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0. The language L" consists of the binary relation <, binary functions +
and -, unary function ’ (successor) and the constant 0. The set of genuinely
finite natural numbers is denoted by w.

1. Since we have no idea how to solve the problem of hierarchy collapse
(without an oracle) described in the previous sections, we will mention a theorem
concerning the same problem for hierarchies with an oracle. For n € w and a
unary relation symbol R, let us denote by EZ the set of formulas of the form

W <axViy <z ... Q%, <z ATy, ..., Tn, x),
where A is an open formula of the language L” U{R}. Also, for B C w let
Bl = {p(@)"P) : p(z) € BFY.

Here o(z)™B) is the set of 2 for which ¢ is true when L% is interpreted by N,
and R by B. The sets AZ and AP are defined analogously by letting the first
quantifier be V. Their corresponding intersections are denoted A and Af.

2. Proposition.
For all n € w there exists a subset B of w such that EZ # EEH.

This proposition follows from a theorem of M. Sipser about Boolean circuits
(see “Borel Sets and Circuit Complexity”, JACM 1983, pp. 61-69), whose
presentation we closely follow. On the way, we study a theorem of Ajtai about
the structure of classes of sets of the form EZ that uses an analogue of the Borel
hierarchy.

3. Let M 2> N. We work “inside M”, and it will be clear when we
consider elements of M as elements, and when as M-bounded sets or M-bounded
functions. Moreover, whenever we use expressions like s C M and f: s — M,
it should be understood that s and f are coded inside M (and so M-bounded).

Let s C M. We denote by |s| the size of s, by 2° the set of Boolean functions
on s, and by 25% the set of partial Boolean functions on s. The domain of a
function f is denoted by dom(f). We denote by B} the set of partial functions



extending f. A set of functions o C 2° is called a basic subset of 2° if « = &
or a =, Bj, for some n € w, where all functions f; have genuinely finite
domain (i.e. |dom(f;)] € w). In other words, a basic subset is defined by a
DNF.

The classes EfL and Af;, for n € w, are defined by recursion on n as follows:

(i) Ej and A consist of all basic subsets of 2°.

(i) E 41 contains all sets of the form (J, 4 a, where the sequence a; is
coded inside M, all a; belong to A3 and A < |s|™ for some m € w.

(iii) A5, ={2°\a:a € E; }.

<1V> A® = Unew EfL

We mention the connection (not used in what follows) between A® and the
theory of finite models, as described in 4 and 5:

4. If L is a finite relational language (that is, £ contains only a (truly)
finite number of relation symbols), one denotes by £(R) the language obtained
by adding to £ a new unary relation symbol R. If § € M is an L-structure with
domain s C M, and f € 2% then we denote by (8, f) the resulting structure
when R is interpreted by the zero-set of f, i.e. {a € s: f(a) = 0}. I leave the
proof of the following proposition, which isn’t difficult, as an exercise.

5. Proposition.

Suppose that s C M, o C 2° and n € w. Then « belongs to E~fl (respectively,
flfl) if and only if there exists a finite relational language £, an L-structure
§ € M with domain s, an 3,, (respectively V,,) formula p(z1, ..., ) of L(R),
and aq, ..., ax € § such that

a={fe2:( )kl .... )}

Moreover, if n > 1 then the formula ¢ can be chosen without free variables.

In order to explain Ajtai’s theorem we need the following definition:

6. Definition.

Let s C M. A set S C 255 is called s-complete if

(i) For all f,g € S, |dom(f)| = |dom(g)|. We denote the common value by
5]l

(ii) For all f,g € S, if f # g then B} N By = @.

(ili) Uses Bf = 2°.  In other words, S is a collection of partial functions,
all having the same domain size, such that {B} : f € S} is a partition of
2%. Alternatively, S is a ||S||-DNF tautology, all of whose clauses are mutually
exclusive.

7. Theorem. (Ajtai)

Let s C M such that |s| is non-standard, and let v € A®. Then there exists
a k € w, an s-complete set S with ||S|| < |s| — |s|'/*, and a subset S of S such
that

|1/k

< glsl—ls

an | B;
fes



Before proving 7, we deduce an important corollary.

8. Corollary.
Let s € M such that |s| is non-standard. Suppose that a € A° and

la] > 2lsI=1s1"" for all £ € w. Then there exist f € 25 and m € w such
that | dom(f)| < |s| — |s|*/™ and B} C a.

Proof. We first comment that if S'is s-complete, ¢t € M and forall f € S,ay C s
is such that dom(f)Nay = @ and |af| =t, then S’ = {fUg: fe€ S, ge2%}is
clearly s-complete with ||S’|| = ||S]| + ¢t. Thus one can assume that the S given
by 7 satisfies

5] = [sI/% =1 < IS]) < |s| — [s[*.

Let w = min{|B} \ a| : f € S§}. Using 7 and 6(ii), we have

2R 2 s | By 2 | U (B \ )] 2w IS,
fes fes
Also, for all £ € w we have
olsl—ls|"/* <lal < U B +2\8|-|S|1/"

fes
= |S| - 2lsI=ISI 1 glsl=ls]
< |S| - 2lslF g glsl=lslE

1/k

Since |s| is non-standard, it follows that u < 215" for all £ € w. In particu-
lar, there exists an h € 25% with |s| — |s|'/* — 1 < |dom(h)| < |s| — |s|*/* such
that |Bj \ af < 251" Let 3 C s satisfy N dom(h) = @ and |s|}/?* < |B] <
|s|'/2¥ 4+ 1. Then

51/3]6 S S S
e >|Bh\a|=]< U Bm)\a — Y 1By, \ ol

ge2b ge28
Therefore, if [Bj,, \ a| > 1 for all g € 20, then 251" > |28 > 2lsl"*"
contradiction. Thus there exists a g € 2% such that B}, € «. Moreover,

| dom(h U g)] < [s] = |s|"/* +[s] /2 + 1 < [s] — |s[*/*.
O

One can use 8 to prove that certain natural sets of functions do not belong
to A®, and therefore are not first-order definable in the sense of 4 and 5. For
example, it follows immediately from 8 that the set

{fe2’:{a€s: f(a) =0} is even}



doesn’t belong to A® (for non-standard s).

9. Remark.

Ajtai proved a theorem stronger than 7, where “there exists a k € w” is re-
placed by “for each standard rational number 7 such that 0 < n < 1”. However,
the proof that I give of 7 is much simpler than Ajtai’s, and 7 is sufficient for
most applications.

10. In order to prove 7, we shall need the following definitions and lemmas.
We fix s C M such that |s| is non-standard.

If o is a non-trivial basic subset of 2° (i.e. not & or 2¢), then clearly there
exists a unique minimal subset X C s which is genuinely finite such that ¢ =
Uicn Bj,» where n € w\ {0} and f; € 2% for all i < n. We denote this X by
supp(o), and we write ||o|| for |X|. If o is trivial then we use the convention
supp(c) = @ and ||o|| = 0. Thus we have

11. '
o] < (1 - 2|o|> 28l if o £ 20,

Ifae A{, we can write o = (), 0, where for certain n,m € w we have
that |C| < |s|™, that for all i < C, o; is a basic subset of 2° with 0 < ||o;|| < n,
and that for all different i, j < C we have supp(c;) # supp(o;). Note that n € w
since ||o;|| € w for all ¢ < C and the sequence (o; : i < C) is M-coded. We

denote by ||« the smallest value of n. If « is trivial, we put ||« = 0. Let
us choose now a subset D, of {0, 1, ..., C — 1} which is maximal under the
property that for all different ¢, j € D,, supp(o;) Nsupp(c;) = @. Using 11, we
get that

12.

1\ Dal
la| < (1 - = 2lsl,
ollall

Moreover, since D, is maximal we have:

13.  For all f € 2% such that Uiep,, supp(oi) C dom(f), we have that
B} Na= B} Nay for some ay € A3 with [Jay]| < [lef - 1.

We define supp(a) = U, p, supp(o;), so that
14. |supp(a)| < [la] - [Dal.
We need the following combinatorial lemmas:

15. Lemma.

Let 51, B2, ..., Bt € s, m € w and p, q be standard natural numbers such
that p, ¢ > 0 and p + ¢ < 1. Suppose that ¢ < |s|™ and that |5;] < |s|P for
i =1,...,t. Then there exist H C s and ¢ € w such that |H| > |s|? and

|Hﬁﬁz|<€f0rz—l,...,



Proof. Suppose, for the sake of contradiction, that for all £ € w and H C s with
|H| = ||s]?] + 1 £ u there exists an i, where 1 < i < ¢, such that |H N 3| > /.

Then for all £ € w,
s\ (181 (151 = ¢
< .
<u _; l u—14

(We suppose, of course, that the function i — ; is coded inside M.)

Thus for all ¢ € w,
P
1Y < (7Y (191,
U 12 u—F

It follows that |s|® < |s|™|s[Pu’ for all £ € w. Taking ¢ big enough, this
contradicts the facts that u = [[s|?] + 1, p+ ¢ < 1, p+ ¢ is standard and s is
non-standard. O

We will now prove the following theorem, from which 7 clearly follows.

16. Theorem.

Let N,m € w and («; : i < A) be an M-coded sequence such that A < |S|™
and either all a; belong to flf\,, or all a; belong to E~‘]5V. Then there exist k € w
and an s-complete set S with ||S| < |s| — |s|'/* such that for all i € A the
following property holds:

a; A U (B} N O’f,i)‘ < 2|8|—\s|1/k7 (%)
fes

where for all i < A and for all f € S, oy, is a basic subset of 2° (and the
function (f,%) — oy, is coded inside M).

Proof. First of all, let us consider the case that «; € Af for all i < A. We
comment that max;<4 ||a;|| € w since [Joy|| € w for all ¢ € A and the sequence
(o : i < A) is M-coded. We proceed by induction on max;< 4 |||

If max;<a ||| = 0, then «; € {@, 2°} for all i < A. Thus, we can define
S ={@}, k=1 and 0y,; = a;, which satisfies (x).

Suppose now that max;<4 ||a;|]| =n + 1, where n € w. Define

E={i<A:|D,.|<+/|s|}
and t; = supp(q;) for i € E. Using 15, we get H C s and ¢ € w so that
17. |H| > ¢/ and
18. Forallie E, |[HNt;| < 4.

Let u; = HNt; for all i € E. For every h € 2°\H i € E and h() € 2% we
clearly have:

19. dom(h)Ndom (k) = @ and t; € dom(h) Udom(h(?), and so, using 13:



<

20. By o Nai =By o Nagupe for some a6 € flf with ||auno
n.

We can suppose that the projections of ajypa) to 2" which we denote
o o € AL, exist. They also satisfy [|af , o || < n.

Thus, for fixed h € 2°\H | we can apply the induction hypothesis for the
sequence (aj ) i € E, R € 2w (since ay e € AH and its size is at
most 2¢|E| < 2°A < [s|™T! < |H|*mHD | using 17) to obtain kj € w and an
f{T)complete set Sy, satisfying ||Sp| < |H| — |H|*/*» such that for all i € E and
hi") e 24

21.

H H|—|H|Y*n
aopn & | (B Nrpine) | < 2771
fESH

where the 7 ; ) are basic subsets of oH

We can suppose that the function h +— kj, is coded within M, so that k* £
max{kp, : h € ZS\H} belongs to w. Moreover, we can clearly suppose that for
all b € 2\ ky, = k* and ||Sp|| = ||H| — |H|"* | (see the proof of 8) while
21 remains true.

Let S={hUf:hec2\ fecS,}. Thus S is s-complete, and by 17:
22. ||SII < |s| — [H|+ (|H| = [H[M*") = |s| = [H|["* < |s| —|s|'/**".

We remark that if g € S then ¢ = hU f, where h € 2°\ and f € Sj, and
this representation is unique (since Sy, is H-complete), and so we can define, for
1€ FandgeS,

Ogi = U (Bfm ﬂT},i,hu)) ,
h(9) e2ui
where T}%h(i) is the lifting of 7;; 5 (given by 21) to 2°. Thus o, ; is a basic
subset of 2°, since u; is genuinely finite.
For all @ € E we clearly get, using 20:

23.
Qi = U U (Brono Naponm)
he2s\H p(i) 2w

and
24.

UBineo= U U B m( U (B;;m;’i’hm))

geS he2s\H p(i) c2ui feESH
Thus



25.

a; A U (B; n Ug,i)
geS

- U U Bhuna N (O‘huh<i) A U (Bjsc N T}L,i’hu)))

he2s\H p(i) g2ui fESH

Now, for all h € 25\ and h() € 2%,

‘BZUh(i) N (Oéhuh(z‘) A U (B;‘ N T},i,h(i) ))‘
fE€SH

- < olH|~|H|'/*

oo & |J (B N1pin0)
fESK

(by 21), and so
26. Forallie FE,

a A (Bynoy)
geS

1/5k*
)

< olsl=IH| ot olH|-|H|"*" ~ g|s|—]s|

where the first inequality follows from 25 and 18, and the second one from 17.

Now, let us put 0y ; =@ for all g € Sif i ¢ E. Thus for all i ¢ F,

1 [s]
= o] < (1 - 2n+1) -2l

(using 12 and the definition of E), and so
27. Foralli¢ E,

(67 A U (B; N O'gJ)
gES

1/5k*

a (B mag,i)‘ < olsl=lsl
geS

The induction is now complete (see 22, 26 and 27), so that we have proved
the case a; € A5 of the theorem.

In order to prove the theorem in general, we remark that if it holds for a
sequence (a; : ¢ < A), then it also holds for its complement (2° \ «; : i < A),
since the class of basic subsets is closed under complementation. Thus it suffices
to prove that if the theorem holds for the sequence (o ; : 4,5 < A) then it also
holds for the sequence (U, 4 @ij i < A).

Let us therefore choose k € w and an s-complete set S with ||S|| < |s|—|s|'/*
such that for all 7,5 < A,

1/k
3

< olsl—sl

ai; O (BiNogiy)
fes



where the o, ; are basic subsets of 2°. (We comment that the sequence (q; ; :
i,j < A) has length at most A* < [s|*™.) Let By; = (1;. 0, for f € S and
i < A, so that 8y, € fl‘l"’. Thus for all i < A,

( ﬂ am) A U (B3 N Bri) C U (ai,jA U (B} naf,i,j)>,
J<A fes J<A fes

and so

28. Foralli < A,

’( N Oéi’j) A (BN Bra)

j<A fes

1/k

< A-2lsl=lsl

Clearly, for all i < A and f € S the projection §}; of By into s \ dom(f)

belongs to fl‘;\dom(f ). The already proven case of the theorem implies that
for all f € S there exist &’ € w and an (s \ dom(f))-complete set Sy, with

IS5l < |s \ dom(f)[ = |s \ dom(f)["/¥" < |s| — [|S|| = (|s| — IS)"/*", such that
29. Foralli< Aand f €S,

g0 | (B N )| < ols\dom(f)|—|s\dom(f)[*/*
QGSf

—|ISII=(Is|—ISINY/*
< olsl=lISlI=(sl=lISI) ,

where the 7, ; are basic subsets of 2s\dom(f) " T ike above, we can suppose that
k' does not depend on f, and that for all f,g € S, ||Sf|| = ||Sql|-

Let S* ={fUg: feS,geSs}t,andforall feS,geSyandi< A, let
Ofug,i = Tg,i, where T;i is the lifting of 74, to 2°. We remark that

30.
IS™I < [sl = (Is| = ISIY* < [s] = Is[¥.

Using 29 we have that for all i < A,

U (B} N Bri) A (B; N U (B; N TgT,i)) < |S| - 2= ISl=sl=lIsIH*"*
fes gESf

_ olsl=Usl=ISIN*/*
1/kk’

< 9lsl=lsl

(The fact that |S| = 2SIl follows easily from the definition of an s-complete
set.)



But

U (B; nJ B ngﬂ) = U Binow),

fes geS) heS*

and so

U@insaa U 5 ﬂUh,i)’ < lsl=lslEY
fes hes*

This, along with 28 and 30, implies that if we set k* = kk’+1 then for all i < A,

J<A hes*
and ||S*|| < |s| — |s|*/¥", which is what we wanted to prove. O

31. The results of 7 and 8 can be used in the study of sets of the form A
(see 1). For example, it’s an open question whether the class of Ag sets (without
an oracle) is closed under “counting modulo 27, that is: does B € Ag (where B C
w) imply that B®V™ € Ay, where B = {n € w : |[m <n:n € B|} is even?
On the other hand, using the remark mentioned after the proof of 8 and an
enumeration of the formulas in EE it is easy to construct a set B C w

necw —n)

such that Beve® ¢ A (see Paris-Wilkie below).

Closing, I'd like to mention an amusing result that can be proven using the
same method. I leave the details as an exercise.

32.  Proposition. (Ajtai)

Suppose that M is denumerable. Let a € M be non-standard, and a be the
substructure of M with domain {z € M : z < a} (recall that the language of
M is relational). Then there exist A,B C {x € M : z < a}, coded inside M,
such that (a, A) 2 (a, B) but, according to M, |A| is even while |B| is odd!
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