases. Without loss of generality, suppose that g(aq;as) is € /'-close

17

to 1. If g(aq;B2) and g(B1; ) are also e/ -close to 1, then

161] = g1 (1) = g1 ()| = |g(u1; a2) — g(Br; an)| < 27,

162] = |g2(c2) = g2(B2)| = lg(u1; ) = g( 13 B2)| < 2€'/7.
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This is case (a). If g(ay; 82) is €/7-close to -1 and g(S1;a2) is €'/7-close to 1 then

[61] = lg1(1) = g1(B1)] = |9(a1; 02) = g(Brs )| < 267,

162] = |g2(2) — g2(B2)| = lg(1; ag) — g(a; Bo)| € 2+ 267,

This is case (b). Similarly, if g(ay; 32) is €/7-close to 1 and g(B1; o) is €/7-close to -1 then we
are in case (c). It remains to rule out the case that both g(aq;f2) and g(81;a2) are €/7-close
to —1. In this case

9(B1: B2) = g(B1; an) + glan; B2) — g(ans az) € =3 £ 3¢'/7,
which contradicts |g(81;B2)| € 1 + €7 since €!/7 is small enough. O

We are now ready to prove the main lemma of this section, which states that if (X,Y") is
typical then either g; is almost close to ¢ —1/2 and g2 + (¢ —1/2) is almost Boolean, or the same
is true with the roles of g1 and g, reversed. The appearance of the constant ¢ —1/2 stems from
the fact that E[g1] ~ E[g2] ~ ¢ — 1/2. As mentioned in the beginning of the section, Lemma [8.9]

is crucial to translate this fact into a statement about values which g1, go are close to.

Lemma 8.11. Suppose (X,Y) is a typical restriction. Either gy is (3¢"7,19¢/7)-close to ¢—1/2
and gy + (c—1/2) is (4€/7,24€'/7)-almost Boolean, or the same is true with the roles of g and

go reversed.

Here and elsewhere in this chapter, the constants 3,19, 4,24 are not optimal, and are stated

explicitly only for later convenience.

Proof. The first step is to determine which of g1, gs is almost constant and which is almost

Boolean (up to a shift). To that end, define the following two probabilities:

pi= Pr_[lgi(a1) - g1(B1)| >267],
a1,p1€B1

p2= Pr_[lg2(a2) - g2(B2)| > 2¢'/7].

az,B2€B2

Lemma shows that pips < 862/7, since choosing «a, 8 € Txy is equivalent to choosing

o1, B1 € By and as, B2 € By independently. Therefore either p; < 3¢//7 or py < 3¢'/7 (or both).
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Without loss of generality, suppose for the rest of the proof that p; < 3e/7

. This will imply
that g; is almost constant and that gy is almost Boolean (up to a shift).

17

Analyzing g1. Since p; < 3e”/', a simple averaging argument shows that for some o1 € By,

PTB [lg1(a1) = g1(o1)| > 261/7] <3647,
€Dy

a1

We conclude that g; is (3¢'/7,2¢'/7)-close to C} = g1 (01). We would like to show that C} ~ ¢—1/2,
and to that effect we appeal to Lemmal[8.9] We will apply this lemma to the function ¢ = g; —C1,
which is (3¢'/7,2¢"/7)-close to 0. This satisfies the first condition of the lemma, with p = 3¢'/7

and ~ = 2¢"7. For the second condition, we rewrite property (¢) in Definition as

E E [(lg1(m1) + g2(ma)| - 1)2] < /7.

uw) EBQ ] GBl

Thus for some o3 € By,
E [(lgi(m1) + ga(o2)| - 1)?] < /7.
7r16B1

This shows that the second condition of Lemma is satisfied, with C' = C7 + g2(02) and

§ = €57, Note that 6 <1 since € is small enough. The lemma shows that

6/7

IE[g1] - C1| = |E[g1 - C1]| < 3- 267 + 3367 + 6/ —— < 167,
1-3el/7

since € is small enough. On the other hand, property (b) of Definition shows that E[g;] is
e'/"-close to ¢—1/2. We conclude that C} is 17¢"/7-close to ¢—1/2, and so gy is (3¢'/7,19¢"/7)-close
to c—1/2.

Analyzing gs. The argument for go is similar, but the details are more complicated.
Lemma shows for random s, 82 € By, with probability at least 1 — 8¢2/7, either lg2(a2) -
92(B2)| < 2617 or |ga(ar2) — ga(B2)] € 2+ 2¢"/7. A simple averaging argument shows that for some

g9 EBQ,
PrB [lg2(a2) — g2(02)| < 2eM7 or lg2(c2) — ga(02)| €2 + 261/7] >1-8¢2/7,
a2€D9

In other words, g, is concentrated around the three values Cy -2, Cy, Co + 2, where Cs = ga(02).

Since we want to show that (up to a shift) go is almost Boolean, we need to eliminate one of
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these values, either Cs — 2 or Cy + 2. To that end, define

g-= Pr [g2(ag) e Cy-2+ 261/7],
QQEBQ

ge = Pr [g2(B2) € Cp+22€"7].
B2€B3

If both events whose probabilities are measure by ¢_, ¢, happen then |ga(ag)—ga(82)] € 4£4€"/7.
Since € is small enough, Lemma implies that g_q, < 8¢2/7. Therefore either ¢_ < 3¢'/7 or

1/7

q+ < 3e/7 (or both). Without loss of generality, we assume that ¢- < 3¢/’ and so gy is

concentrated around the two values Co,Cy + 2. Putting Do = Cy + 1, we conclude that with

17_close to either

probability at least 1-8¢2/7—3¢'/7 > 1—4¢!/7 (since € is small enough), go is 2¢
D5y —1 or Dy + 1. In other words, go — Ds is (461/7, 261/7)—a1most Boolean.

It remains to show that Dy is close to —(c —1/2). Since g; is (3¢"/7,19¢"/7)-close to ¢ - 1/2,
we conclude that g— (¢—1/2) = Da = (g1 - (¢=1/2)) + (g2 — D2) is (7€', 21€"/7)-almost Boolean.
On the other hand, property (a) in Definition states that ¢ is (¢*/7,e"/7)-almost Boolean.
Therefore with probability at least 1 — 7e!/7 — €%/7 > 1 - 8¢!/7 (since € is small enough) over
7 eTxy, g(m) is simultaneously 21¢'/7 close to (Dg+ (¢~1/2)) 1 and €'/"-close to +1. Call a 7
satisfying this property reasonable. So m € T'x y is reasonable with probability at least 1 - 8el/7.

We would like to conclude that Dy + (¢—1/2) is 22¢'/7-close to 0. However, this need not be
the case: it could (a priori) be that whenever 7 is reasonable, g(7) is always positive or always
negative. We rule out these cases using Lemma Suppose that whenever 7 is reasonable,
g(m) is always e'/"-close to 1. Therefore g—1 is (861/7, 61/7)—01086 to 0. Thus the first hypothesis
of Lemma [8.9|is satisfied for ¢ = g — 1 with p = 8'/7 and ~ = €//7. Property (c) in Definition
shows that the second hypothesis of the lemma is satisfied with C' =1 and § = €%/7 (note 6 <1

since € is small enough). Therefore the lemma shows that

6/7
|E[g] - 1] = |E[g - 1] < 3¢"/7 +3-8!/7 + 6/ ——— < 28¢!/7,
1-8¢l/7

since € is small enough. On the other hand, Property (b) in the definition shows that E[g] is
2¢'/7-close to 2¢ — 1. We conclude that 2¢ -1 is 30e*/"-close to 1, or in other words, 7 < le—1| <

15¢'/7. This contradicts the fact that € is small enough compared to 17. Therefore there must

1/7

exist some reasonable 7_ such that g(7) is e'/'-close to —1.
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Using very similar reasoning, we conclude that there must exist some reasonable 7, such
that g() is €//"-close to 1 (this time the contradiction is n < |¢| < 15¢*/7). From 7_ we get that
one of (Dy+(c—1/2)) +1 is 22¢'/7-close to —1, and from m, we get that one of (Dg+(c—1/2)) £1

Y7 Since

is 22¢M7-close to 1. Since € is small enough, we conclude that [Dy + (¢ - 1/2)] < 22¢
g2 — Dy is (4€Y7,2¢1/7)-almost Boolean, we conclude that gs + (¢ —1/2) is (4¢'/7, 24¢"/7)-almost

Boolean. O

8.6 Random partitions

The main result of the preceding section states that for most random partitions (X,Y"), either
g1 — (¢ —1/2) is almost zero and go + (¢ — 1/2) is almost Boolean, or the same is true with the
roles of g1, g2 reversed. In other words, if we choose a random partition (X,Y") and a random
m € Tx )y, then for P;, P, given by
Pr=) airiy, P2=)) ain),
ieX ieX

either P; — (¢ —1/2) is close to zero and P5 + (¢ —1/2) is close to 1, or the reverse is true. In
this section we reverse the order of the random choice: we first choose 7 € S,, and then (X,Y")
compatible with 7. For most permutations 7, it will be the case the for most choice of (X,Y"),
Py, P, satisfy the given property. For such a permutation m, we will be able to deduce strong
information on the values a;r ;).

We start by formally defining the property of permutations outlined above, and proving

that almost all permutations satisfy this property.

Definition 8.4. A random partitionﬂ X is a uniformly random subset of [n]. We denote the
corresponding probability distribution by P. (Note that if (X,Y) ~ R then X ~ P).
For a permutation 7 € S, and a partition X, define

PL=3" tingy, Pa= ) aingi),
ieX ieX

2The reader might object that calling X a partition is a misnomer. However, every X defines a partition
X, X.
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A partition X is good for w if either P; is 25¢'/7-close to ¢ — 1/2 and P; is 25¢'/7-close to
—(¢—1/2) £ 1, or the same is true with the roles of P;, P» reversed. Otherwise, X is bad for .
A permutation 7w € S,, is good if a random partition X is bad for © with probability at most

1/5. Otherwise, 7 is bad. O

The next lemma shows that almost all permutations are good. This is an easy consequence

of Lemma

Lemma 8.12. The probability that a random permutation € Sy, is good is at least 1 —50€/7.

Proof. Let (X,Y) be a random restriction. Lemma shows that (X,Y’) is typical with
probability at least 1 - 3¢/7. If (X,Y) is typical, then Lemma shows that either g¢; is
(3¢'/7,19¢"7)-close to ¢ —1/2 and go + (¢ —1/2) is (4€'/7,24¢"/7)-almost Boolean, or the same is

Y7 over the

true with the roles of g1, go reversed. In particular, with probability at least 1 — 7e
choice of m € Ty y, X is good for .

Summarizing, if we choose a random restriction (X,Y’) and a random permutation € T'x )y,
then with probability at least 1 — 1067, X is good for m. Reversing the order of the random

choices,

E Pr [X is bad for 7] < 10¢"/7.
€Sy X~P

Markov’s inequality shows that

Pr [ Pr [X is bad for 7] > 1 /5] <50eM7. O
TeSH L X~P

If a permutation is good, then if we randomly partition the values a;(;) into two parts,
with probability at least 4/5 one of them will sum roughly to ¢ — 1/2, and the other will sum
roughly to —(¢—1/2)+1. Intuitively, that can only happen if most of the values a;(;) are small,
and one of them is large. The large value determines which part sums to ¢ —1/2 and which to

—(¢—1/2) £ 1. To make this intuition precise, we use the Berry—Esseen theorem.

Lemma 8.13. Suppose 7 € Sy, is a good permutation. For some m € [n], |Gpyr(m)| s 507 -close

to 2c or to 2(1-c), and for i #m, |a,@| < 5067,

Proof. The proof is inspired by one of the proofs in [64]. Considering the effect of an element

iy “switching sides”, we can group the elements a; ;) into two types: “small” elements (close
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to 0) and “large” elements (close to 2c or to 2(1-¢), depending on ¥; a;(;)). For similar reasons,
there can be at most one large element. The difficult part is showing that not all elements can
be small. The intuitive reason is that if all elements are small then the distribution of P is
approximately normal, whereas P; should be bimodal.
For the rest of the proof, we use the shorthands
1 n
(=c— 3 $i = Qiry and S= Zsz
i=1
Since 7 is good, S must be 50¢/7-close to +1. Let K € {1,-1} be the value which S is 50¢"/7-

1/7

close to. We conclude that whenever X is good for m, the values P, P» are 25¢*/‘-close to

C?K_g'

For a partition X, let

sif2  ifieX,

N | W

T(X)Z ZSZ‘:

+ > Wi(z), where W; =
ieX i=1

—sif2 ifi¢ X.

We start by showing that each element s; is either small or large (we define these properties
formally below). Consider an arbitrary element s;. For a random partition Y, the probability
that both Y N\ {i} and Y u {i} are good for 7 is at least 1 —2/5 = 3/5. Hence for some partition
Y, both Y \ {i} and Y u {i} are good for w. Therefore T'(Y \ {i}) and T'(Y u {i}) are both
25¢"/7-close to one of ¢, K — (. Since |T(Y ~ {i}) = T(Y u {i})| = |s;|, this shows that either
|si| < 50€'/7 (we say that s; is small) or |s;| is 50e"/"-close to |¢ - (K - ¢)| = |2¢ - K| (we say that

1/7

s; is large). When K =1, a large element is 50e'/‘-close to 2(1 - ¢), and when K = -1, a large

1/7

element is 50e¢'/‘-close to 2¢. In both cases,

12¢ - K| > 2n. (8.7)

Having grouped the elements s; into small and large elements, we proceed to show that there
is at most one large element. Intuitively, if there are two large elements, then by considering all
possible ways of their switching sides, we eventually reach a value of T which is close to neither
¢ nor K - (.

Suppose s;, s; are both large. For a random partition Y, the probability that all of ¥ ~

{i,7},Y~{iyu{s},Y~{j}u{i},Yu{i,j} are good for = is at least 1-4/5 = 1/5. Hence for some
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partition Y, all these partitions are good for 7. To simplify notation, suppose that 7,5 ¢ Y. All

of the following values must be 25¢/7-close to either ¢ or K —¢:
T(Y), T(Y) + Si, T(Y) + Sy, T(Y) +8; +55.

Furthermore, |s;| and |s;| are 50¢"/7-close to |2¢ — K|. Intuitively, s; and s; must have the same
sign, and therefore T(Y),T(Y) + s;, T(Y) + s; + s; cannot all be 25¢/7-close to the two values
¢ and K - (.

1/7_close to ¢ (the argument for the

Without loss of generality, suppose that T'(Y) is 25e
other case is similar). If T(Y) + s; were 25¢'/7-close to ¢ then |s;| < 50€*/7, which contradicts
the assumption that |s;| is 50e'/7-close to |2¢ — k| > 21 (since € is small enough compared to 17).
Therefore T(Y) +s; is 25¢'/7-close to K — ¢, showing that s; is 50€'/7-close to K — 2¢. A similar

arguments shows that s; is 50€'/7-close to K —2¢. Therefore T(Y) + s; + sj is 125¢'/7-close to

(+2(K-2¢)=2K —-3C. However,

(2K = 3C) = (| = [2K - 4¢] > 4n,

(2K =3¢) = (K = Q)| = [K —2¢[ > 2n.

Since € is small enough compared to 17, we deduce that T(Y") + s; + sj is 25¢!/7-far from both
¢ and K - (, reaching a contradiction. We conclude that there is at most one large element.

It remains to rule out the case that all elements are small. For the rest of the proof, suppose
that all elements s; are small. Note that a partition X is good for 7 if and only if X is good
for 7, and both partitions X, X have the same probability under P. Therefore for a random
partition X, with probability at least 2/5, T(X) is 25¢/7-close to ¢, and with probability at
least 2/5, T(X) is 25¢"/"-close to K - C.

Using the Berry—Esseen theorem, we will show that for a random partition X, T'(X) is close
to a normal distribution. This contradicts the observation that 2/5 of the time, T'(X) is close
to ¢, and 2/5 of the time, it is close to K — (.

Let X ~ P be arandom partition, and let T' = T'(X), W; = W;(X) be random variables. (The
functions W;(X), attaining the values +s;/2, were defined above.) Applying the Berry—Esseen

theorem (see Section , X is Cip-close in distribution (see below) to a normally distributed
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2

random variable N with mean S/2 and variance o° matching those of T', where

0'22

| =

i 2 _ 1 |5i|3
iZISia T/f—( " 8—2)3/2.

i=1 55
Here Ct-close in distribution means that for every interval I, |Pr[X € I]-Pr[N € I]| <, and

C is the constant in the statement of Berry—Esseen. Since each s; is small, we have

"y lsi? - 50eYT 50€YT 25€l/T

(zms)™® VELS

In order to get a lower bound on o2 = V[T], we use the fact that with probability 2/5, T is

(S

g

25¢"7-close to ¢, and with probability 2/5, it is 25¢"/7-close to K — (. Recall that E[T] = S/2 is
25¢'/7-close to K /2. Also,

€= K/2] = (K -¢) - K/2| 2.

Since € is small enough compared to 77, this shows that
2 27, 4 1/742
o :E[(T—ET)]zg(n—me )<,

Substituting this into the expression we got for 1,

1/7 1/7
< 25¢ < V5 25¢

v o~ 2 n-50e/7

Since € is small enough compared to 77, we get that C¢ < 1/5. In other words, the normal
distribution approximates 1" reasonably well.

The distribution of 7" has two peaks, around ¢ and around K —(, while a normal distribution
has a single peak. We want to use this fact to rule out the possibility that 7" is close to a normal
distribution. To that end, we use the following property of the normal distribution: its density
is bitonic (increasing and then decreasing).

Consider the following three intervals: I; is the closed interval of radius 25¢!/7

around ¢,
I, is the closed interval of radius 25¢/7 around K — ¢, and I3 is the open interval of radius
12¢ - K|/2 - 25¢/7 around K/2 (here we are using the fact that |2¢ — K| > 27 and e is small
enough compared to n”). The interval I3 lies just between I; and Io. The properties of T imply
that

Pr[T e I,],Pr[T € I,] > 2/5, Pr[T e Is]<1/5.
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Since Cy < 1/5 and N is Cy-close to T in distribution,
Pr[N ¢ ], Pr[N € I,] > 1/5, Pr[N e I;] < 2/5.

Since the density of the normal distribution is bitonic and I3 lies between I; and I,

Pr[N € I3] . (Pr[Nefl] Pr[NEIQ]) (8.8)
EI a7 ) '
where |I] is the length of an interval I. However, on the one hand
Pr[Nels] 2/5 L2
[I3] 7 |2c-1-K|/2-25¢ /T " n—25€!/T

and on the other hand
Pr[N e I;] Pr[N € 1] . 1/5
L) ] 25T

Plugging these estimates into ({8.8]), we get

2/5 15
n—25el/T  25¢l/7’

or equivalently

n- 25¢'/7 < 5061/7,

which is impossible if € is small enough compared to 77.
We conclude that not all elements can be small. Therefore there is exactly one large element,

and all other elements are small. O

Lemma [8.13] is similar in spirit to the Friedgut—Kalai-Naor theorem, but the parameters
are somewhat different. To see the connection, compare the formula for T in the proof of the
lemma

S & e xT Si
T = 3 +;(—1)UZEX]]5
to the Fourier expansion of a function supported on the first two levels: if we put x; = [i € X],
then (~1)I**X] becomes a Fourier character.
Combining Lemma [8.12| with Lemma [8.13] we get the following corollary, which summarizes

all our work in the first part of the proof.

Corollary 8.14. With probability at least 1-50¢"/7, a random permutation € S,, satisfies the

following property. For some m € [n], |Gpyr(m)! i 50€'/7-close to 2¢ or to 2(1—c¢), and for i+ m,

|aiﬂ-(i)| < 50€!/7.
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8.7 Strong lines

Corollaryshows that almost all generalized diagonals in the matrix A (see definition below)
contain exactly one large element and n —1 small elements. Intuitively, that can only happen if
the matrix A contains a row or a column which consists almost entirely of large elements, and
the rest of the matrix contains small elements. Our proof of this fact will be inductive, and to

that end we define a generalized property of this form.

1/7_close in magnitude to 2¢ or to 2(1 - ¢).

Definition 8.5. An element a;; is large if it is 50
Otherwise, it is small.

For a restriction (X,Y) (that is, X,Y ¢ [n] and |X| = |Y]), we denote by A[X,Y] the
submatrix consisting of the entries a;; for i € X and j € Y. A generalized diagonal in A[X,Y] is
a set of the form Dy = {a;(;) 1 € X}, where 7 is a bijection from X to Y. A random generalized
diagonal is obtained by choosing 7w randomly from the set of all bijections from X to Y.

A generalized diagonal is good if it contains exactly one large entry.

A restriction (X,Y) is g-good if with probability at least 1-¢, a random generalized diagonal
in A[X,Y] is good. O

In this language, Corollary states that ([n],[n]) is 50€!/7-good. The corollary distin-
guishes two kinds of elements: those that are close to 2¢ or to 2(1-c¢), and those that are close
to 0. However, since not every permutation satisfies the conclusion of the corollary, the matrix
A could also contain other elements. For our work in this section, it is enough to distinguish
large elements from all other elements, which for convenience we call small.

Having stated our premises in abstract form, we proceed to state our goal in an abstract

form.

Definition 8.6. For a restriction (X,Y), arow i € X is p-strong for (X,Y) if at least (1-p)|Y]
of the entries {a;;: j € Y} are large. Similarly, a column j € Y is p-strong for (X,Y") if at least
(1-p)|X| of the entries {a;;:i € X} are large.

We say that a restriction (X,Y) has a p-strong row (column) if some row i € X (some
column j € Y) is p-strong for (X,Y"). We say that (X,Y") has a p-strong line if it has either a

p-strong row or a p-strong column. O
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Using these definition, we can state the main result of this section.
Lemma 8.15. If (X,Y) is g-good, where ¢ <1/50, then (X,Y) has a 13q-strong line.

(We haven’t tried to optimize the constants 1/50 and 13.) We will apply this lemma to
([n],[n]) to deduce that A has a strong line.

Our work in this section is oblivious of the particular classification into large and small
elements. All we need to know is that most generalized diagonals contain exactly one large
element. Therefore, the main result of this section, Lemma [8.15] is of independent interest.

We start by estimating the number of large entries in a ¢-good restriction.
Lemma 8.16. If (X,Y) is g-good then A[X,Y] has at least (1 —q)|X]| large entries.

Proof. We can pick a random entry from A[X,Y] by picking a random generalized diagonal
D, and picking a random entry from D,. Since A[X,Y] is ¢-good, we deduce that a random
entry in A[X,Y] is large with probability at least (1 - ¢)/|X|. Therefore A[X,Y] contains at

least (1 - ¢q)|X]| large entries. O

We will prove Lemma by induction on |X|. The base case is the following lemma, in

which the size of X is not fixed but depends on gq.

Lemma 8.17. If (X,Y) is g-good, where |X|>1 and q < 1/(|X|(|X|-1)), then (X,Y) has a

0-strong line.

Proof. Let |X|=m. For simplicity of notation, assume X =Y = [m].

For a permutation 7 € S,,, let 7w+ € S,,, be defined by (7 +14)(z) = 7(z) + i, where addition
is modulo m. For a random permutation 7 € Sy,, the probability that Dx, Dri1, ..., Dry(m-1)
are all good is at least 1 —mqg > 1-1/(m -1) > 0, and so there is some 7 € S,, for which
all of Dr,..., Dry(m-1) are good. Without loss of generality, suppose that 7 is the identity
permutation.

The generalized diagonal D, contains a unique large entry. Without loss of generality,
suppose aj; is large. For each j € [m], the generalized diagonal D,.; contains some strong
entry a;(;.j)- 1f 1,4+ 7 # 1 then a random generalized diagonal in A[X,Y] passes through both

large entries ai1, a;(;.;y with probability 1/m(m - 1), contrary to the assumption that (X,Y")
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is g-good. Therefore either ¢ =1 or ¢+ 7 = 1. In other words, all large entries are either on the
first row or on the first column.

We claim that either all large entries are on the first row, or all of them are on the first
column. Otherwise, there are large entries a;j,ax1, where j,k # 1. As before, the probability
that a random generalized diagonal passes through both of them is 1/m(m-1), contrary to the
assumption that (X,Y’) is ¢-good. We conclude that either the first row or the first column

consists entirely of large entries. In other words, (X,Y’) has a 0-strong line. O

The inductive step uses the following simple lemma, which we will apply with | X'| = || X]/2].

Lemma 8.18. Suppose that (X,Y) is g-good, where g < 1/2. Every X' ¢ X can be completed to
a restriction (X', Y") such that either (X', Y") or (X ~ X", Y \Y") is g-good. A similar claim

holds for every Y' cY.

Proof. Let X' ¢ X be an arbitrary subset of X. For Y’ c Y of size |Y'| = |X'|, let Pxsy+ be
the set of bijections from X to Y that send X’ to Y'. The sets Pxy+ partition the set of all
bijections from X to Y, and so a simple averaging argument shows that for some set Y,

p= Pr [Dyisgood]>1-gq.

TFEPX/’Y/

For e Px/y+, let m = m|xs and my = w|y+. If Dy is good then exactly one of Dy, Dy, is good.
We want to show that one of these events happens with probability 1 - ¢ for random 7 € Px- y.

Let

pi= Pr [Dg isgood], p2= Pr [Dy, is good].

mePyr 1 mePyr 1
Notice that if p; > 1-¢ then (X',Y") is ¢-good, and if pg > 1—¢ then (X~ X' Y \Y") is ¢-good.
Our goal is to show that one of these inequalities holds.
Clearly p < p1(1-p2) + (1 -p1)p2. We want to show that p > 1 - ¢ forces max(p1,p2) >1-gq.
To that end, let p; = (1 +61)/2 and py = (1 + d2)/2. Notice that |d1],[d2| < 1. Calculation shows

that

p<pi(1=-p2)+(1-p2)ps = (1+61)(1-02) Z (1-61)(1+8) _ 1_5152.
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Since p > 1 - ¢ > 1/2, we see that 0192 < 0, and so one of d1,d, is positive and the other is

negative. If §; > 0 then using ds > -1,

1—5152 1+51
< < =
pS 5 =7y p1,

and so p; > p > 1-q. Similarly, if d5 > 0 then py > p > 1 — ¢, completing the proof. O

Using Lemma we will come up with several candidates for a strong line in A[X,Y].

The next lemma will be used to show that all these candidates point at the same line.

Lemma 8.19. Suppose that (X,Y) is q-good, and let (X1,Y1),(X2,Y2) be subrestrictions of
(X,Y), that is X1,X2 c X and Y1,Yo c Y. Suppose that (X1,Y1) has a p1-strong line and that

(X2,Y2) has a pa-strong line. Let t1 = [(1-p1)|X1]] and t2 = [(1 - p2)|Xo|]. If
t1,t9>2 and tyty > 4q|X|2

then the two strong lines are the same (that is, they are defined by the same row of X or by the

same column of Y).

Note that t1,t9 are the number of large entries in the strong lines whose existence is assumed.

Proof. Suppose, for the sake of contradiction, that the two strong lines are not the same. Let

Ly

Il

X1 x Y7 consist of the first ¢; indices of large entries in the first strong line, and let

Lo

N

Xo x Ys consist of the first ¢9 indices of large entries in the second strong line. Say
that (i1,71) € L1 and (ig,j2) € Lo conflict if either iy = is or ji = jo. A generalized diagonal in
A[X,Y ] never contains two conflicting entries, but has a chance of 1/(|X|(|X|-1)) of containing
two non-conflicting entries. We want to show that the number of conflicting pairs of entries, one
from Ly and one from Ly, is small, and so the probability that a generalized diagonal contains
two large entries is large. That will imply the desired contradiction.

If Ly corresponds to row ¢ and Ly corresponds to column j then an entry from L; not on
column j doesn’t conflict with an entry from Ls not on row i. Therefore there are at least
(t1 = 1)(t2 — 1) non-conflicting pairs. If L1 and Ly both correspond to rows then an entry from

L1 conflicts with an entry from Ly only if they are both on the same column, and so there are
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at least t1to — min(t1,t2) non-conflicting pairs. Without loss of generality, ¢ < ta, and so
t1tg — min(tl,tg) =11ty —t1 2 t1ta —t1 — (tg - 1) = (tl - 1)(t2 — 1).

Summarizing, there must be at least (¢ —1)(¢2 — 1) non-conflicting pairs. The probability that
a generalized diagonal contains each non-conflicting pair is 1/(|X|(|X|-1)). Since L1, Lo lie on
lines, these events are disjoint, and so the probability that a generalized diagonal contains at

least two large entries is at least

(tl—l)(tQ—l) (tl—l)(tg—l) tito
XIOX[-1)  xp Caxp-?

usin tl t2 > 2. This contradicts the assumption that (X,Y) is g-good, completing the proof.
g ’ p ) q-g ) p g p
]

As a warm-up illustrating how to use the preceding two lemmas, we prove another base
case of our general inductive claim, which is itself proved by induction, with Lemma [8.17] as

the base case.
Lemma 8.20. If (X,Y) is ¢g-good and q < 1/(4|X]), then (X,Y") has a 0-strong line.

Proof. The proof is by induction on m = |X|. When m = 1, the claim is trivial. When 2 <m <5,
the claim follows from Lemma [8.17] so assume m > 6.

Let X' be an arbitrary subset of X of size s = [m/2]. Use Lemma8.18to complete X' to a
restriction (X', Y”) such that either (X',Y’) or (X \ X", Y \Y") is g-good. Since ¢ < 1/(4m) <
1/(4s), the induction hypothesis implies that either (X', Y") or (X~ X', Y \Y”) has a O-strong
line. Similarly, each Y/ c Y of size s can be extended to a restriction (X', Y") such that either
(X, Y") or (X~ X", Y \Y’) has a O-strong line.

Each of the 0-strong lines obtained in this way contains either s > 3 or m — s > s > 3 strong

entries. Since m > 6 and s/m > 3/7,

9
2> —m?>m> 4qm2.
49

Therefore Lemma [8.19]shows that all the O-strong lines are the same. Without loss of generality,

we can assume that they are all defined by row i. We will show that row 7 is O-strong for (X,Y").
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We start by showing that row ¢ can contain at most one small entry. If it contained two
small entries a;;, a;,, then we could choose Y’ c Y of size s that contains j but not k. There is
no way to complete Y’ to a restriction (X', Y") such that row i is strong for either (X', Y") or
(XN XY NY'), since if ¢ € X then A[X', Y] contains the small entry a;j, and if i € X \ X’
then A[X \ X' Y \ Y] contains the small entry a;;. This contradiction shows that row i can
contain at most one small entry.

Suppose now that row ¢ contains exactly one small entry. Lemma shows that A[X,Y]
must contain at least (1 —g)m >m—1/4 large entries, and so at least m. By assumption, m -1
of them are on row i. Let ap; be a large entry not on row i. The probability that a random
generalized diagonal in A[X,Y’] contains both ay; and one of the large entries on row i is at

least

Y

Lol)sde, L
m

m-1/" m 4m
contradicting the fact that (X,Y") is ¢g-good. Here 1 -1/(m — 1) accounts for the single small
entry on row ¢. This contradiction shows that row ¢ must consist entirely of large entries,

completing the proof. O

The proof of the general inductive step is similar, with a crucial difference towards the
end. Using Lemma and Lemma we can locate a strong line in A[X,Y]. However,
the reasoning used in the preceding proof shows that the quality of this strong line potentially
deteriorates by a single element. The argument used in the proof to overcome this difficulty

only works when g < 1/m. For the general case, we will use the following lemma.

Lemma 8.21. Suppose that (X,Y) is q-good and has a p-strong line. Let m = |X| and o =

2q/(1=p). If m>6, (1-p)m>1, 2o0m >1 and o < 1/2, then that line is in fact (q+ 30)-strong.

Proof. Without loss of generality, suppose that row i is p-strong for (X,Y). Lemma shows
that A[X,Y’] contains at least (1-¢)m large entries. Suppose for the sake of contradiction that
row i is not (g + 3p)-strong. Then A[X,Y] must contain at least 3pm large entries outside of
TOW 4.

We claim that no column j can contain 2g9m or more large entries. Indeed, otherwise that
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line would be (1 - 2p)-strong. Since (1 -p)m > 1, 2pm > 1 and
(1-p)m-20m = 4qm?,

Lemma [8.19|rules out this case. As a consequence, for each column j, there must be at least om
large entries outside of row ¢ and column j. Intuitively, this shows that a random generalized
diagonal passing through any large a;; has a reasonable chance of passing through another large
entry.

Let P; consist of the first [om] large entries outside of row i and column j. For each large
entry a;; on row i, the probability that a random generalized diagonal in A[X,Y"] contains both
a;j and any specific entry in P; is 1/(m(m—1)), and the probability that it contains a;; as well
as two specific entries in P; is at most 1/(m(m - 1)(m - 2)). Using the Bonferroni inequality
(see Section , we get that a random generalized diagonal contains both a;; and an entry in

P; with probability at least

1Pl RI(R-1) em  (em+1)(em) _ o (_ Qm+1)
m(m-1) 2m(m-1)(m-2)" m(m-1) 2m(m-1)(m-2) m-1 2(m-2))

Since ¢ < 1/2 and m > 6, pom+1 < m/2+1 < m -2, and so the probability that a random
generalized diagonal contains both a;; and an entry in P; is at least o/(2(m —1)). Since there
are at least (1 — p)m large entries on row i, we conclude that a random generalized diagonal

contains at least two large entries with probability at least

0 o(1-p)
. 1 j— > =
2m-1) (1-p)m 5 q
This contradicts the assumption that (X,Y") is ¢g-good. O

Using the preceding lemma, we can prove the main result of this section. This time we use

Lemma [B.20] as the base case.
Lemma 8.15. If (X,Y) is g-good, where q < 1/50, then (X,Y) has a 13q-strong line.

Proof. The proof is by induction on m = |X|. If m < 1/(4q) then Lemma shows that (X,Y")
has a O-strong line, so we can assume that m > 1/(4q) > 12.
Let X’ be an arbitrary subset of X of size s = |m/2]|. Use Lemma to complete X' to

a restriction (X’,Y”’) such that either (X',Y") or (X ~ X', Y \Y”) is g-good. The induction
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hypothesis implies that either (X',Y’) or (X ~x X', Y \Y”) has a 13¢g-strong line. Similarly,
each Y/ c Y of size s can be extended to a restriction (X', Y”) such that either (X', Y"’) or
(X N X" Y \Y’) has a 13¢-strong line.

We claim that all these strong lines are the same. Since s > m — s, each such strong line

contains at least (1 —13¢)s > (1-13/50)7 > 2 large entries. Moreover, since s/m > 7/13,

13\2( 7\? 4
((1-13¢)s)? > (1 - %) (E) m? > %mQ > 4qm?.

Therefore Lemma|8.19|shows that all these strong lines are the same. Without loss of generality,
we can assume that they are all defined by row i. We will show that row ¢ is 13¢-strong for
(X,Y).

We first show that row 7 can contain at most |13¢gm + 1] small entries. Indeed, suppose that
row i contained at least |13¢gm + 2| small entries. Then there exists a subset Y’ c Y of size s
such that row 7 contains at least | 13¢s+ 1] small entries in columns corresponding to Y, and at
least [13¢(m — s) + 1| small entries in columns corresponding to Y~ Y’. Tt is not hard to check
that for each restriction (X',Y"), row i is 13¢-strong for neither (X', Y”) nor (X \ X' Y \Y").
This contradiction shows that row 4 contains at most |13gm + 1| small entries. Therefore row
i is (13g + 1/m)-strong for (X,Y").

To complete the proof, we need to improve (13q + 1/m)-strong to 13g-strong, and to that
end we use Lemma Let p = 13¢+ 1/m and o = 2¢/(1 - p). We need to check all the

hypotheses of the lemma:

(1—p)m:(1—13q)m—1>g—g-13—1>1,

4gm
1-13¢-1/m
2
_ 20 2/50 .
1-p  1-13/50-1/13

20m = >4qm > 1,

%

1/2.

All the hypotheses are satisfied, and so the lemma shows that row i is in fact (g + 30)-strong.

Since

6 6
<1+ <13
l—p)q ( 1—13/50—1/13)q ¢

we are done. O]

q+3g:(1+



CHAPTER 8. A STRUCTURE THEOREM FOR BALANCED DICTATORSHIPS ON S, 207

Putting this together with Corollary [8.14] we can summarize all the work we have done so

far.

Corollary 8.22. The matriz A contains a line (either a row or a column) which contains
(1-0(eY™))m large entries, where an entry is large if it is 50eX/7-close in magnitude to either

2¢ or 2(1—¢).

Proof. Corollary shows that ([n],[n]) is 50€'/7-good. Therefore Lemma shows that

([n],[n]) has a 650€'/7-strong line. O

8.8 Constructing the approximation

To see where we stand, let us focus for a moment on the case ¢ = 1/2. Corollary shows
that A contains a line in which almost all entries are close to +1. In other words, assuming
that the strong line is the first row, A looks quite similar to the canonical example shown in

the introduction, which corresponds to a sum of n/2 disjoint cosets:

n
2
—_—
1 1 1 1
-1 _1 1 1
n n n n
-1 -1 1 1
n n n n
-1 -1 .
n n n n

When ¢ = 1/2, Lemma shows that the first row sums to zero, and so roughly half of the
entries are 1, and half are —1. This will be enough to construct a good approximation for F.
For the rest of this section, we make the following simplifying assumption: the strong line
given by Corollary 18 row 1. In other words, 1 — 0(61/7) of the entries in row 1 are large
(in the sense of Corollary .
For general ¢, the situation becomes slightly more complicated, since now the corollary
shows that each large entry in the strong line is close to one of the four values +2¢, +2(1 - ¢).

To understand what that means, we use the relation between a;; and the more immediately
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relevant quantities
_|FnT

R (8.9)

An easy calculation using the definition of a;; (which we do below) will show that if a;; is
large then 7;; is close to one of the four values 0,1, 2¢,2¢ - 1. Among the two last values, one is
outside of [0,1], and we name the other ~:

2¢ if c<1/2,

Vij = (8.10)
2-1 ifc>1/2.

Lemma 8.23. We have
n-1 n—-2)(2c)+1
aij =2 ’7’2']' - ( )( ) .
n n

Moreover, each T;; is 2[n-close to a;j[2 + ¢. Furthermore, if a;; is large (in the sense of Corol-

lary then 1;; is 26€'/7-close to {0,1,~}.

Proof. Equation (8.10]) at the beginning of Section defines a;; as

@i = (n=1D(f17,) - 2 (2 -1)

n-—2
- (= D(2Lp 15, 17,) - (2 1)

’_Z’Z.A —
=(n- 1)(2@ - l) - n_2(2c_ 1)
n! n n

n-1 (n-2)(2c)+1
=2 Tij_ .
n n

Since 7;; < 1, this shows that a;; < 2, while ¢ < 1 shows that a;; > —(2n - 3)/n > 2. Therefore
|al~j| < 2.
Writing 7;; as a function of a;j,

noa; 2n-2)c+1  aj a;j+1-2c

it e 2 e )
Since |a;j| <2 and 0 < ¢ <1, |a;; + 1 - 2¢| < 3. Therefore the error term has magnitude at most
3/(2(n-1)) < 2/n, since by assumption (8.1), n > 4. Thus 7; is 2/n-close to a;;/2 +c.

If a;; is large then a;; is 50"/ 7-close to {+2¢, +2(1-c)}. Therefore 7;; is (25¢"/7 +2/n)-close

to {0,2¢,2c - 1,1}. Assumption (81)) states that 1/n'/? < €7, and so 2/n < 2¢3/7 < €'/7, since €

is small enough. Therefore 7;; is 26¢'/7-close to {0,2¢,2¢ - 1,1}.
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If ¢ <1/2 then 2¢ -1 < 0. Since 7;; > 0, if 75 is 26€7-close to 2¢ — 1 then it is actually
26¢!7-close to 0. Similarly, if ¢ > 1/2 then 2¢ > 1, and since 7;; < 1 we can omit 2¢ from the set.

We conclude that 7;; is 26¢/"-close to {0,7,1}. O

If F is indeed close to a family which is the union of cosets, then we expect the large entries
in A to be close to {0,1} rather than to «. Intuitively, this should hold for the following reason.
The value of f at any permutation 7 depends strongly on the value of the large entry in the
generalized diagonal D,. Since for almost all 7, f(7) € {1,-1}, any two large entries in the
strong line should either be roughly equal, or roughly at distance two. This rules out large
entries which are close to 7.

To formalize this argument, we look at a large subset of the strong line given by Corol-

lary

Definition 8.7. Let a;; be an entry on row 1. (Recall that we are assuming that row 1 is the
strong line given by Corollary ) Let r(j) be the probability that a random generalized
diagonal passing through ay; is bad (a generalized diagonal is good if contains exactly one large
entry, and all other entries are small, of magnitude at most 50¢!/ n.

The entry aq; is reasonable if all the following conditions hold:
(a) ayj is large.
(b) r(y) <1/5.
(¢) The function gt} is (1/5,€"/7)-almost Boolean. (Recall gt1}47} is the restriction of f;
to T15.) O
We first show that most entries on row 1 are reasonable.

Lemma 8.24. Row 1 contains (1 - O(/7))m reasonable entries.

Proof. We calculate the probability that a random entry chosen from row 1 is unreasonable.
Corollary shows that Property (a) of Definition fails with probability O(e'/T).

Corollary shows that a random generalized diagonal is not good with probability at
most 50¢!/7. In other words,

E [r(j)] <507
jeln]
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Markov’s inequality shows that

Pr [r(j) > 1/5] < 250€"/7.

Jje[n]

Therefore Property (b) in Definition fails with probability at most 250€"/7.
Finally, recall that since f is +1-valued, E[(|f1|-1)?] < E[(|f1|-f)?] = e. Markov’s inequality
shows that

Pr(fim] -1 > <
Since the sets T4 ; partition S,

E Pr [(|fi(m)] - 1)2 > 62/7] < 65/7,
je[n]meTn ;

Markov’s inequality again shows that
Pr| Pr [(|fi(m)]-1)2>eT]>1/5]| <57 = 0(T),
jeln]| meTt;
since € is small enough. This implies that Property (c) in Definition fails with probability

O(€'/7). Using a union bound completes the proof. O

Second, we show that for any two reasonable entries, either both of the corresponding 7

values are close to =y, or neither of them are.

Lemma 8.25. Assume that v is 156€'/7-far from {0,1}. Suppose aij,a1, are two reasonable

entries. Fither both T, 11 are 26¢'/7-close to v, or neither of them are.

Proof. Choose a permutation 7w € T7; randomly. Property (b) in Definition states that
Dy ={a;r@y i €[n]} is bad with probability at most 1/5. Property (c) in the definition states
that f) () is €'/"-far from +1 with probability at most 1/5. Since (jk) is a random permutation
from Ty, we get similar properties for D ). and fi1((jk)m). Since 4/5 < 1, there is a choice of
7 € T1; such that Dy, D), are both good, and fi(7), f1((jk)) are both e'/7-close to 1.

Let i = 771 (k). Lemma [8.4) shows that

n—-1

(fi(m) = air) = (fr(7) = aij) = a1j —ay =2 (T1j = Tik)s
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using Lemma Since a;k,a;; are small, the left-hand side is 102¢!7-close to {0,£2}, and
therefore 71 — 715 is 102¢"/7-close to {0, +n/(n—1)}. Assumption implies that 1/(n-1) <
2/n < 2/n3 < 2eY7 and so T1j — Tk 18 104¢'/"-close to {0, +1}.

Property (a) in Definition shows that 71,71 are large, and so Lemma shows that

for some t1,t15 € {0,7,1}, 715, T1i are 26¢/7

-close to t1;,t1) (respectively). Therefore t1; -ty
is 156€""-close to {0,+1}. We complete the proof by showing that this is impossible if tij =7
and t1 # v (the case t1; # v and t1 =y is symmetric).

If t1; = v and t15 € {0, 1}, then we get that v must be 156¢!7-close to {-1,0,1}u{0,1,2} =

{-1,0,1,2}. Since «y € [0, 1], it must be 156€'/7-close to {0,1}, contrary to our assumption. []

If ~ is 156¢"/7-close to some {0,1}, then we might as well treat it as that number (either 0
or 1), which is why the assumption made at the beginning of the lemma is reasonable.

At this point we are ready to state the main lemma of this section, which shows that row 1
has (roughly) the correct number of entries 7i; which are close to 1, and the correct number
of entries which are close to 0. The idea is to use the fact that the row sums (roughly) to c.
Lemma [8.25| shows that the number of entries on row 1 which are close to « is either very small
or very large. We can rule out the latter case using the constraint on the sum, and then the

same constraint allows us to estimate the number of entries which are close to 1 and to 0.

Lemma 8.26. The number of entries 71; which are 51€Y7-close to 1 is 0(61/7)n—close to tn,

and the number of entries T1; which are 51¢'/7-close to 0 is 0(61/7)71—01056 to (1-c¢)n.

Proof. We distinguish between two cases, depending on whether ~ is 156¢'/7-close to {0,1} or

not. We will use the simple formula

S a5 ¥ O i
T=2mi=2, -1 (-1 "

J=1 J=1

which follows from the fact that the sets T7; partition S,,.

The easier case is when 7 is 156¢"/"-close to {0,1}. In that case, Lemma shows that
each large entry a;; corresponds to 7;; which is 1827 -close to {0,1}. Let Ny be the number
of large entries a1; such that 7; is 182¢7_close to 0, and let N7 be the number of large entries

ay; such that 7; is 182¢!7_close to 1.
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Since 0 < 7y; < 1, we have
(1-182e"/TYNy < T < 182e"" Ny + (n = No) =n — (1 - 182¢/) Ny.
Since T = ¢n, this shows that
No<(1+0())(1-c)n, Ni<(1+0(M))en.

On the other hand, Corollary shows that (1 - O(e"/"))n of the entries on row 1 are large,
and so

No+ Ny > (1-0(e/)n.

Therefore

Ny > (1= O0(eY))n-No > (c— O('))n,

showing that Ny is O(e"/7)n-close to cn. Similarly we get that Ny is O(e"/")n-close to (1-¢)n.
This completes the proof when ~ is 156¢"/7-close to {0,1}.

The more complicated case is when ~ is 156¢'/7-far from {0,1}. Let
R = {j: ay; is reasonable}.

Lemma shows that |R| = (1-O(e"/"))n. Lemma shows that either all 71; for j € R are
26¢'/7-close to v, or none are. We want to rule out the first case.

17

Suppose that for all j € R, 7y; is 26¢/‘-close to . Then

(v =26V < T < (v +266"/Yn+ (n-|R)).

Since n - |R| = O(e"")n, we conclude that T is O(e'/7)n-close to yn. On the other hand,
T = cn. Therefore ~y is O(e'/7)-close to ¢. However, |y —c| € {¢,1-c}, and so |y —¢| > 7. Since €
is small enough compared to n’, we reach a contradiction. We conclude that for all j € R, T1j
is 26¢'/7-close to {0,1}.

Since |R| = (1 - O(e""))n, we conclude that all but O(¢'/")n of the entries on row 1 are
26¢'/7-close to {0,1}. Therefore we can repeat the argument for the previous case (replacing
large entries with reasonable entries), reaching similar conclusions. This completes the proof of

the lemma. 0
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At this point we discharge our simplifying assumption that the strong line promised by

Corollary is row 1. Without this assumption, Lemma reads as follows.

Lemma . Let 7 be the n xn matriz whose entries are 7;;. There is a line L of the matriz
(either a row or a column) such that the following holds.
The number of entries in L which are 51€'/"-close to 1 is 0(61/7)n—close to en, and the

number of entries in L which are 51e/7-close to 0 is O(e'/")n-close to (1 - ¢)n.

Using the lemma, we can state a qualified version of the main theorem, summarizing our

work so far. In the statement of the following corollary, we restate the assumptions (8.1)).

Corollary 8.27. There exists co >0 such that the following holds.

Let F ¢ S,, be a family of permutations of size e¢n!, where n > 4, and let n = min(c,1 —c¢).
Let f=21,-1, and let fi = f((n)) + f((n—=1,1)) be the projection of f to Ly-1,1)-

IfE[(f - f1)?] = ¢, where € satisfies

—— < e< n
C
TL7/3 0 I

then there exists a family G € S, which is the union of dn disjoint cosets satisfying

FAG] = O )nt.

Moreover,

lc—d| = 0(61/7).

Proof. We choose ¢y so that all statements in the proof so far stating that e is small enough
compared to 77 hold. Under this choice of ¢y, the assumptions (8.1) are satisfied, and so

Lemma [8.20[| applies. Let L be the line whose existence is given by the lemma, and define
g= U{T” 175 € L and 75 is 51/ _close to 1}.

The lemma shows that G is a union of on disjoint cosets, where |cn —on| = O(e'/")n. Since

7ij = |F nTijl/(n - 1),

IFnG|zon-(1-51/T)(n-1)! > (c - O(e/")) (1 =51/ T)n! = (c - O(T))nl.
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Therefore
|FAG| = |F|+|G| - 2|F 0G| < (c+0)n! = 2(c = O(e/))n! = O(e/T)n!. O

Note that apart from the assumptions on n and ¢, the corollary differs from theorem also

with respect to the size of G. While this issue is not hard to fix, we defer it for later.

8.9 Culmination of the proof

In this section, we extend Corollary to the full theorem. Apart from the issue regarding
the size of G, we have to handle the cases where n < 4, and where € is too small or too large.
If n < 4 or € is too large then the theorem becomes trivial by choosing the constants in O(-)
appropriately. Handling the issue that € is too small is more delicate.

/3 in two points: in the proof of

Looking at the proof, we used the assumption that € > 1/n
Lemma [8:8] and twice in the preceding section: in Lemma [8:23]and in Lemma [8:25] In all these
cases, we could have got rid of the assumption by replacing e with max(e,1/n"/3). However,

that would have made the proof more cumbersome. Instead, we use a perturbation argument

to ensure that e is large enough.

Lemma 8.28. Let F ¢ S, be a family of permutations, where n > 3, and let k < 1/16. If
| F| >n!/2, then there exists a family H € F satisfying
2
IFAH| < V/rn! and & <E[(h-h1)?] g( E[(f - f1)2] +2\/E) :
where f=21p -1, h=21y -1, and f1,h1 are the projections of f,h into L(,_1 1y

If |F| < n!/2, then there exists a family H 2 F satisfying the same properties.

Proof. Without loss of generality, we can assume that |F| > n!/2 (otherwise apply the same
argument to the complement of F).

For 7 € Sy, let (-=1)7 be the sign of 7. Since n > 3, in each coset T; ; half of the permutations
are even and half are odd. In other words, if we define a function s € R[S, ] by s(m) = (-1)7,
then s is orthogonal to L,y 1). Since ||s] =1,

2

BI(/ - )12 (£.5) = ( B (-17F() (3.11)



CHAPTER 8. A STRUCTURE THEOREM FOR BALANCED DICTATORSHIPS ON S, 215

We consider two cases: at least half of the permutations in F are even, and at least half
of the permutations in F are odd. Suppose first that half of the permutations in F are even.
There are at least n!/4 > \/kn! of them. Define a family G by removing \/kn! even permutations

from F, and let g =215 - 1. We have

(9:5)= E (-17g(m) = E (-1)"f(m) -2V = (f.5) - 2VF.

Therefore, either (f, s) > \/k or (g, s) < —/k. In the first case, (8.11]) shows that E[(f-f1)?] > &,
and so we can take H = F. In the second case, (8.11]) shows that E[(g - g1)?] > k. Moreover,

1

since g — g1 and f — f; are projections to L(,n_1 1)

lg-gil <f = fil + (g =g0) = (f = SO < 1f = fl + g = £I = 1 f = full + 2V

Therefore E[(g - g1)1% = |lg - 91]* < (/E[(f - f1)2] + 21/%)?, showing that we can take H = G.

When at least half the permutations in F are odd, the reasoning is similar. There are at
least \/kn! of then, and we define a family G by removing \/kn! odd permutations from F. This

time we have

(9.5)= E (-1)"g(m) = E (-1)"f(m)+ 2R = (f,5) +2VF,

and so either (f,s) < —v/k or (g,s) > /. In the first case we can take H = F and in the second

H =G, as before. O

Using this perturbation lemma, we can extend Corollary to the general case.

Lemma 8.29. Let F €S, be a family of permutations of size cn! and let n = min(c¢,1—c¢). Let
f=21,-1, and let f = F((n)) + f((n—1,1)) be the projection of f to Lp-1,1)-
IfE[(f - f1)?] = € then there exists a family G € S,, which is the union of on disjoint cosets
satisfying
|FAG| =0 —(e/" + —= | In!.
n

/3
Moreover,

acofar, L
c D|—O(e +n1/3).
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Proof. If n >4 and 1 /n7/ 3 < e <con’, then the lemma follows directly from Corollary since
n<1/2.

If n < 4 then there are two cases: either € =0 or not. If € = 0 then the lemma trivially holds
by taking G = F. Otherwise, since n < 4, there is a finite number of possible families F, and so
€ > €g for some constant ¢y > 0. Therefore by choosing the constants in O(-) appropriately, the
lemma trivially holds for any family G.

If € > con” then et/ 7/77 > c(l)/ 7, and so choosing the constants in O(-) appropriately, the lemma
trivially holds.

Finally, suppose that € < 1/n7/3. Using Lemma with k= 1/n"/3, we get a family # such

that [FAH|/n! < 1/n"/% and the value ¢ = E[(h - h1)?] satisfies

1 , 2 \? 1 2 \2 9
WSE S<\/E+n7/6) <(n7/6+n7/6) R

Furthermore, if ¢ = [#|/n! and i’ = min(¢’, 1-¢’) then [c~¢'| < 1/n7/6 implies that |n—7’| < 1/n7/S.

We now consider two cases: either ¢ > con’” or not. In the first case, con’” < ¢ <9/n"/* and
so ' = 0(1/n'/?). We conclude that 5 = O(1/n*/3) or 1/n-1/n'/? = Q(1), and so by choosing
the constants in O(-) appropriately, the theorem trivially holds.

The more interesting case is when € < con’7. In this case we can apply Corollary to the

perturbed family H to get a family G which is the union of on disjoint cosets satisfying
IHAG| = O(eMY ! and  |¢' - 0| = O('V7).
Since €'/ = O(1/n'/?), the triangle inequality shows that
1 | 1
|ng|:O(m)n and |C—D|:O(m),

completing the proof. O

Finally, we deduce Theorem by adding or removing an appropriate number of cosets to
g.

Theorem 8.1. Let F ¢ S, be a family of permutations of size ¢n!, and let n = min(c,1—¢). Let

f=21,-1, and let f| = f((n)) +f((n— 1,1)) be the projection of f to L(;_11)-
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IfE[(f - f1)?] = € then there exists a family G € Sy, which is the union of [en] disjoint cosets

satisfying
]. 1/7 1
IFAG| = O(—(e . —))n'
i n
Moreover,
1
|CTL - |'CTLJ| = O((61/7 + m)ﬂ)

Proof. Let G’ be the family given by Lemma Let e = [on - [en]|. Since |[en] - cn| < 1/2,

1 1
e<|on—cn|+ 3° O(el/7+ m)n

We can form a family G consisting of [¢n| disjoint cosets by adding or removing e appropriate

cosets to G'. The triangle inequality shows that

IFAG| = 0(%(61/7+ L))nl

nl/3

since n < 1/2.

Finally, since [cn| is the integer closest to cn,

1
|cn—[an|S|cn—0n|:0(61/7+m)n. 0



Chapter 9

Extremal combinatorics in

theoretical computer science

In this chapter we explain how our work is connected to theoretical computer science, by
presenting several applications of extremal combinatorics to theoretical computer science. While
we do not present any applications of the results proved in this thesis, we give applications of
similar types of results: Erdés—Ko—Rado type theorems and stability results.

We start by presenting Kalai’s proof of a quantitative version of Arrow’s theorem [57], a
result for which the Friedgut—Kalai—Naor theorem was conceived and proved. Arrow’s theorem
is a result in social choice theory, aspects of which nowadays form a respected sub-area of
algorithmic game theory.

Next, we explain how extremal combinatorics is used to prove inapproximability results
for vertex cover and its extension to k-uniform hypergraphs. We focus on a simple (2 — €)-
inapproximability result for 4-uniform hypergraph vertex cover which employs the Ahlswede—
Khachatrian theorem, which we proved in Chapter

Finally, we explain how the Friedgut—Kalai-Naor theorem is used when analyzing dictator-
ship tests, another device used to prove inapproximability results. While oftentimes dictatorship
tests are analyzed using other means, the analysis of assignment testers in Dinur’s proof of the
PCP theorem [15] does use the Friedgut—Kalai-Naor theorem.

None of the results presented in this expository chapter are original. However, we have tried

218
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to highlight the way in which extremal combinatorics is used in these results.

9.1 Arrow’s theorem

One of the earliest applications of Fourier analysis in computer science is Kalai’s quantitative
version of Arrow’s theorem [57]. The seminal result of Friedgut, Kalai and Naor [42] appeared
naturally in the context of the proof, and it was Kalai’s work that motivated it. To this day,
much of the terminology used in the analysis of Boolean functions comes from voting.
Arrow’s theorem considers an election in which each voter has to rank all candidates (a
similar result for the more usual situation in which each voter chooses only one candidate is

the Gibbard-Satterthwaite theorem).

Definition 9.1. Consider an election with n voters and m candidates, in which each voter
ranks all candidates. A profile is an element of S)), which represents all the votes. A wvoting
rule is a function ¢:S), — Sy, giving the results of the election, which are a ranking of the

candidates. O

A reasonable requirement for the voting rule is that if we restrict ourselves to two candi-
dates 1, j, then the results of the election only depend on the votes restricted to 4,j. Another
reasonable requirement is that if all voters prefer candidate i to j, then the voting rule produce

an order in which ¢ is preferred over j.

Definition 9.2. Let 7 € S, be a permutation, and 4, j € [m]. We define

mlig = [n7 () <77 ()]

If 7 is a voter’s ranking of the candidates, then 7|; ; = 1 if the voter prefers i over j.

A voting rule ¢ satisfies independence of irrelevant alternatives (ITA) if for any two candi-
dates 7,7, p(aq,...,0n)}i; depends only on ayl;j,...,anli ;-

A voting rule p satisfies unanimity if whenever all voters prefer 7 over j, the results produced
by the rule also prefer i over j. In symbols, if al;; = 1 for all k € [n] then ¢(aq,...,0n)]i; =

1. O
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Arrow’s theorem states that the only reasonable voting rule is a dictatorship.

Theorem 9.1 (Arrow [6]). Let m > 3. Every voting rule ¢ which satisfies IIA and unanimity

is of the form ¢(aq,...,ay) = as for some s € [n].
We will be especially interested in symmetric voting rules, in which all candidates are equal.

Definition 9.3. A voting rule ¢ is symmetric if for all w € Sy, p(maq, ..., 7o) = Te(aq, ..., ap).
(Multiplication is defined so that, for example, if « is the ranking 1 > 2> --->m then 7w« is the

ranking 7(1) > 7(2) > --- > w(m).) O

If a symmetric rule satisfies ITA, then it is in effect given by a function f:{0,1}" - {0,1},

which satisfies the following property: for each i, j € [m],

plar, ..., an)li; = f(ailij, -, anlij)-
By considering i = 1,5 =2 and then ¢ = 2,5 = 1, we deduce that f is anti-symmetric:
f(l=t1,...,1=tp) =1=f(t1,...,tn).
This leads to an alternative formulation of Arrow’s theorem for the symmetric case.
Definition 9.4. A binary voting rule is a function f:{0,1}" — {0,1} satisfying
f(l=t1,...,1=ty)=1=f(t1,...,tn).

We call the latter property antisymmetry, and it implies that f is balanced, that is Pr[f = 0] =
Pr[f = 1] = 1/2, where the probability is taken with respect to the uniform distribution on
{0,1}™.

Given vectors aq,...,a, € .Sy, and a binary voting rule f, define a binary relation R;m) on
[m] which represents the outcome of the election by 4 R;m) Jif f(aalij, .- s amlij) = 1. The

relation R"™ is rational if Ry is transitive, that is if i R j and j R k imply i RY") k. O

A rational outcome is simply one that represents an actual ranking of the candidates. In

this language, we can restate Arrow’s theorem for the symmetric case as follows.

Theorem 9.2. Let f be a binary voting rule. If m > 3 and R;m) is always rational then f

depends on one coordinate only.
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Following Kalai, we prove Theorem [0.2] using Fourier analysis, for the case in which there
are three candidates. Many other proofs are known, combinatorial, topological and geometric.
The advantage of this method of proof is that it generalizes to give a stability version of Arrow’s
theorem: if R;cm) is almost always rational, then f is close to a function which depends on one
coordinate only.

Let ag,...,ay, € S3 be the voting profile, and define

Ts = as|127 Ys = @5’237 Zs = as|31-

Since each ay is a permutation, (xs,ys,2s) ¢ {(0,0,0),(1,1,1)}. Similarly, the outcome is

rational if
(f(z1, .o cymn), f(y1, -y yn), (215, 20)) € {(0,0,0),(1,1,1)}.

The starting point of Kalai’s proof is the following formula for the probability that the outcome

is rational.

Lemma 9.3. Let f be a binary voting rule. The probability that R;B) 1s irrational is

s g )

X+
Proof. Let p be the required probability. We start with the formula
p=_— Z{: } U(z,y, 2)(f(@)f()f(z) + (1= f(2) (A - f(y)(A - f(2))),
z,y,2€{0,1}"

where W is the characteristic function of all voting profiles:

\Il(a;,y,z) = f[lll(x&ys;'zs) ¢ {(07070)7 (17 L, 1)}]]

Applying Parseval’s identity, we deduce

81’L

"o L VXY, 2)(f(X)f(YV)[(2) + T-F(X)T-F(Y)I-J(2)).

X,Y,Z¢<[n]

b

We can compute the Fourier expansion of ¥ explicitly. The Fourier characters are xx,y,z for

X,Y,Z c [n]. For every s € [n],

(21775 (21775 (1))

1 1 1
= Xe2e T I X{shishe T X{sheds) T g Xa{sh{s)-

[[(l'say&zs)¢{(0,0,0),(1,1,1)}H: i

W kW
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The Fourier expansion of ¥ is obtained by multiplying this expression for all s € [n]. The

Fourier coefficient ¥ (X,Y, Z) is non-zero if for each s € [n],

(X n{s}, Y n{s}, Zn{s}) e {(2,2,0), ({s}, {s},2), ({s},2,{s}), (@, {s}, {s})}.

In other words, each element s € [n] belongs to either 0 or 2 of X,Y,Z. Since each element
belongs to an even number of sets X,Y, Z, we deduce that XAYAZ = @. Furthermore, for
each s € [n] such that s ¢ XY, Z, there is a factor of 3/4, and for each other s, there is a factor

of —=1/4. We have exactly | X uY u Z| factors of the second type, and so

N 3 n-|XuYuZ| 1 | XuYuZ|
by (3) (1)

Canceling a factor of (3/4)",

X.,Y.Z¢<[n] ( 3
XAYAZ=p

1 )|XUYUZ

I . . S o
p= (S F(2) +1-F(X)1-F (V)1 - f(2)).

Next, note that 1 - f(X) = [X = @] - f(X ) due to the linearity of the Fourier transform. Hence

if none of X,Y, Z are empty, then

—

FXIWf(2)+T-F(X)T-F(Y)I-F(2) = [(X)f(Y)f(Z) - [(X)F(Y)f(Z) =0.

The only non-zero summands correspond therefore to X =Y, Y = Z and X = Z. When

X =Y + @, we get
JX) W (2)+T-F(X)T-J(Y)I-[(2) = f(X)*(f(2) +1- f(2)) = f(X)*

Therefore the sum simplifies to
23 3 X
p=F@°+ (1-f@) +3 ¥ (-5) 02
X+
Finally, the fact that f is antisymmetric implies that it is balanced and so f(@) =Ef=1/2

Substituting this into the formula, we deduce

D (‘%)lxﬂxﬂ =

X+2

Theorem almost immediately follows, using essentially Hoffman’s bound.
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Proof of Theorem [9.4 when m = 3. If Rgc?’) is always rational then according to Lemma

On the other hand,

L\ e )2
33 (-5) FO0*2- ¥ A0 (9.1)

X+@ Xz

with equality only if the Fourier expansion of f is supported on the first two levels. Since f is

balanced, Parseval’s identity shows that

> 0= Y f(X)P-f(2)? =5 -

X+ Xc[n]

N | =
W | =
W | =

Therefore we must have equality in (9.1)), and we deduce that the Fourier expansion of f is

supported on the first two levels. Lemma [3.6|implies that f depends on exactly one coordinate.

O]

By using the Friedgut—-Kalai-Naor theorem instead of Lemma [3.6] we obtain a stability

version of Theorem

Theorem 9.4. Let f be a binary voting rule. If R;?’) 1s rational with probability 1—¢ then there

is a function g depending on one coordinate only such that Pr[f =g]=1-0O(e).

Proof. According to Lemma [9.3

—_

X1
3y (-5) Fo0? =g e
Equation (9.1) generalizes to

> A(X)2 (9.2)

X[>1

X1 .
33 (-5) 0P © -

1
X7 X1 9

Let 0 = ¥ x)51 f(X)Q. As in the proof of Theorem equation (9.2)) implies that

—1+ez—(1—5)—15=—1+§&
1 1 0°" 7179

In other words, § < (9/8)e. The theorem now follows directly from Theorem [2.22] O
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In order to extend Kalai’s proof to the setting where there are more than three candidates,
we need to handle higher powers of f(X), which seems hard. Falik and Friedgut [31] extended
Theorem to arbitrary m > 3 as well as to the setting of the Gibbard—Satterthwaite theorem
(in which each voter selects one candidate) by analyzing the voting rule ¢ directly using the
representation theory of S,,. Other results in the same vein (which use Fourier analysis on the

Boolean cube) are [43, [54] 67, 61].

9.2 Inapproximability of k-uniform hypergraph vertex cover

FErdés—-Ko-Rado type results have been used to prove inapproximability results for vertex cover
and its extension to hypergraphs [17, 18] 19] (62, 48], as a means of analyzing the so-called biased
long code. As an illustration of this method, we explain in full a (2 - ¢€)-inapproximability result
for 4-uniform hypergraph vertex cover, following [I7]. The key combinatorial fact used in this

result is the following corollary of the Ahlswede—Khachtrian theorem.

Lemma 9.5. For every p < 1/2 and € > 0 there exists t such that p,(F) < € for every t-
intersecting family.
Proof. For t > 1, let r(t) be the unique integer r such that

T r+1
<p< .
t+2r-1 t+2r+1

The integer r exists since (r+1)/(t+2r+1) - 1/2 as r - oo. Theorem on page shows

that a ¢-intersecting family has j,-measure at most

tip(Fir(ry) = Pr[Bin(t + 2r(t),p) > t + ()] < Pr[Bin(t + 2r(t),p) > #].

Since p < 1/2, the latter probability tends to 0 as t + 2r(¢t) — oo, which is certainly the case
when ¢ — oco. Hence for large enough ¢, i,(F 1)) <e. O
9.2.1 k-uniform hypergraph vertex cover

A vertex cover of a graph G is a set of vertices that touches every edge of G. The problem of

minimum vertex cover is, given a graph GG, determine the minimum size of a vertex cover of G.
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The decision version of vertex cover is one of the classical NP-complete problems. There is a
simple 2-approximation algorithm for vertex cover, which consists of greedily selecting a maxi-
mal matching in the graph, and taking all vertices appearing in the matching. More complicated
algorithms achieve a better approximation ratio of 2 —o0(1), but no known polynomial-time al-
gorithm achieves a (2 — €)-approximation for any constant € > 0. It is therefore believed that
the inapproximability threshold of vertex cover is 2, and this is indeed the case assuming the

unique games conjecture.

Vertex cover is related to another classical NP-complete problem, mazximum independent
set: the complement of a vertex cover is an independent set (a set of vertices containing no
edges), and vice versa. In terms of approximation, however, independent set is much harder,

being n'~¢-hard to approximate on graphs having n vertices.

We also consider the generalizations of vertex cover and independent set to hypergraphs. A
vertex cover of a hypergraph H is a set of vertices that touches every hyperedge of H, and an
independent set is a set of vertices I such that no hyperedge of H contains only vertices of I.
Under these definitions, it is still true that the complement of a vertex cover is an independent

set and vice versa.

We will be interested in k-uniform hypergraph vertex cover, which is the problem of finding
the minimum size of a vertex cover in a k-uniform hypergraph, a hypergraph in which each
hyperedge contains exactly k vertices. Classical vertex cover is the case k = 2. The greedy
algorithm for k-uniform hypergraph vertex cover (a generalization of the algorithm for vertex

cover) achieves a k-approximation, which is conjectured to be optimal.

Our exposition will be clearer by considering the slightly more general problem in which
vertices have non-negative weights, and the goal is to find a vertex cover of minimal total weight.
Inapproximability results for the corresponding problem of weighted k-uniform hypergraph
vertex cover easily translate to matching results for the unweighted version, by duplicating

vertices according to their weight.



CHAPTER 9. EXTREMAL COMBINATORICS IN THEORETICAL COMPUTER SCIENCE 226

9.2.2 An inapproximability result

In this section we focus on the inapproximability of 4-uniform hypergraph vertex cover, proving
the following theorem of Holmerin [52]. We will follow the proof technique of Dinur, Guruswami

and Khot [17].

Theorem 9.6. For every € > 0 it is NP-hard to approzimate weighted 4-uniform hypergraph

vertex cover to within a factor 2 —e.

The general plan is to reduce from label cover (defined below). Given an instance L of label
cover, we create an instance H of weighted 4-uniform hypergraph vertex cover with total weight
1 having the following property: if L is a YES instance then H has an independent set of weight
1/2 - €/6, while if L is a NO instance then H does not have any independent set of weight €/6
or more. Since the complement of an independent set is a vertex cover, if L is a YES instance
then H has a vertex cover of weight 1/2+¢/6, while if L is a NO instance then H has no vertex
cover of weight 1 —¢/6 or less. Since (1 -¢€/6)/(1/2+¢€/6) > 2 —¢, an algorithm approximating
weighted 4-uniform hypergraph vertex cover to within a factor 2 — € can tell YES instances of
label cover from NO instances, which is an NP-hard task.

We will use the following version of label cover, which can be obtained from the PCP
theorem through an application of Raz’s parallel repetition theorem [70]. A much simpler proof

has been obtained recently by Dinur and Steurer [20].
Definition 9.5. An instance of s-label cover is given by the following data:

e A finite set of labels X of size s.
e Two disjoint sets of variables X,Y.

e Lor some z € X,y €Y, constraints ¢, 3 — 3.
For an instance of label cover, an assignment is a function a: X uY — X. The assignment
a satisfies a constraint ¢, if @,y (a(z)) = a(y). O

Theorem 9.7 (|20, Theorem 8.2]). There are some absolute constants a > 1 and /3 € (0,1) such
that for every k € N there is a polytime reduction that takes an instance ¥ of 3SAT and outputs

an instance L = (3, X,Y, @) of a¥-label cover such that:
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YES: If ¢ is satisfiable then there exists an assignment which satisfies all constraints in L.
NO: If v is not satisfiable then no assignment satisfies more than B* of the constraints in L.

Furthermore, the constraint graph whose vertices are XUY and whose edges are (x,y) whenever
Pry exists 1s bi-regular: all the X wvertices have the same degree, and all the Y wvertices have

the same degreeﬂ

The idea of the reduction is to encode an assignment of X, using consistency hyperedges
to enforce the existence of a complementing assignment of Y. The reduction will focus on

consistency triples.

Definition 9.6. Let L = (X, X, Y, ) be an instance of label cover. A consistency triple (z,z’,y)
consists of two different z, 2" € X and y € Y such that both constraints gy, -y exist. For a

subset X’ ¢ X, an X'-consistency triple is a consistency triple (z,z’,y) such that z,2" ¢ X'. O

Reduction Let € > 0 be given, and let k € N and p € (0,1/2) be parameters to be chosen
later. Define s = a* and 6 = 8*, where a, 8 are the parameters given by Theorem Given
an instance L = (X, X,Y, ) of s-label cover, we construct a weighted 4-uniform hypergraph

H = (V,E,w) as follows:
e Vertices: V = X x 2%
e Weights: For z € X and F ¢ X, w(z, F') = pup,(F)/|X].

e Edges: For every consistency triple (x,2',y) and Fi, Fy, F{, F5 ¢ %, there is an edge
{(z, F1), (z, Fy), (2', F]), (2', F3)} whenever

Gpoy(F1 N ) Ny (FI N Fy) = @.

The basic idea is that each independent set of H encodes (in some sense) an assignment to
X. If L is a YES instance then we can use a satisfying assignment to construct an independent

set of large weight. Conversely, we can decode any independent set of non-negligible weight

!This can be guaranteed by starting with the NP-complete problem 3SAT-5 in which each variable appears
exactly 5 times; see Feige [32].
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into an assignment for L satisfying a non-negligible fraction of the constraints. To that end, we
will use Lemma [9.5]

We start by explaining the structure of independent sets in H.

Lemma 9.8. Let AcV be a subset of the vertices of H. For each x € X, define
Ay ={FcX:(z,F)ec A}
and
AR — (P nFy: (2, F), (z, Fy) € A}

Then w(A) = Ezex pp(Az), and A is independent if and only if for every consistency triple
(z,2',y), the families (px%y(A;'Q))’ %c'ay(AS)) are cross-intersecting (every set in the first fam-

ily intersects every set in the second family).
When L is a YES instance, H has a large independent set in which each A, is a star.
Lemma 9.9. If L is a YES instance then H has an independent set of weight p.

Proof. Let a be a satisfying assignment for L, and define A = {(z, F) : a(x) € F'}. Using the
terminology of Lemma it is easy to see that for all z € X, A, = A;z) ={F :a(x) e F} is
a star. For every consistency triple (z,z’,y), the families (pxay(Ag'Q))aspmlﬂy(Agf)) are Cross-
intersecting since every set in both families contains a(y). Therefore A in an independent set

according to Lemma The lemma also implies that w(A) = Eyzex pp(Az) = p. O

The independent set given by Lemma encodes an assignment to X in a very straight-
forward way. This kind of encoding, in which an element ¢ € ¥ is encoded by the family of all
sets F' € 3 containing it, is known as the biased long code (it is biased since a set F' is given
weight 1u,(F")). In the following part of the proof, we list-decode the biased long code. Given
an independent set of non-negligible weight, we identify a non-negligible subset of the vertices,
and for each of them construct a short list of possible assignments. We then use these lists to
construct an assignment for L satisfying a non-negligible fraction of the constraints.

The first step, list-decoding the biased long code, is accomplished using the following lemma,

which makes essential use of Lemma [0.5]
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Lemma 9.10. For every T > 0 there is a constant t = t(p,7) such that the following holds.
Suppose that H has an independent set of weight 27. There is a subset X' ¢ X of size | X'| > 7| X,
and for each x € X" a non-empty list a(x) of size |a(x)| <t, such that whenever (z,z’,y) is an

X'-consistency triple, pz—y(a(z)) Npyy(a(z)) + 2.

Proof. We let t be the constant given by Lemma (with 7 replacing €). Let A be an inde-

pendent set of weight 27. Lemma shows that Eycx pp(Az) = 27. Therefore

1-27 T
xlg([up(Ax)ZT]—1—$Ig)1“([1—up(Ax)21—T]21— - 1_7_27',

where the first inequality is Markov’s inequality. We let X’ = {x € X : p,(A;) > 7}. Lemma
shows that for every x € X', A, is not t-intersecting. Therefore we can choose for each z € X’
some a(x) € AP of size |a(x)| < t. Since A is an independent set, Lemma shows that
whenever (z,z',y) is an X'-consistency triple, g (a(x)) N pzoy(a(z’)) # @. This shows
that if some X'-consistency triple (z,z’,y) exists, a(z) is non-empty. If a(z) is empty, let

a(x) = {o} for some arbitrary o € X. O

Given the lists produced by Lemma [9.10, we construct an assignment for L by randomly

choosing a value from each of the lists.

Lemma 9.11. Suppose that for some 7,t there is a subset X' ¢ X of size | X'| > 7|X|, and
for each x € X' a non-empty list a(x) of size |a(x)| < t, such that whenever (z,z’,y) is an
X'-consistency triple, pz—y(a(z)) Npyy(a(z)) + 2.

There is an assignment « for L which satisfies at least a fraction T/t> of constraints.

Proof. Let Y' ¢ Y consist of those y € Y for which a constraint ¢, exists for some z € X'.
For every y € Y', we arbitrarily choose some canonical such x, € X’. We define a random
assignment « for L as follows. For z € X', let a(x) be a random element of a(x). For y e Y,
let a(y) be a random element of ¢, ., (c(xy)). Define a arbitrarily on the rest of its domain.

We claim that the probability that « satisfies ¢, is at least 1 /t? whenever z € X'. Indeed,
if z = x, then given a(y), the probability that ¢,_,(a(z)) = a(y) is at least 1/t. If z # x, then

we are given that S = ¢,y ((x)) Ny, ~y(a(xy)) is non-empty. The probability that a(y) € S
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is at least 1/t, and given that a(y) € S, the probability that ¢, (a(x)) = a(y) is at least 1/t.
Overall, « satisfies ¢, with probability at least 1 Jt2.

In expectation, a satisfies 1/t of the constraints ¢Yz—y in which € X'. Due to the bi-
regularity of the constraint graph (see Definition , « satisfies 7/t? of all constraints in
expectation. Therefore there must exist some assignment satisfying at least 7/t? of all con-

straints. n

We are now ready to prove the main result of this section, Theorem

Theorem 9.6. For every € > 0 it is NP-hard to approximate weighted 4-uniform hypergraph

vertex cover to within a factor 2 —e.

Proof. Define p = 1/2-¢/6 and 7 = ¢/12, let t = t(p,7) be the constant in Lemma and
choose k so that 8% < 7/t2. We will show that if there is a (2 — ¢)-approximation algorithm
for weighted 4-uniform hypergraph vertex cover then we can use it to distinguish between YES
instances and NO instances of Theorem a task which the theorem states is NP-hard.

Given an instance L = (X, X,Y, @) of a*-label cover, we can construct the hypergraph H
described in this section in polynomial time (since k is constant, [V| = |X|- 2/l = 2ak|X | is linear
in the size of L). When L is a YES instance, Lemma shows that there is an independent set
of weight 1/2-¢/6, and so a vertex cover of weight 1/2+¢/6 (recall that w(V') = 1). Conversely,
we claim that if L is a NO instance then it has no vertex cover of weight at most 1-¢/6. Indeed,
otherwise there would be an independent set of weight €/6 = 27. Lemma combined with
Lemmathen implies that there is an assignment for L satisfying a fraction 7/t? > 8* of the
constraints, and so L cannot be a NO instance, contrary to assumption.

Finally, applying a (2 - ¢)-approximation algorithm to H would be able to tell the two cases

apart since
1-¢/6 _1-¢/6
1/2+€¢/6  “1+¢/3

>2(1-¢€/6)(1-¢/3)>2-e. O

The inapproximability threshold that we obtain is roughly 1/(1 — p). Therefore the best
inapproximability threshold is obtained by choosing the largest possible value of p. Here we are

limited by the fact that Lemma|9.5{only holds for p < 1/2. So in a sense, Lemma [9.5| determines

the inapproximability threshold obtained by this method.
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9.2.3 Other inapproximability results

The proof in the preceding section can be adapted to give a (k/2 — €)-inapproximability result
for weighted k-uniform hypergraph vertex cover for any even k. Lemma has to be replaced
by the following result, which is proved by Dinur, Guruswami, Khot and Regev [1§], following

Graham, Grotschel and Lovasz [45].

Claim 9.12. For every p < 1-1/r, € >0 and r > 2 there exists t such that pu,(F) < € for
every r-wise t-intersecting family (a family in which every r sets contain at least t elements in

common,).

Dinur, Guruswami, Khot and Regev use this claim along with a different construction to
prove a (k —1 - e)-inapproximability result for weighted k-uniform hypergraph vertex cover for
any k > 2. The case k = 2 is tackled in Dinur and Safra’s classical paper [19], who prove the

following result.

Theorem 9.13. Suppose that p < 1/2 satisfies (1 - p)? > p, and let p* be the mazimal fp-

measure of a 2-intersecting family. It is NP-hard to approzimate vertex cover to within a factor

(1-p°)/(1-p).

The value of p* can be deduced from the Ahlswede—Khachtrian theorem, see Corollary
and Theorem [5.3|in Chapter The best choice of p is p = (3—-v/5)/2, in which case p* = 4p®-3p*

and the resulting approximation ratio is 10v/5 — 21 ~ 1.36.

Optimal inapproximability results have been proven by Khot and Regev [62] assuming
the unique games conjecture. Assuming the conjecture, they prove that weighted k-uniform
hypergraph vertex cover is NP-hard to approximate to within a factor k. They essentially use
the following fact, which can be proved using Katona’s circle method: for p <1-1/k, a k-wise

intersecting family has j,-measure at most p.
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9.3 Property testing

Suppose we are given a function f:{0,1}" — {0,1}. Is the function f a dictatorshiyﬂ of the
form f(x) = ;7 To be certain that f is a dictatorship, we would have to examine all values of
f. However, in some circumstances, we are only prepared to examine a small number of values,
and in return we are willing to accept some error. Such a situation arises in inapproximability,
for example, as we describe below.

What kind of error are we willing to tolerate? One possibility is that our test is correct on
most functions f. Another possibility is that our test is randomized, and is correct for each
function f with high probability. We will be interested in the latter option.

Can we achieve this requirement? Suppose that our test examines only a constant number
of values of f, say C of them. Starting with a dictatorship f, construct a new function g by
changing m random coordinates. When running our test on g, the probability that it samples
any of the changed coordinates is only roughly Cm/2", and so the test only has a chance to
notice the difference between f and g if m = ©(2"). We therefore revise our requirements for

the test:
YES: If f is a dictatorship, then the test should always accept.

NO: If f is e-far from every dictatorship (that is, Pr[f # g] > € for every dictatorship g), then

the test should reject with probability close to 1.

We won’t be able to achieve quite these parameters, but we will come close.

When proving the correctness of the test, in the negative case, we are given that the test
succeeds with moderate probability, and want to conclude that f is close to a dictatorship. To
that end, we can use the Friedgut—Kalai—-Naor theorem.

In the rest of this section, we start by explaining a simpler test, which tests for f being
linear. Then we modify this test to test for dictatorships. Next we come up with an even
simpler test, whose analysis requires the Friedgut—-Kalai-Naor theorem. Finally, we explain

how variants of this test are used in PCP theory.

%In this section, conforming with common usage in the field, a dictatorship is a function of the form f(z) = x;,
whereas in the rest of the thesis, a dictatorship is a function determined by a single coordinate.
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9.3.1 Linearity testing

We start by showing how to test that a function f:{0,1}" — {0,1} is linear, that is of the form
f(x) = (z,w) for some w € {0,1}"; here (z,w) = X" z;w; (mod 2). The analysis will become
simpler if instead of f we consider the related function F(z) = (=1)f®). If f is linear then F
is a Fourier character. Abusing notation, we call F' linear as well.

The basic idea is very simple: if f is linear then f(z @ y) = f(x) ® f(y). In terms of the

function F, F(z®y) = F(x)F(y) and so F(z)F(y)F(x ®y) =1, and this is our test.

Test L: Given F:{0,1}" — {£1}, choose random xz,y € {0,1}", and accept if

F(z)F(y)F(zoy)=1.

The test always succeeds for linear F'. We can express its success probability on general F'

using the Fourier coefficients of F'.

Lemma 9.14. The test L accepts with probability
- + = 3 EU).
UC[ ]

Proof. We can express the acceptance probability as

F@)F(y)F(z@y)+1 _

1
T,y 2 2

l“j(ﬂﬂ)F(y)l”ﬂ(fC DY)

l\DIH

Substituting the Fourier expansion of F', we get

Fo)F(y)F(zoy)= 3 [ ]F(S)XS(I’)F(T)XT(Q)F(U)XU(33 ®y)
S, T,Uc[n

= Y FS)FT)EU)xs(@)xry)xu(@)xu(y)
S, T,Uc[n]

= Y FS)FT)FU)xsav(®)xrav(y).
S, T,U<[n]

Since E, xa(z) = [A = @], if we take expectation with respect to z,y then all terms but those
in which § =T = U disappear, and so
F(z)F(y)F(z@y)= Y FU)”
veln]

The lemma immediately follows. ]
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If f is linear then F = x4 for some A ¢ [n], and so F(U) = [U = A], and the test always
succeeds. To understand what happens when f is far from linear, we need to calculate the
distance between F' and the set of linear functions. (Here distance is the fraction of different
entries.)

Lemma 9.15. The distance between F and the set of linear functions is

1 .
3 lI]I;{ELT)l(] F(U).

Therefore F' is e-far from being linear (that is, the distance between F and every linear function

is at least €) if and only if for all U < [n],
F(U)<1-2e.

Proof. The distance between F' and x4 is

2
d(F,xa) = @(M)
i > (F(8) - 7a(9))?
Scn]
}l 3 p(g)ui[(F(A)—l)Z—F(A)Q]
Scn]
1 1.
=5~ 5 FA),

using Parseval’s identity twice: in the second equality, and in the last one to conclude that

Yscn F(S)? =EF?=1. O
As a conclusion, we can analyze test L.
Theorem 9.16. Let F:{0,1}" - {0,1}.

1. If F is linear then L always accepts.

2. If F is e-far from being linear then L accepts with probability at most 1 — €.

Proof. The first part follows directly from Lemmal[9.14] For the second part, Lemma[9.15|shows
that F! (U) <1-2¢, and so according to Lemma L succeeds with probability
1 1

. 1
— 4= FU)? <=
33,2 P <3

1-2¢ 1-2e

2

S HU)? = % ;
c[n] Uc[n]

=1-g¢,

using Parseval’s identity. O
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We can amplify the success probability by repeating the test and taking a majority vote.
In this way, for every ¢,d we can devise a test with a constant number of queries that always

accepts linear F', and accepts functions e-far from being linear with probability at most §.

9.3.2 Dictatorship testing

The test L developed in the preceding section behaves in the same way for every linear function.
In this section we modify it so that it highlights linear functions of the form F' = x ;. The idea
is that such functions are resilient to changing all other coordinates. Instead of testing F' at
points x,y,x & y, we will test it at points x,y, z where z is obtained from x & y by randomly

modifying some of its coordinates.

Test D(p): Given F:{0,1}" — {+1}, choose random z,y € {0,1}". Let z € {0,1}"
be defined by z; = x; ® y; with probability 1 —p and z; = x; ® y; @ 1 with probability p

(independently for each 7). Accept if F(x)F(y)F(z) =1.

This time, the test succeeds for dictatorships only with probability 1 — p. Again, we can

express its success probability in terms of the Fourier coefficients of F'.

Lemma 9.17. The test D(p) accepts with probability

+= > (-2)VEW).
Uc[n]

N | =

1
2
Proof. We can express the acceptance probability as

F(z)F(y)F(z)+1
Y,z 2

373 EFOFWFC)

Let z =z ® y ® w, where w; = 1 with probability p. Substituting the Fourier expansion of F', we
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get
F(2)F(y)F(2) = F()F(y)F(r ey o w)

= Y FS)xs@FT)xr(y)F(U)xu(zeyow)
S, T,Uc[n]

= Y F(S)E(T)EU)xs(x)xr)xu(@)xu(y)xu(w)
S, T,Uc[n]

= Z F(S)F(T)F(U)XSAU(m)XTAU(y)XU(w)-
S,T,Uc[n]

Since E; xa(z) = [A = @], we deduce that

E F(2)F(y)F(2)= 3, FU)’Exu(w).
T,Y,2 U<n] w

It remains to calculate E,, x(w):

Exu(w) = [T1 [T EC-D" = [Tlp(-1) + (1 -p)(1)] = (1~ 2p)""

U 1eU " €U

The lemma immediately follows. O

There is one problem with this test: it succeeds not only for dictatorships, but also for the
function F' = 1. To handle this situation, we assume that the function F' is odd, an assumption

which is justified in certain circumstances.
Definition 9.7. A function F:{0,1}" - {0,1} is odd if
F(zx)=-F(1-x),
where 1 — z is the vector defined by (1-z); =1-z;. O

Dictatorships, for example, are odd. The Fourier expansion of odd functions is supported

on odd-sized Fourier coefficients.
Lemma 9.18. If F:{0,1}" - {0,1} is odd then F(A) = 0 whenever |A| is even.

Proof. We have

F(z)-F(1-x)
2

FA) = (o) =B P a(e) - Jato
= SEF()xa(@) - 3 EF(2)xa(l-7) =0,

since x4(1-x) = xa(zx) due to |A| being even. O
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We can modify the proof of Lemma to obtain a similar result for dictatorships.

Lemma 9.19. The distance between F and the set of dictatorships is

11
= - Zmax F
3 g umax ({i})-

Therefore F' is e-far from being a dictatorship if and only if for all i € [n],
F({i}) <1-2e.
Putting everything together, we can analyze the test D(p) for odd functions.
Theorem 9.20. Let F:{0,1}" - {0,1} be an odd function.

1. If F is a dictatorship then D(p) accepts with probability 1 — p.
2. If F is e-far from being a dictatorship then D(p) accepts with probability at most 1 —p -

(1-2p)e, assuming € < 2p(1 —p).

Proof. If F' is a dictatorship, say F' = xy;,, then Lemma shows that D(p) succeeds with

probability

l\')l)—t

1
2tz (1 ) VW) = v (1-2m) =1,
since the only non-zero Fourier coefficient of F' is F({i}) = 1.

For the second part, Lemma shows that F(U) # 0 only when |U] is odd. Lemma
shows that F({i}) < 1-2¢ for all i € [n]. The success probability of D(p), given by Lemma
is

+= S (-2)VEW)3.

Uc[n]

If [U] = 1 then (1-2p)VIE(U) < (1-2p)(1-2¢), and otherwise |U| > 3 and so (1-2p)IVIF(U) <

N |

q:

(1-2p)3. When €< 2p(1-p), (1-2p)? <1-2¢ and so

z[:](l 2p)(1 - 26)F(U) —1+ (1 2p)(1-2¢)=1-p—(1-2p)e,
Uc

[N

+

|~

q<
using Parseval’s identity. d

As in the case of test L, for any €, we can repeat the test enough times to boost the

probabilities to 1 — § in the positive case and ¢ in the negative case.
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9.3.3 Dictatorship testing using two queries

Test D(p) uses three queries. Can we get any meaningful test with only two? The idea is to

get rid entirely of the linearity apparatus, and concentrate on the noise stability of F'.

Test Dy(p): Given F:{0,1}" — {£1}, choose random = € {0,1}". Let z € {0,1}" be
defined by z; = x; with probability 1 — p and z; = z; ® 1 with probability p. Accept if

F(z)F(z)=1.

Once again, the test succeeds for dictatorships only with probability 1—p. It also works for
anti-dictatorships, which are functions of the form F'(z) = —=(-1)%. We can express its success

probability in terms of the Fourier coefficients of F'.
Lemma 9.21. The test Do(p) accepts with probability

11 .
D I ¢ ) Ll 3 (o o
2 2 Uc[n]

Proof. We can express the acceptance probability as

. w ;; E F(z)F(2).

Let z = 2 ® w, where w; = 1 with probability p. Substituting the Fourier expansion of F', we get

F(z)F(z)=F(z)F(z®w)

= Z F(S)XS(@”)F(U)XU(QSGBw)
S,Uc[n]

= > F(S)FU)xsav(x)xu(w).
S,Uc[n]

Since E; xa(z) = [A = @], we deduce that

EF@FE)= 3 AU ),
’ Uc[n

In the proof of Lemma we calculated Eqy, xor(w) = (1 - 2p)IY!] implying the statement of

the lemma. 0
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When analyzing D(p) in the case that F' is e-far from dictatorships, we used the inequality
F({i}) < 1 - 2¢ to estimate F({i})® < (1 -2¢)F({i})?, and then applied Parseval’s inequality.
The matching expression for Dy(p) is F({i})?, and so this approach fails. Instead, we use the

Friedgut—Kalai—Naor theorem.
Theorem 9.22. Let F:{0,1}" - {0,1} be an odd function.

1. If F is a dictatorship or an anti-dictatorship then Ds(p) accepts with probability 1 — p.

2. If F is e-far from being a dictatorship or an anti-dictatorship then Ds(p) accepts with

probability at most 1 —p—Q(p(1 - 2p)e), assuming p,e <1/2.

Proof. If F' is a dictatorship or an anti-dictatorship, then it is easy to check that Ds(p) accepts
with probability 1 —p. For the other direction, suppose that Ds(p) accepts with probability g.
According to Lemma [9.21

= > (-2)YEW).

Uc[n]

N | =
N | —

q:

Let v = X1 F(U)?. Lemma shows that F(U) = 0 for even |U|, and so Parseval’s identity
implies
11 1 ,
¢<5+5(1=2p) (A=) +5(1-2p)"y=1-p-2p(1-p)(1-2p)y.

We conclude that v=(1-p-¢q)/(2p(1-p)(1-2p)). The Friedgut-Kalai-Naor theorem shows
that F' is C'vy-close to some function G depending on at most one coordinate, for some universal
constant C. If G is constant then since F' is odd, Cy > 1/2. Otherwise, by assumption Cy > e.

Assuming € < 1/2, in both cases Cy > ¢, implying 1 - p—¢ > 2p(1 -p)(1-2p)e/C. O

9.3.4 Applications to inapproximability

In what sense is a test using two queries better than a test using three? The difference can
be essential in applications to inapproximability. In order to prove that a certain problem P
is inapproximable within some ratio R, we reduce from some version of the PCP theorem,
say Theorem Given an instance I of label cover, we construct some instance f(I) of P,
with the following property: if I is a YES instance, then f(I) has value V', while if I is a NO

instance, then f(I) has value VR. When P is a problem like MAX-3SAT, we can think of f(I)
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as a test for I being a YES instance. Each clause of f(I) is some predicate that depends on
three variables, which could be (for example) three values of a Boolean function F' related to
the original instance I. Therefore a test querying three locations corresponds to MAX-3SAT
or to the more general MAX-3CSP (where instead of clauses we can use arbitrary Boolean
functions on three variables), and a test querying two locations corresponds to MAX-2SAT or
MAX-2CSP.

In the usual context in which dictatorship testing is used, YES instances are dictatorships,
but NO instances, rather than being e-far from being a dictatorship, satisfy other quasirandom-
ness properties (see for example Hastad [75]). However, in the context of assignment testers,
used for example in Dinur’s proof of the PCP theorem [I5], NO instances are e-far from a certain
collection of functions, and a test similar to the three-query dictatorship test is used. Because
of the specific nature of the test, the analysis requires the Friedgut—Kalai-Naor theorem.

Moreover, in the context of inapproximability, we can enforce the restriction that F' is odd
using an appropriate encoding: F' is defined explicitly only for inputs x for which x; = 0, say,
and F'(z) = —F(1-x) for inputs on which F is not explicitly defined. (A similar device is used

when encoding a symmetric matrix using its upper triangular part only.)



Chapter 10

Open problems

10.1 The Ahlswede—Khachatrian theorem

In Chapter [5| we proved the Ahlswede—Khachatrian theorem, using the technique of shifting.

Theorem 5.3. Let F be a t-intersecting family on n points for t > 2. If r/(t+2r-1) <p<
(r+1)/(t+2r+1) for some r >0 then pu,(F) < pp(Frr), with equality if and only if F is
equivalent to U™ (Fy ).

Ifp=(r+1)/(t+2r+1) for somer >0 then pu,(F) < pup(Fir) = pip(Fire1), with equality if

and only if F is equivalent to either U™ (Fi,) or UM (Firi1).

(Recall that for a family of sets F on m points, U"(F) ={Ac[n]: An[m]eF}.)

In Chapter [3] we proved the special case r = 0 of this theorem using Friedgut’s method.
The benefit of this method is that it automatically yields stability. However, the same method
doesn’t work for r > 1, since the analog of Lemma on page [39]is false. That is, there is no
polynomial of degree at most ¢ — 1 which has the correct eigenvalues.

For example, consider the simplest case t = 2, r = 1. The Ahlswede-Khachatrian theorem
shows that for p in the range 1/3 < p < 2/5, the maximal j,-measure of a 2-intersecting family
is max (p) = 4p> - 3p*. On the other hand, for Friedgut’s method to give an upper bound of m,

we need to find a linear polynomial P such that P(0) =1 and (-p/(1-p))°P(s) >-m/(1-m)

for all s >1 (cf. Lemma [3.13]).

241
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Figure 10.1: Optimal bound m 45 versus bound given by Friedgut’s method mpg.

Letting P(s) = as + 1, finding the best polynomial P for given p reduces to the following

(infinite) linear program:

min

1-m

s.t.

(—%)S(as +1)> 7

m for all s>1

The solution to this program (in the range 1/3 < p < 3/(5 + V/10) ~ 0.42) is m = mp(p) =
3p*/(1-4p+6p?) rather than max (p) (the tight constraints are for s = 1 and s = 4). Figurem
plots the optimal bound m 4k against the bound mg achieved by Friedgut’s method.

The reason that Friedgut’s method fails for p > 1/(t + 1) is that there exists some non-
Boolean function f which satisfies all the admissible constraints f'Byf = f'B1f = 0 given by
Lemma but has measure mp(p) > max(p). An important open question is modifying the

method to prove the general case r > 1.

k-wise t-intersecting families. A related open question concerns generalizing the Ahlswede—
Khachatrian theorem to k-wise t-intersecting families, which are families in which every k sets

intersect in at least ¢ elements (the usual case corresponds to k = 2). It has been conjectured
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that the Ahlswede-Khachatrian theorem generalizes as follows.

Definition 10.1. The (k,¢,7) Frankl family Fj, ., is the k-wise t-intersecting family defined

by

Frpr={Sct+kr]:|S|2t+(k-1)r}. o
Conjecture 10.1. If F is k-wise t-intersecting then for p <1/2,

Mp(}—) < Sgop ,up(]:k,t,r)-

Furthermore, the supremum is attained for at most two values of v, and equality is possible only

if F is equivalent to the corresponding families.

A proof of this conjecture would yield a more direct proof of Claim [9.12] on page 231} in

the same way that the easier Lemma follows from the Ahlswede—Khachatrian theorem (see

page [224)).

Cross-intersecting families. A related question regards cross-t-intersecting families in the
regime p < 1/(¢t +1). In Chapter 3| we were only able to prove that p,(F)u,(G) < p** for
cross-t-intersecting families F,G when p <1-271% For t > 2, 1 -2/ is smaller than 1/(t +1).

Can we close this gap?

10.2 Graphical intersection problems

Generalization to p > 1/2. In Chapter 4 we proved that if F is an odd-cycle-intersecting
family of graphs then g, (F) < p3 for all p < 1/2. As we commented in Section our proof
breaks for p > 1/2. However, we expect the theorem to hold up to p = 3/4. When p > 3/4, the
pp-measure of the family of all graphs containing more than %(g) + 4n edges tends to 1, and
the intersection of any two such graphs contains more than n?/4 edges, and so some triangle

(by Mantel’s theorem). When p = 3/4, the p,-measure of the family tends to some minuscule

constant which is much smaller than p3.
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Cycle-intersecting families. Another problem left open by our approach is that of cycle-
intersecting families. We expect cycle-intersecting families to have measure at most p® for
p<1/2. For p > 1/2, the p,-measure of all graphs containing at least %(g) +n/2 edges tends to
1, and the intersection of any two such graphs contains at least n edges, and so a cycle. This
problem appears much harder than the one we solved in Chapter The reason is that our
proof relies heavily on random bipartite graphs, which are very dense. In contrast, cycle-free
graphs (in other words, forests) are very sparse, and that makes controlling the eigenvalues of
cycle-admissible matrices much harder, as we explain below.

In Chapter 4| we construct an operator A whose eigenvalues \g(A) are given by linear
combinations of functions of the form ¢, (G) = Pry[|Gn H| = k], where H is a random bipartite
graph. For concreteness, let us consider k£ = 1. On the one hand ¢;(-) = 1/2, where - is the
graph with a single edge, and on the other hand ¢;(G) < 1 for all G. The reason that ¢1(-) =1/2
is that the expected density of H is 1/2.

Consider what happens when instead H is a random forest. A random forest has density at
most 2/n, and so ¢q1(-) < 2/n. On the other hand, ¢;(K,) = 1. This large dynamic range makes
it difficult to ensure that A_(A) = —p3/(1 -p?) while at the same time Ag(A) > —p3/(1-p?) for

all dense graphs G (consider what coefficient ¢; (G) should get in the expression for A\g(A)).

H-intersecting families for general H. In general, for every given graph H, one can ask
what is the maximal size of an H-intersecting family. It is tempting to conjecture that the
maximal family always has p-measure 27, but that is false even for Ps, the path of length 3,

as shown by Christofides [g].
Lemma 10.2. There is a Ps-intersecting family of u-measure 17/128.

Proof. Consider the following graph G with 7 edges:
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The graph can be decomposed into three disjoint copies of P» and an extra edge (the top edge in
the diagram). Define a family F of subgraphs of G which consists of the following 17 graphs: G
(1 graph), G minus an edge (7 graphs), G minus the extra edge and any other edge (6 graphs),
G minus any of the three copies of P (3 graphs). The intersection of any two graphs in F
always contains at least one copy of P, and at least one additional edge, which together form

a copy of Ps. Since G has 7 edges, the y-measure of F is 17/27 = 17/128. O

We do not know what is the largest u-measure of a Ps-intersecting family, nor do we have any

conjecture. We conjecture, however, that the maximal Kj-intersecting families are Kj-stars.

Cross-intersecting families. As in the case of cross-t-intersecting families, we were not able
to prove the cross-intersecting version of our result on odd-circuit-intersecting families. The
problem is that the inequality |A\g| < p®/(1-p?) is violated for forests of three edges. We expect
the cross-intersecting version of the theorem to hold for all p < 1/2 and perhaps even for all

p <3/4.

10.3 Stability theorems for Boolean functions on S,

Sharper results. In Chapter [7] and Chapter we proved two stability theorems of the
following form: if F is a family of size ¢(n —1)! (where ¢ < n/2) whose characteristic function
[ is close to its projection fi to L(,_1 1), then F is close to a family G which is the union of
[c]| cosets (the cosets can be assumed to be disjoint in the case of Chapter . Succinctly put,
Theorem states that

Bl(f - )= o = T2 o (a4 2)e) <,

n! n n

3 |

and Theorem [R.1] states that

B[(f - /1)) = e— 729 o(2(#+ L))

c nl/3
In order to get an approximation error which is o(c(n — 1)!), we need ¢ = o(n) in the first

theorem, and c = w(n5/ 6) in the second theorem. The theorems thus complement each other.

Together with David Ellis and Ehud Friedgut, we conjecture a sharper result.
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Conjecture 10.3. Let F ¢ S, be a family of permutations of size c(n—1)!. Let f =15 (so
E[f] = ¢/n) and let f1 = f((n))+ f((n—1,1)) be the projection of f to Lp-1,1)-
IFE[(f - f1)2] = €| f|?, then there exists a family G € S, which is the union of [c] cosets
satisfying
[FAG| = O(e| FI).

Generalizations. Together with David Ellis and Ehud Friedgut, we proved a generalization of
Theorem to families close to L, 1t) [25]. As in the case of Theorem n this generalization
is only meaningful when ¢ = o(n), where the family in question has size ¢(n—t)!. We conjecture

that Conjecture [10.3| extends to this case.
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