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Most of these lecture notes are based on the textbook of Frieze and Karonski [FK16]. There is an
essential difference between the approach we take and theirs: they work in G(n,m), and we work in
G(n,p). However, even they work mostly in G(n,p) and then deduce results in G(n,m).
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1 Week 1 (30 October 2016)

What are graphs? We will mostly consider finite undirected graphs. This lecture we will also be
interested in countable undirected graphs.

What are random graphs? The two most populare models (both known as Erdds—Rényi random
graphs) are:
e G(n,m): a random graph on n vertices with m random edges.

e G(n,p): arandom graph on n vertices in which each edge appears with probability p, independently.

Roughly speaking, G(n,m) ~ G(n,p) for p =m/ (g) Often results can be translated from one model to
the other, see 81.1]. We will be exclusively interested in the G(n,p) model.

Why random graphs? There are many possible answers:

e Random graphs are an excellent example of the probabilistic method. The first two examples were
Shannon’s theorem and Erdés’ existence proof for graphs with arbitrarily large chromatic number
and girth (size of the shortest cycle). Often random graphs are the only way to construct graphs
with a certain property. A case in point is Ramsey numbers (see below).

e Random graphs are similar to other models of interest to physicists and probabilists: for example,
Ising model, percolation, random CSPs.

e Random graphs appear in theoretical computer science in many situations, and are used to define
certain problems such as random CSPs and planted clique.

e A different model of random graphs (preferential attachment) is used to study social networks (e.g.
Facebook).



What about random graphs? We will be interested in the typical properties of random graphs. We
say that a property occurs with high probability (whp) if the probability that it happens tends to 1. For
example, G(n,1/n?) is a forest with high probability.

Other popular models of random graphs

e Random regular graphs: for dn even, a random d-regular graph on n vertices (chosen uniformly
among all such graphs).

e Geometric graphs: put n points on [0, 1]2, and connect two if at distance at most 7.

e Stochastic block model: divide {1,...,n} into k classes according to some distribution, and then
connect vertices in class ¢ and j with probability p;;.

e Graphons: a vast generalization of the stochastic block model (in some sense).

e Preferential attachment graphs: various models in which vertices appear one by one, and are
attached to vertices with probability increasing with the degree. Exhibits several phenomena
encountered in social networks (e.g. the Facebook graph) such as a heavy-tail degree distribution.

Quasirandom graphs are graphs that share some of the properties of random graphs. For example, if
a graph contains ~ pn edges and ~ p*n?/8 squares, then it behaves like G(n, p) (in certain senses). This
is very related to graphons.

Ramsey graphs Ramsey showed that every infinite graph contains either an infinite clique or an
infinite independent set. The finitary version of this theorem states that for all a,b there exists n such
that every graph on n vertices contains either a clique on a vertices or an independent set on b vertices.
The smallest such n is denoted R(a,b). A simple induction shows that

R(a’b)<(a+b—2>.

a—1

This implies, in particular, that
R(k, k) < 4%

a+b—2

-27%) vertices and extracting from it

This upper bound is proved by taking an arbitrary graph on (
either a clique of size a or an independent set of size b.
The best lower bound is

R(k, k) = Q(2"?).

To prove this, we have to show that there exists a graph on C - 25/2 vertices which contains no k-clique
and no k-independent set; such a graph is known as a Ramsey graph. The only way we know how to
construct such a graph explicitly is by taking a random G(n,1/2) graph with n = C - 2¥/2; it will be a
Ramsey graph with high probability.

In terms on n, with high probability G(n,1/2) contains no clique and no independent set of size
roughly 2log,n. The best deterministic construction (due to Gil Cohen and Xin Li, 2016) gives
(log n)@Ueglogn) Tt’s very hard to construct such graphs explicitly!

1.1 The countable random graph and zero-one laws

The following can be found, for example, in Horowitz [Hor(08] and (probably) in Spencer [Spe01].

What does G(Rg, p) look like? We will show that for every constant p, almost surely we get the same
graph (which doesn’t depend on p). This surprising result follows from combining the following two
lemmas.

Definition 1.1. A (countable) graph is saturated if for any two disjoint sets of vertices A, B there exists
a vertex v such that (v, a) is an edge for all a € A, and (v,b) is not an edge for all b € B.

Lemma 1.2. For all p € (0,1), almost surely G(Rg, p) is saturated.



Lemma 1.3. FEvery two saturated graphs are isomorphic.
The two lemmas imply the following theorem.

Theorem 1.4. Suppose G; ~ G(n,p1) and Gy ~ G(n,ps), where 0 < p1,pa < 1. Almost surely,
G]_ ~ GQ.

Lemma shows that there is a unique saturated countable graph (up to isomorphism), and the
theorem justifies its name, the countable random graph. Saturated countable graphs can be constructed
explicitly (see for example Horowitz [Hor(08]), but this is best left as an exercise for the reader.

The proof of the first lemma is very easy.

Proof of Lemma[I.3. For every A, B and every v ¢ AU B, the probability that v satisfies the condition
is p|A|(1 — p)'B |'> 0. Since there are infinitely many potential vertices, almost surely one of them will
satisfy the condition. (There are various ways to make this argument rigorous.) Since there are countably
many choices for A, B, the condition holds for all of them almost surely (since if countable many events
happen almost surely, then all of them happen almost surely). O

The proof of the second lemma uses the so-called back and forth argument.

Proof of Lemma[I-3 The idea is to construct an isomorphism from V(Gy) to V(Gs2), vertex by vertex.
Suppose that we already constructed a bijection 7 from Vi C V(Gy) to Vo C V(G2) which is an
isomorphism between G|y, and Galv,, and consider a new vertex v € V(G1) \ V1. Let A= {a € V; :
(v,a) € G1} and B ={b € Vi : (v,a) ¢ G1}. Since Gy is saturated, there is a vertex w € V(G2) \ V2
which is connected to all vertices in w(A) and to none in 7(B). We extend 7 by mapping v to w.

We perform infinitely many steps of this form. How can we ensure that in the end we get a bijection
between all of V(G1) and all of V(G2)? Order V(G1), V(Gs2) arbitrarily. We alternate between G1-steps
and Go-steps. In a (G; step, we map the smallest vertex of G; not already mapped. In a G5 step, we map
the smallest vertex of G5 not already mapped. This easily implies that the tth vertex of G is mapped in
the first 2¢ steps, and the same holds for the tth vertex of GG3. So eventually all vertices are mapped. [

The same argument shows that every two countable dense linear orderings with no extreme elements
are isomorphic (one example is the rationals), see Rosenstein [Ros82].

Zero-one law Theorem essentially implies the following zero-one law for random graphs. Suppose
that P is a first-order property (in the language including only the edge relation symbol and equality).
Then for all constant p € (0, 1), either Pr[P(G(n,p))] — 0 or Pr[P(G(n,p))] — 1 as n — co. A first-order
property is one of the form

JrIyFz (x ~y) Az~ 2) Ay ~ z),

which states that the graph contains a triangle (we are also allowed to use V); in this case, a G(n,p)
random graph contains a triangle with high probability.

A difficult theorem of Shelah and Spencer states the same with p = n~ for any drrational . For
rational « this is not true, and we will see examples when we discuss appearance of subgraphs.

2 Week 2 (6 November 2016)

Our first major topic will be the evolution of random graphs. Much of this comes from the seminal paper
of Erdés and Rényi [ER60], which inaugurated the subject.

Erdos and Rényi considered the dynamical process in which we start with the empty graph on n
vertices, and at each step add a random edge not already in the graph. After (72’) steps, we reach the
complete graph. We can look at random times at which some events happen. For example, at what step
does the graph become connected?

More formally, let (Gy, ..., G(Q)) be a random variable such that Go = 0 and G,,,41 is obtained from

G, by adding a random edge.

Definition 2.1. Let mgen be the minimal m such that G,,, is connected.
Let miso be the minimal m such that G,, doesn’t contain isolated vertices.



Clearly miso < mcon. Erdés and Rényi showed that whp, mcon = miso- It is not immediately clear
how to formulate this property in the language of G(n,p).

What we will do next is (i) sort out the correct coupling of G(n,p) graphs, (ii) make a list of some
highlights in the evolution of random graphs, and (iii) start proving some of these properties.

The discussion of couplings doesn’t appear in our textbook, and is somewhat non-orthodox.

2.1 Graph couplings

What are the salient properties of the process Gy, ..., G(g) discussed above?
1. Gy ~ G(n,m).
2. If m1 < mg then G, C Gppn,.

This is a coupling of the models G(n,0),...,G(n, (g)) A coupling of two random variables X,Y is
a joint distribution on pairs whose marginals are X,Y, and this can be extended to many random
variables. The coupling shows that if P is any monotone property (if P(G) and H 2 G then P(H)))
then Pr[P(G(n,m3))] > Pr[P(G(n,m1))] whenever mg > my: this is since Pr[P(G,,)] > Pr[P(Gpm,)]
due to Gy, 2 G,y -

We can think of these two properties as “equations” between the random variables Gy, .. ‘7G(§)'
These equations have a unique “solution”: any two random tuples satisfying these constraints are “iso-
morphic”.

The corresponding properties for G(n, p) are as follows. We are looking for a process G,, (for p € [0, 1])
such that

1. G, ~ G(n,p).
2. If py < po then G, C Gp,.

The unique (up to measure zero) solution looks as follows. Associate with every edge e a random variable
z. ~ U([0,1]), and define G, = {e : z. < p}.
Given this coupling, we can define pcon, Prso in analogy to mcen, Miso. It turns out that pcon = Prso
whp as well (this result is stated in the textbook only as mcen = Mise, but the proof is very similar).
A much more sophisticated example of this kind of construction is Brownian motion, in which
case constructing the set of random variables is somewhat non-trivial (see for example Morters and
Peres [MP10l, Chapter 1]).

2.2 Evolution of random graphs
Here are some highlights of the evolution of random graphs:
1. If p = o(1/n) then whp G(n,p) is a forest. (Theorem [2.2))

2. If p = 1/n — w(1/n*?) then whp all connected components of G(n, p) are trees or unicylic (consist
of a tree plus an edge). (Theorem [2.3)

3. If p = ¢/n for constant ¢ < 1 then whp the largest connected component of G(n, p) is a tree of size
O.(logn). (Theorem [3.2)

4. If p = 1/n then whp the largest connected component of G(n,p) has size roughly n?/?. (Theo-
rem |5.3|)

5. If p = ¢/n for constant ¢ > 1 then whp G(n,p) contains a giant component of size ©.(n), and all
other components are trees of size O.(logn). (Theorem 4.5

6. If p = (logn + ¢)/n then the probability that G(n,p) is connected tends to e=¢ . Furthermore,
whp Pcon = Piso- (Theorem [6.3)

7. If p = (logn + ¢)/n then the probability that G(n,p) has a matching of size |n/2] tends to e=¢

8. If p = (logn + loglogn 4 ¢)/n then the probability that G(n,p) is hamiltonian tends to e~

We will prove most of these properties.



2.3 Forest regime
Theorem 2.2 ([FK16, Theorem 2.1]). If p = o(1/n) then whp G(n,p) is a forest.

Before proving the theorem, let us explain what it means. Suppose that we are given a function
p: N — [0, 1] that satisfies p(n) = o(1/n), that is, np(n) — 0. For any such function p, the probability
that G(n,p(n)) is a forest is 1 — o(1). In other words,

np(n) — 0 = Pr[G(n, p(n)) is a forest] — 1.

Proof. We will show that whp G(n,p) contains no cycle. This, in turn, we will show using the first
moment method: let X be the number of cycles in G(n,p). We will show that E[X] = o(1), and so
Markov’s inequality implies that Pr[X > 0] = Pr[X > 1] < E[X] = o(1).

We calculate the expected number of cycles by estimating the expected value of X}, the number of
cycles of length k. We use the following formula: the expected value of X} is the number of potential
cycles times the probability that each potential cycle is in G(n,p). The formula follows from linearity of
expectation by using indicator variables: if X is the event that G ~ G(n,p) contains the cycle C, then

= > E[Xc¢]= Y PrX¢=1]=|{Cacyde:|C|=k}| Pr[Xc, =1],
C a cycle |C|=k
|Cl=k
where C}, is a particular cycle of size k.
We can specify a cycle of length k by specifying k vertices. Each cycle is counted 2k times this way,
so the number of cycles of size k is n£/2k, where nk =n(n —1)---(n —k+1) = n!/(n — k)! is a falling
power (there are also rising powers). The probability that G(n,p) contains any fixed cycle of size k is p*

(since there are k edges in such a cycle), and so
k
n—
E[X P~
[ k} 2/€

Therefore

B

3

— nk — (pn) 3
=D P <D )t = — o = Oen)®) = o(1).
k=3 k=3
Here we used that if pn — 0 then from some point on pn < 1/2, and so 1/(1 — pn) < 2. This completes

the proof. O

2.4 Unicyclic regime

Theorem 2.3 ([FK16, Lemma 2.10]). If p = 1/n — w(1/n*3) then whp all connected components of
G(n,p) are trees or unicyclic (contain at most one cycle).

We will see from the proof where 1/n*? comes from. This threshold is (probably) tight: if p =
1/n — ¢/n*/3 for constant ¢ then (it seems) there is constant probability that the graph contain a
component with at least two cycles.

The forbidden structure in the preceding case was a cycle. Here it will be a certain type of extended
path.

Lemma 2.4. If G has a connected component which neither a tree nor unicyclic, then G contains a path
P (of length at least 3) and two (distinct) edges connecting the two endpoints of P to other vertices in
P.

Proof. Consider some connected component which is not a tree and isn’t unicyclic. By removing edges,
we can assume that it contains exactly two cycles (that is, it has k vertices and k + 1 edges). Run DFS
from some arbitrary vertex, and let v be a vertex of maximum depth whose subtree contains non-tree
edges, say via the two children vy, va. For i € {1,2} we will construct a path from v through v; to some
vertex x such that x is adjacent to a non-tree edge. Pasting the two paths will prove the lemma.

There are two cases. If the subtree of v; contains a back edge (z,w) (where x is a descendant of v;,
and possibly w = v; or w = v) then we take the path from v to z. If the subtree of v; contains a cross
edge (z,w) (where z is a descendant of v;) and y is the least common ancestor of 2 and w then we take
the path from v to z to w to y and remove the last edge (draw!). O



Proof of Theorem[2.3 Let p = 1/n — a/n4/3, where o — oo. The number of potential arrangements
as the extended path described in the lemma, when the path has length k, is at most nfk?: there are
n%/2 < nk choices for the path, and (k—2)?—1 < k? choices for the two extra edges. Each such structure
occurs in G(n,p) with probability p*1, and so the expected number of structures appearing in G(n, p)

is at most . . . .
kg k’2 o k k‘2 1/3
k1.2, k+1 N k _ o _ N —ak/n

pDRTETRSED SIS gy (R R

k=3 k=3 k=3 k=3
We used p < 1/n in the first inequality and 1 —z < e~ (for > 0) in the second inequality.

There are many ways to estimate this sum. One of them approximates the sum by an integral. We

will use the substitution z; = (a/n'/3)k.

n 2 n 2/3 2\ .2 n
k —ak/n1/3 _ (n / /Oé )xk —Tp _ 1 o 2 _—xy
—e€ - e — - 73 17/3$ke .
n n o n
k=3 k=3 k=3

1/3

Since |zk1+1 — x| = a/n'/?, we recognize this as a Riemann sum, and so

n 2 oo
Z k;e—odﬁ/nl/3 — %/ 22e7 do.
n a3 Jo
k=3
(Skipping some technical details.) The integral clearly converges (to 2, though the exact value isn’t
important for us), and so the expected number of bad structures is O(1/a?) — 0. O

3 Week 3 (13 November 2016)

3.1 Subcritical regime

So far we have seen that when p = o(1/n), whp G(n,p) is a forest, and when p = 1/n — w(1/n*/3), whp
all connected components contain at most one cycle. Our goal now is to describe the state of a G(n, ¢/n)
random graph, for ¢ < 1. We already know that all connected components contain at most one cycle.
But do unicyclic components actually occur?

Lemma 3.1 (JFK16, Lemma 2.11]). If p = ¢/n for ¢ < 1 and f(n) = w(1) then whp G(n,p) contains
no unicyclic components of size f(n) or larger.

Proof. Let Uy denote the number of unicyclic components. Given a set of k vertices, Cayley’s formula
states that there are k*~2 possible trees on this vertex set, and so the number of potential unicyclic
components is at most (Z) kk—2k2 = (2) k*, since there are at most k2 ways to choose the extra edge.
Such a structure appears in the graph as a connected component if the k implied edges are in the graph,
the other (g) —k potential edges in the component are not in the graph, and the k(n—k) edges connecting
the k vertices to the rest of the graph are also not in the graph. Thus

k
E[U)] < (Z) kFpk(1 — p)k(n—k)+(’;)—k _ n@%pk(l — p)kln—k/2=3/2]

We now estimate these terms one by one. The first step is estimating 1 —p < e ? = e~¢/™. The second
step is using Stirling’s approximation

k! ~ V2rk(k/e)t = k! = © (\/%(k/e)k) .

These estimates show that

E . k
B < — L " (caetrmbraarn)

Q(VE) n*
When k = o(n), the last factor becomes roughly ce'~¢, which is good for us: this function attains its
maximum 1 at ¢ = 1 (since its derivative is (1 — ¢)e! 7¢), and the assupmtion ¢ < 1 implies that ce! ¢,

and so E[Uy] decays exponentially fast. However, for large k we only get ce'=¢/2 which could exceed 1.

1—c



The solution to this conundrum is taking advantage of the difference between nk and n*:
k _ _ _
R (L Y M (=0
n n n n n n n
L ELl_ (.

0
eXp—[+—|—-~-+ =
n n

This factor becomes significant when k& = Q(y/n), and helps us obtain a better estimate:

E[Uk] <

1 €C€_[n_2]c/n F . Cel—c kBQCk/n cel_c k
Q(\/g)( ) <0 (e < Oc(1)(ce' )",

Summing over all k > f(n), we get

E[Us )] < 0(1) 3 (e )% = Ou(1)(ce' =)/,
k=f(n)

If f(n) — oo then E[Us (,,)] — 0. O

Together with Theorem [2.3] this suggests that the largest connected component in G(n,c/n) is a tree
when ¢ < 1. This allows us to determine almost exactly the size of the largest connected component in

G(n,c/n).

Theorem 3.2 ([FK16, Lemma 2.12]). If p = ¢/n for ¢ < 1 and f(n) = w(1) then the size S of the
largest component in G(n,p) whp satisfies

logn — % loglogn

S < f(n).

c—1—1loge

Note that ¢ — 1 —logc = —log[ce!~¢]. The origin of the mysterious threshold will become apparent
during the proof.

Proof. Let a = ¢c—1—logc and kg = (logn — 2 loglogn)/c, and consider k = ko+ 4 where || = o(logn).
We will estimate the number T} of tree components of G(n,p) of size k. The number of potential
components is (Z) k*=2 by Cayley’s formula, and the probability that G(n,p) contains one of them is

P11 —p)k’("_k”(g)_(k_l). Hence

1 kk
E[T}] = nk - —

— n— k — —
ey P _p)k( k)+(5)—(k=1)

In Lemma it was important to estimate n® better than n*. Here, in contrast, k = ©(logn), and so

n* is a good approximation: on the one hand, n¥ > nk, and on the other

nk — <1_;)...(1_’“n1> >k <1_(j?> = (1 - o(1)n",

where we used (1 —a)(1—-08) =1—a—-0+af > 1—a— F. Stirling’s formula gives the estimate
k! = (1 £0(1))V2rk(k/e)*. As for the last factor,

(1 _p)k(nfk)Jr(g)f(kfl) < (1 _ p)kn < e_Ck.

In the other direction, we use the lower bound 1 — x > e*w’”ﬁ, which holds for small enough « (for
example, x < 1/2 suffices). This estimate implies that

(1 _p)k(nfk)Jr(g)f(kfl) _ (1 _ p)kn(l _ p>O(log2 n) > e—ck—czk/ne—O(log2 n/n) _ (1 _ 0(1))€_Ck.



Putting all estimates together, we obtain

1 ek n
E[T:] = (1 +£o(1))n* - = - C—phemek =
[Tk] = (1 £ 0(1))n R A
1 n ab/? n
1+o(1 (e =1+ 0(1)) — - cel=o)k
( ())C S k5/2( )= ())c S log5/gn(

We chose kg so that (ce!=¢)* cancels n/log®? n exactly, and so
E[T)] = Oc((ce'79)%).

If 6 = w(1l) then E[T}] = o(1), and this (together with Theorem and Lemma shows that

S
S < w + f(n) whp. Conversely, if 6 = —w(1) then E[T}] = w(1). However, this is not enough

5
logn— 2 log1
to conclude that S > w — f(n) whp; in principle, it could be that there is a low probability

event that creates many tree components of that size, and this is the reason that E[T}] = w(1). We will
actually see such an example when we talk about subgraph counts. To complete the proof, we will use
the second moment method.

The idea is to use Chebyshev’s inequality:

VI[T}]
E[Ty]?

Pr[T}, = 0] < Pr[|T} — E[T}]| > E[T]] <

We will estimate V[T}] using the formula E[T?] — E[T}]. For a particular tree ¢ of size k, let X; be the
indicator variable for the random graph G ~ G(n,p) containing ¢. Then

ET7] = Y EX.X]= > Prsted]

s,t k-trees s,t k-trees

What is Pr[s,t € G]|? There are three cases. If s =t then Pr[s,t € G] = Pr[t € G]. If s,¢ share vertices
then Pr[s,t € G] = 0. If s,¢ are disjoint then they involve together 2(k — 1) edges, 2((’;) —(k-1))
non-edges inside the components, and 2k(n — k) — k? non-edges separating the components from the rest
of the graphs; k2 non-edges are counted twice. Therefore Pr[s,t € G] = (1 — p)~** Pr[s € G| Pr]t € G.
In total,

E[TZ) <Y Prit€ Gl + > (1 —p) ¥ Pr[s € G| Prlt € G = E[T})] + (1 - p) ¥ E[T;]2.

Therefore

ViT] L + [(1 fp)flC2 - 1] <o(1)+ O /m) _ 1 = o(1) + O(k*/n) = o(1).

§ n
We conclude that Pr[T, = 0] = o(1), and so whp a tree component of size at least w + f(n)

exists. O

4 Week 4 (20 November 2016)

4.1 Supercritical regime

We now switch to the supercritical regime, p = ¢/n for ¢ > 1. In this regime, whp G(n,p) contains a
unique giant component of linear size, all other connected components being logarithmic in size. The
proof will involve several steps:

e First we will show a dichotomy for the size of the connected components: all of them are of size

O(logn) or Q(n). (Lemma [4.1)



e Then we will count how many vertices in total participate in small components. (Lemma {4.3])
e Finally, we will show that there is only one linear-sized component. (Lemma {4.4])
We start with the size dichotomy.

Lemma 4.1. If p = ¢/n for ¢ > 1 then whp every connected component of G(n,p) has size either
O.(logn) (“small”) or Q.(n) (“large”).

Proof. Let Cy denote the number of spanning trees of connected components of G(n,p). There are
(Z) k*=2 potential spanning trees, and each of them belongs in the graph with probability p*~! (1—p)*(=F)
(the numbers don’t sum up to (Z) since we allow other edges inside the component). Thus

k
i) = ()20 O < i <

n lfcn_k n
Yo (ce

o(1)

If k < +/n then ck?/n < ¢, and so
E[Cy] < O.(1)n(ce* =)k,

Since ce'~¢ < 1, there is a constant A, such that (ce!~¢)A4<1°8™ < 1/n3. Whenever A.logn < k < /n,
we thus have
E[Ck] = O.(1/n?).

Taking a union bound, we see that whp there are no connected components of these sizes.
To see what happens when k > \/n, consider the substitution k = Bn:

E[Ck] < Ou(n)[(ce*™¢)BeB* " < O, (n)(ce!~(1~B)e)n,

Since ¢ > 1, we can find a constant B, such that ce’~(1=F<)¢ < 1. Whenever k < B.n, the expecta-
tion E[C)] will be exponentially small, and so a union bound shows that whp there are no connected
components of these sizes either. O

The next step is to consider small components. It turns out that all of them are trees, whp.

Lemma 4.2. If p = ¢/n for ¢ > 1 then whp the total number of vertices in small non-tree components

of G(n,p) is o(n).
Here small is as given by Lemma [4.1]

Proof. Let C}, denote the number of spanning trees of connected components of G(n,p), together with

E—2
an extra edge. There are at most (Z) - k2 of these, and each of them appears in the graph with

probability p*(1 — p)*(*~*). Recycling our computations from the proof of Lemma 4.1} we see that when
k< /n,

n
w7

1—c)k
Vi

Therefore the expected total number of vertices in small non-tree components is

E[Ck] < 0c(1) 55 (ce' ™) k?p = Oc(1)

Aclogn Aclogn
> Elker] = 0c(1) Y VE(ce™)F = 0.(1).
k=3 k=3
Markov’s inequality shows that whp, the total number of vertices is o(n). O

It remains to count the number of trees.

10



Lemma 4.3. If p=c/n for ¢ > 1 then whp the number of vertices in small components is
(1% 0(1))2n,
c

x c

where x < 1 is the unique solution to re™" = ce™°.

l1—x

Note that the function f(r) = xe!™®, whose derivative is (1 — z)e! =%, increases from f(0) = 0 to

f(1) =1 and then decreases to lim,_, f(x) = 0.
Proof. Let Ty, be the number of tree components of size k. When k = O.(logn),

E[T}] = <”> kF—2pk=1(1 _p)k(n—k)+(’;)—(k—1) —(1- 0(1))2 kk—2

. =) (L= p) T,

Now (1 —p)=©9*) = 14 0(1) and (1 — p)*™ = (1 — o(1))e~* (using estimates we have seen above).

Therefore
nkk—Q
E[T:] = (1 £0(1))—
(T = (1= o(1) 2

The expected number of vertices in small components is thus

(ce_c)k.

Aclogn /{ik_l

E[S] = (1+0(1)> Y (e,

C
k=1

The general term of the series satisfies

JR—1
= (ce™)F = O(k=2/2)(cet ).

In particular, for some constant K. we have

oo k—1
> e = 0ul(ee ) = 0t ) = o)

k=A.logn+1

Therefore we can estimate the finite sum with an infinite one:

k-1

o n —c\k
E[S] :=(1+ o(l))z Z T(ce )~
k=1
Suppose now that xe™™ = ce™ for x < 1, and consider G(n,z/n). In that regime, all but o(n)

vertices belong to small tree components (with a different constant A,), and so, repeating essentially the
same calculations (with a bit more work) we obtain

el k-1
Z (ze ™)k + o(n),

k!
k=1

n=(1=+0(1))

813

x

which in the limit n — oo implies that the infinite series equals . Since ze™ = ce™ ¢, it follows that

E[S] = (1 + 0(1))%71.

However, we are not done yet: it could be that the number of vertices in small components tends to
deviate a lot from its expectation. To show that this isn’t the case, we will use concentration of measure,
in the form of Chebyshev’s inequality.

A calculation along the lines of Theorem shows that

V[T}] < B[]+ [(1 - p)™ — 1 E[T4]? = E[T] + Oc(log” n/n) E[T}]? = Oc(log” n/n) E[T} )2,

since

1 k2 k! e log2n ek 10g2n
ETH] =(1 :I:o(l));k—k(ce )k <O0(1)- ” (ce1 )]’c =0 ( - ) .

11



Therefore Chebyshev’s inequality implies that

V[Te] log®n
Pl"HTk — E[Tk” Z O'E[Tk]] S O'QTW = OC ( 0_2n ) .

Choosing o = logn, we see that whp Ty = (1 + O(log* n/n)) E[T}], and so S = (1 + o(1)) E[S] whp. O

This leaves roughly (1 —xz/c)n vertices in large components. A short argument shows that all of these
vertices must belong to the same connected component.

Lemma 4.4. If p=c¢/n for ¢ > 1 then whp G(n,p) contains a unique large component.

Proof. Let 6 = o(1/n) be a parameter to be chosen, and let p’ = ’f—zg. If G’ ~ G(n,p') and G is obtained
from G’ by adding each edge not already in G’ with probability d, then G ~ G(n,p); this is because the
probability that an edge appears in the graph is p’ + (1 —p')d = (1 — §)p' +§ = p. Lemma while
nominally proved only for p, holds for ¢ as well, showing that whp each large component has size at least
Bln. There are at most 1/B., of these. Consider any two such components, C, Co. The probability that
none of the edges between C; and Cy is added when moving to G is

(1 - §)ICHC < (1 — §)BEn® < o=0Bn”,

Choosing § = 1/nlogn, this expression becomes at most e~2("/198™) which is very small. In particular,
whp any two components will be connected in GG, and so G contains a unique large component. O

Our work in this section is summarized in the following theorem.

Theorem 4.5 ([FK16, Theorem 2.14)). If p = ¢/n for ¢ > 1 then whp G(n,p) consists of a giant
component containing (1+ o(1))(1 — x/c)n vertices, and tree components of size O(logn).

5 Week 5 (27 November 2016)

5.1 Critical regime

So far we have addressed G(n,c¢/n) for ¢ < 1 (the subcritical regime) and for ¢ > 1 (the supercritical
regime). Now we will analyze what happens at the threshold ¢ = 1. This doesn’t quite cover all the
cases, since the behavior at ¢ = 14 d(n) for |6(n)| = o(1) doesn’t quite match the behavior at ¢ = 1, but
it already reveals a curious phenomenon: whereas in the subcritical regime all connected components
had logarithmic size and in the supercritical regime there was a giant component of linear size, here there
will be many components of size roughly n2/3.

The argument is divided into two parts. First we show that whp there exists a connected component
of size roughly n?/3. Then we show that whp there are no larger components. Surprisingly, the second
part is much harder.

Lemma 5.1. For every constant € > 0, with probability 1 — e, G(n,1/n) has a tree component whose
size is O (n?/3).

Proof. Let k = Cn?/3. The expected number of tree components of this size is

k—1 k(n—k)+(5)—(k—1) k 1.k k(n—k)+(5)—(k—1)
E[Ty] := K Er—2 l 1,l :nikiﬁ 1,} )
k n n nk k! k2 n

Since we are aiming at showing that this number is large, we will carefully estimate all factors in the
expression. For the first factor, notice that log(l — z) = —x — 22/2 — O(z?®) implies that 1 —z =

12



2 3
e~ *=27/2=6(") " and so

DD, e
1+ + (k-1 124... 4 k—12_@ P+ 4+ (k-1

=exp |— - ,
| n 2n? n3

e [ B RE=DEE=D) (;&)}

i 2n 6n? n?

[ C*nl3 B 1

The factor k*/k! equals (1 4+ o(1))e*/v/27k. The remaining factor equals

_ 1 1 5/3 02714/3 2/3 o _ 2/3 02711/3 1

In total, since n/k%/? = n=2/3/C%/2 we obtain

n—2/3 c2pl/3 0B , C2pl/3
- e _ ~ ~ ) /3 2/3 2 " _
B[] = (1% o(1)) 57— o K —+ ) (cn2?) + <Cn . )}

n—2/3
1+o0(1)——m8m78MM .
(1% o ))05/2\/ﬂ603/6
This shows that
An?/3 A )
E[T:] = (1 £o(1 ——dC,
k:A—Zlnz/s. [ k] ( ( )) ~/1/A 05/2\/§603/6

where the factor n=2/3 disappeared due to the substitution. Using the Taylor expansion of e® it is not
difficult to estimate this sum as 4
3T
Thus we expect there to be some tree component whose size is between A~1n2/3 to An2/3.
We now want to apply the second moment method. Let 7 be the collection of all tree components
whose size is between A~'n?/3 to An?/3, and for T € T let X7 denote the event that T is a component
of G(n,p). Then

A3 L O(VA).

E[S?*|= Y Pr[Xr and X5,] = E[S]+ > (1 —p)~ 1B T2l pr[X | Pr[X g ).
T1,T2€T T1#T:
Liee Ty, Ts éc?éméatiblc

—|T1 || T2

In earlier applications of the method, it had been the case that the (1 —p) | factor were close to 1,

but in our case it is roughly el 71721/ — e©4"*)  On the other hand, the sum is only over compatible
T1,T5. The probability that random T7,T5 is compatible is at most the probability that random sets of

size |T}|, |Ts| =~ n?/? are disjoint, which is

|71 |71 |1 |71 T [? T, ?
( n A I N s BN ;N U B

T || T2 n (|71 ] + |T2))| T || T>|
n 2n2 '

exp —

Similarly,

(1= p)-TITel oy oo TITEL
n

In both cases the approximation hides 1+ o(1) factors. Since e~ (Ta|+IT2D|T1[| 72| /2n* < 1, we deduce that

E[S*] <E[S] + (1 + o(1)) E[S]*.
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Chebyshev’s inequality thus shows that

V(9]
E[S]?

1

Pr[S=0] < ES]

< +o(1). O

If we choose € to be subconstant then we get a result holding with high probability, but we won’t be
able to pin down the order of magnitude of the tree component.

Lemma 5.2. For every constant € > 0, with probability 1 — €, all components of G(n,1/n) have size
O (n?/3).

Proof. Let V be the set of vertices of G(n,1/n). Fix some vertex € V. Let X4 be the number of
vertices at distance d from x. We think of the sequence Xy, X7, X, ... as being determined by running
BFS from x. In particular, at step d, after having discovered all vertices at distance at most d, we are
unaware of the status of any edge other than those touching a vertex at distance less than d from x.

If X4 = ¢ then a vertex is connected to one of these ¢ vertices with probability at most ¢/n, and so
the expected number of vertices at distance d + 1 is at most (n — £)¢/n < £ (since there are at most
n — £ potential vertices). Thus E[X41|X4] < E[X4], showing that the process X is a submartingale. In
particular, E[X4] <1 for all d.

Let mqg = Pr[X4 > 0]. We can estimate 7411 as follows. First we find the X; ~ Bin(n—1,1/n) vertices
at distance one from x. Then we run a BFS process from each of them, adding X; dummy vertices.
Intuitively, for X411 to be positive, one of these processes must reach level d, and so w441 < 1—(1 —7Td)X 1,

Here is a more formal justification, using the technique of coupling. Let X7 = m and let y1, ...,y be
the neigbors of x. We will simulate m independent BFS processes, starting from 1, ..., y,, generating
a coupled BFS process from x in whose first step the vertices ¥, ..., ¥y, are discovered. All processes
are run on the set of vertices V. We call them the y1,...,ym, 2 processes.

Each BFS process contains three types of vertices: active vertices (vertices discovered in the preceding
step), old vertices (vertices discovered in previous steps), and undiscovered vertices. When running the
BF'S process from a vertex v, initially v is active, and all other vertices are undiscovered. At each step, we
expose all edges from active vertices to undiscovered vertices: each such edge belongs to the graph with
probability p = 1/n. All neighbors of active vertices are marked active, and then the previously active
vertices are marked old. We will couple the z,y1,...,y, processes so that the x process individually
behaves like a BFS from z conditioned on the neighbors of  being 1, ..., ¥m, and the y1, ..., y,, behave
like independent BF'S processes from ¥, . .., y,. The coupling will have the property that if the = process

survives for d + 1 steps, then at least one of the y1, ..., y,, processes survives for d steps. The inequality
Tar1 < 1— (1 —mg)™ will immediately follow.
For the purpose of the coupling, the active vertices of the 1, ...,y will be colored using the colors

green and red. Red vertices are ones which are ignored in the x process. We initialize each y; process
with y; as an active green vertex, and all other vertices are undiscovered. The x process is initialized
with x as old and ¥4, ...,y as active. We then execute the following procedure d times. Run one step
of the BF'S process for the y1, ...,y processes. An active vertex is colored green if one of its previously
active neighbors is green, and otherwise it is colored red. We then consider the set S of all green active
vertices in the yi, ..., ¥m, partitioning it into two parts: S consists of those already discovered by the
x process, and S consists of the rest. We advance the x process by marking the vertices in S5 as active,
and the previously active vertices as old. Then we adjust the colors: all active copies of vertices in S}
in the y1,...,ym processes are colored red. If a vertex in Ss is green active in several of the y1,...,ym
processes, we choose one of them arbitrarily, and color all other copies red.

Our construction guarantees that at each step, there is a one to one correspondence between active
vertices in the x process and green active vertices in the yi,...,y,, processes. This ensures that the
resulting x process behaves exactly like a BFS process (work it out!). The y1, ..., ym processes are also
independent BFS processes, as promised. Finally, by construction if the z process lasts for d + 1 steps
then one of the y, ...,y processes has lasted for d steps. This implies that g1 < 1 — (1 — wg)™.
Considering all possible values of m, we conclude that

< E 1—(1—mg)X].
Ta+1 = X~Bin(n71,1/n)[ ( ﬂ-i) ]
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When n is large, the distribution Bin(n — 1, n) approaches a Poisson distribution with expectation 1,
which we denote by Po(1). Indeed, for each particular k,

Pr[Bin(n — 1,n) = k] = (" - 1) (1)k <1 - 1>n_1_k I VAO8 C 1)E(1 —1/n)" 7k — e’

k n n k! nk k!

In this case we can say moreﬂ Po(1) stochastically dominates Bin(n—1,1/n). That is, there is a coupling
(X,Y) such that X ~ Bin(n —1,n), Y ~ Po(1), and X <Y always. Indeed, let A = —log(1 —1/n), and
note that A := 1 — (n — 1)\ > 0, since (1 —1/n)"~* > 1/e classically. We define the coupling as follows:

o Let Yi,...,Y,_1 ~Po(\) and Y ~ Po()\).

e Let X, indicate the event Y; > 1.

e Define X =X;+-+ X, jandY =Y+ + YV, +Y.
Since Po(a) + Po(B) ~ Po(a + ), it follows that Y ~ Po(1). Since

1 1
Pr[Y; > 1] =1-Pr[Y;=0|=1—e*=1— (1) =z,
n n
we see that X; ~ Ber(1/n) and so X ~ Bin(n —1,1/n). Finally, by construction X; <Y; andso X <Y.
This coupling easily implies that

b'e Yy _ -1 = (1—7Td)n_ —
map1 SE[L—(1 -7 SE[l - (1-m)"]=1~¢ aT_l_e a.

The right-hand side of the inequality is increasing in 74, and so gy < x4, where x4 is given by the
recurrence

Tgpp =1—e 7, ro = 1.

A Taylor expansion shows that x4+1 < x4, and conversely x4 > 0 can be proved by induction. Thus z4
approaches some non-negative limit x, which satisfies ¢ = 1 — e™7; the only solution is x = 0. In other
words, xq — 0.

For small x4, we can approximate the right hand side by the first few terms of the Taylor series:

Tgpi~l—(l—ag+a2/2—)=xg—22/2+---.
This suggests that the sequence x4 is comparable to the sequence y4 given by
Ya+1 = Yd — Ya/2

and a suitable initial condition. This sequence, in turn, is comparable to the solution of the differential
equation

Y =-Y?/2,

which is Y(d) = 2/(d + C) for some constant C. This leads us to conjecture that x4 = (1 4 o(1))2/d.
Indeed, we now prove by induction that x4 < 2/d. This is clear for d < 2. For d > 2 we have

2 4 8
—x —2/d
$d+1§1*€ dglfe /§1(1d+2d26d3)

Thus
L—x >L_z E_i_M>O
d+1 ""M'Tax1 4@ 3B 3d+ 1) T

We can now estimate the probability that the connected component of z contains at least Cn?/3

vertices. Suppose that the BFS process terminates after d steps. With probability at most 2/v/Cn!/3 it
happens that d > 2¢/Cn'/3, and otherwise Markov’s inequality shows that

E[Xo + - - + Xy 2
Cn2/3 = on/3

I This folklore argument is adapted from [KMT0]. They also prove the stronger result that Bin(n, 1/(n 4 1)) statistically
dominates Bin(n — 1,1/n).

Pr[Xo+ -4 Xg > Cn?/?] <

15



2/3

Thus the probability that the connected component of x contains at least Cn*/* vertices is at most

4
VCnl/3
The expected total number of vertices in components whose size is at least C'n
n 4 4
Cn2/3\/Cnt/3  C5/2’

since if we sum indicator variables for the event that a vertex participates in such a component, then
each component is counted at least Cn?/3 times. Markov’s inequality thus shows that such a component
exists with probability at most 4/C%/2, O

2/3 is thus at most

Combining both results together, we obtain the following theorem.

Theorem 5.3 ([FK16, Theorem 2.21]). For every constant € > 0, with probability 1 — €, the largest
component of G(n,1/n) has size ©.(n?/?).

6 Week 6 (4 December 2016)

6.1 Connectivity

We have seen that at p = 1/n, the random graph G(n, p) undergoes a phase transition: a giant component
emerges. Aside from the giant component, the graph also contains logarithmic-sized components. When
are these swallowed completely by the giant component? It turns out that the toughest cookies to crack
are isolated vertices, as the following lemma implies.

Lemma 6.1. If p = (logn + ¢)/n, for some constant ¢, then whp G(n,p) has no connected component
whose size is in the range [2,...,n/2].

Proof. Given k, we will estimate the expectation of the number of spanning trees of connected components
of size k < n/2:

n
E[T}] := <k> KF2ph (1 — p)Rnh)

k
<(1+ 0(1))nkk n k(n—Fk)

Elogn

<o) ()

since 1 —p < (e7P")1/™ = (e°n)~1/. Since k < n/2, we can upper bound this by

p*(1—p)

k k—1 k—1
n e(logn + ¢) log" " n & log" " n
E[T,] <O <O ——F—101) < —"n—.
[ k] = <logn) < /ecn > — < nk/2—1 ( ) = Q(n)k/271
When k > 5, this is o(1/n), and so whp there are no connected components of size 5 < k < n/2.
To handle small k, we will need to be a bit more careful: for each constant k,

E[T,] < O( n ) (e(logn+c))k(ecn)k2/n o (ng1n>

logn e‘n n

This is o(1) for k > 2, and so whp there are also no connected components of size 2 < k < 4. O

The startling implication is that the only obstruction for connectedness are isolated vertices! (We’ll
work this out in detail later.) So we turn our focus to studying the number of isolated vertices. When
p = (logn+ ¢)/n, the probability that a given vertex is isolated is (1 —p)™ = e~ ¢/n, and so the expected
number of isolated vertices is roughly e~¢. Intuitively, there is only slight dependence between different
vertices, and so we expect the distribution of the number of isolated vertices to be roughly Poisson, and
this explains the mysterious probability e=¢
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Theorem 6.2 ([FKI6l Theorem 3.1(ii)]). If p = longqLc then for every k, the probability that G(n,p)

has exactly k isolated vertices tends to

- efck
€ b

k!

which matches the distribution of a Po(e™¢) random variable.

Proof. Let X denote the number of isolated vertices. We start with the case k = 0. The idea is to use
inclusion-exclusion. For a set S of vertices, let Is denote the event that all vertices in S are isolated.
This event has probability

Pr[lg] = (1 — p)('2)+ISIn=ISD,

The inclusion-exclusion principle (known in this context as the Bonferroni inequalities) shows that for
each fixed /,

1-— Z PrIs] +-- Z PriIs] <PrlX =0]<1-— Z PriIs] + -+ Z Pr[Is].

|S|=1 |S|=26+1 |S|=1 |S|=2¢

There are (Z‘) sets of size £, and so for any fixed /,

—ct

S pelts] = () -0 o S

|S|=¢

since (%) & nt/l!, (1—p)™* ~ e~o8nte)l = ¢=<t /pf and (1 —p)o(éz) = 1—o0(1). Therefore for any fixed

£,
—ct
> Prils] -
|S|=¢
Thus for every ¢ and € > 0, for large enough n
—c —(2¢+1)c —c —2(lc
e e e e
l—-—+ - ———— —e<Pr[X=0]<1- .
TR o7 e S I e TR OT) TR
The series 1 —e~¢/1! +e72¢/2! — ... converges to e~¢ . Thus for any € > 0 there exists £ such that
) e—¢ N 67(25+1)c N - ) e—¢ N N 672Zc < - N
—_—— e — 6 —_— 6 —_— ... 6 6'
1! 20+ 1) — ’ 1! (20! —
Altogether, we deduce that for any € > 0, for large enough n,
e —2< Pr[X =0] < e ¢ "+ 2.
This implies that
Pr[X =0] — e "
The case of general k is similar, and left to the reader. O

We can conclude our main result, stating the threshold of connectedness.

Theorem 6.3 ([FKI16, Theorem 4.1,Theorem 4.2]). If p = 1°g++c then the probability that G(n,p) is

connected tends to e~ ¢ °

Furthermore, whp Pcon = Piso-

Proof. The graph G(n,p) is connected if there is no connected component whose size is at most n/2,
since there can only be one connected component of larger size. This, in turn, happens with probability
o(1) + (1 £ 0(1))e™® °, and so G(n, p) is connected with probability tending to e=¢ "

It remains to prove that pcon = pro- The idea is to show that whp, at time p_ =
log n+loglogn
n

logn— log logn

the graph isn’t connected, while at time p; = the graph is connected. The small gap
makes it unlikely that isolated vertices will be connected. We will consider graphs G_ ~ G(n,p_)

17



and G4 ~ G(n,py) generated using the coupling process; thus G \ G_ consists of those edges whose
timestamp is between p_ and p, .

The graph coupling easily implies that when p = (logn — w(1))/n, whp G(n, p) isn’t connected, and
when p = (logn + w(1))/n, whp G(n,p) is connected. In particular, whp G_ is not connected whereas
G is connected. Moreover, Lemma holds for p_ as well; the only difference in the calculations is a
few more logarithmic terms. Thus whp, p_ < prso < pcon < po-

The expected number of isolated vertices at time p_ i

n(l—p_)""" =nexp[(n —1)log(l — p_)] = nexp[(n — 1)(—p— — O(p?))] =

)] = (14 0o(1)) logn.

log®n

nexp[—logn + loglogn + © (

Markov’s inequality shows that whp, the number of isolated vertices at time p_ is at most log® n.

Conditioned on G_, the probability that an edge gets added between time p_ and time p; is
2loglogn/n O(M)
1—p_ - '

the probability that any of them gets added between time p_ and time py is O(log"lw) = o(1).
Thus, whp all edges in G4 \ G_ touch the giant component. In particular, whp the edge that makes the
graph connected connects an isolated vertex to the giant component, showing that whp pcon = Prso. U

There are at most log*n edges which connect two isolated vertices, and

Connection to the coupon collector problem In the coupon collector problem, we are given an
infinite sequence of coupons, each of which is a uniformly random number drawn from [n]. The question
is how long we have to wait until we have collected all different coupons. If we denote by Y; the first time
we have i different coupons and X; = Y; — Y;_1, then X; has geometric distribution G(1 — (i — 1)/n),
and so

- 1 1
n]—ZE[Xi]—n<n+n_1+~--+l) =nH, =nlogn+yn+ O(1),

where H,, is the nth harmonic number. We thus expect to collect about nlogn coupons until we see all
different kinds. This suggests calculating the probability that after collection m = nlogn + cn coupons,
we have collected all of them. For S C [n], let Egs be the event that we haven’t seen the coupons in S.
The probability that we have seen all coupons is

1\™ n 2\
1_ZE{}+ZE{ZJ} :1—n<1—n> +(2>(1—n) — .

i#]
Mimicking the proof of Theorem this probability tends to

672C —c

2
1—ne’m/"—|——n e7m/n =14 —=e
2 2!

What is the connection to connectivity? Consider the G(n,m) model. When the number of edges

is relatively small, say o(1/(5)), there isn’t a big difference between sampling edges with and without
replacement. When we sample edges with replacement, this is like the coupon collectors problem, only
we get two coupons for each edge (which also have to be different). This naturally leads to the conjecture
that the critical m is about nlogn/2 (although this is not o( (g)), which corresponds to p = logn/n.

Moreover, the critical window nlogn -+ ¢n in the coupon collectors problem translates to m = (nlogn +
en)/2 and to p = (logn + ¢)/n. Our calculations above show that the various dependencies don’t effect
the process by much.

More on Poisson distributions There are two different models that give rise to Poisson distributions.
The first one is Bin(n, A/n). Asn tends to infinity, the binomial distribution converges pointwise to Po(\).

Indeed,
k n—k k
Pr[Bin(n, 2) = k] = (Z) )\— <1 - A) — e_/\%.
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since (}) ~n*/kl, (1= X/n)" — e, and (1 —A/n)~% =1+ o(1).

The second model is the one with exponential clocks. Consider an infinite sequence T; of variables
with standard exponential distribution E(1) (so Pr[T; > t] = e~ "), and the corresponding partial sums
sequence 17,11 + T5, . ... We can think of the partial sums sequence as describing the following process:
at time zero, we start an exponential clock, and when it “arrives”, we mark this, and start another
one, and so on. The partial sums sequence marks the arrival times. The number of arrivals until time
A has distribution Po(\). We can see this by dividing the interval [0, A] into n parts, and using the
alternative definition of the exponential distribution as a memoryless distribution which on an interval
of infinitesimal length € has a probability of € to “buzz” (given that it hasn’t buzzed so far). In some
sense, this exponential process is the limit of Bin(n, A\/n) at n = co.

7 Week 7 (11 December 2016)

7.1 Subgraph thresholds

Fix a graph H. How large should p be to ensure that whp G(n,p) contains a (non-induced) copy of
H? 1t is easy to get a lower bound on p, by calculating the expected number of copies of H. The exact
answer will depend on the number of automorphisms of H. We will use the following notation:

e V(H) is the set of vertices of H, and v(H) is their number.
e E(H) is the set of edges of H, and e(H) is their number.
e A(H) is ths automorphism group of H, and a(H) is its size.
Lemma 7.1 ([FKI16, Theorem 5.2]). Given a graph H, the expected number of copies of H in G(n,p) is
161(121()1)#(1{)1)6(1{)'

Consequently, if p = o(n="F)/¢H)) then whp G(n,p) contains no copy of H, and if p = w(n=?H)/e(H))
then the expected number of copies of H in G(n,p) is w(1).

Proof. The idea is to consider the expected number of mappings {1,...,n} — V(H) which define a copy
of H. This counts each copy of H in G exactly a(H) times, and so we will divide by a(H) to get expected
number of copies. Each “ordered” copy of H appears with probability p¢*!)| and so the expected number
of copies is
1—o0(1)
= ppH)pe(H) _ 2 O\ u(H) pe(H) ]
a(H)" aH) P

If p = w(n—vU/e(H)) then the expected number of copies of H is w(1). Does that guarantee that G
contains a copy of H whp? Counsider the following example: K with an extra edge attached. Lemma
predicts a threshold of n=5/7. However, the same lemma shows that K, itself only appears at Q(n’2/ 3,
and n=°/T = o(n~2/3)! What is happening here? The reason that there are w(1) copies of H at w(n~>/7)
is that each copy of K (if any) creates roughly w(n?/7) copies of H. So even though it is unlikely that
H will appear at all, if it does appear (due to chance occurrence of K4) then many copies of H are likely
to appear.

It is easy at this point to formulate another guess at the correct threshold.

Definition 7.2. The density of a graph H is d(H) = e(H)/v(H), which is half the average degree of
H. The mazimum subgraph density (MSD) of a graph H, denote m(H), is the maximum density of a
subgraph of H.

A graph H is balanced it m(H) = d(H). Tt is strictly balanced if d(K) < d(H) for all proper subgraphs
K of H.

Lemma shows that if p = o(n="/™)) then whp G(n,p) contains no copy of H. This time we
have found the correct threshold, as the following theorem shows.

Theorem 7.3 ([FK16, Theorem 5.3)). Let H be a graph. If p = o(n="/™U)) then whp G(n,p) contains
no copy of H, and if p = w(n_l/m(H)) then whp G(n,p) does contain a copy of H.
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Proof. The first claim follows directly from Lemma We will prove the second claim using the second
moment method, showing that V[Ng] = o(E[Ny]?) when p = w(n~Y/"™H)) where Ny is the number of
copies of H. Since E[Ny] = w(1) by Lemma[7.1] this will complete the proof.
Let H; be an enumeration of all possible copies of H, each appearing exactly once. We have
V[Nu] = E[Nj] - E[Ny]?
= ZPr[Hi UH; € G(n,p)] — ZPr[Hi € G(n,p)|Pr[H; € G(n,p)]
i,j 1)

= Z(Pr[Hi U H; € G(n,p)] — p**@))

Y
— Z Z pZe(H) <p—e(K) _ 1).

K20 i
HiﬁszK

In the last step, we go over all possible isomorphism types of intersections of two copies of H; if H;NH; = ()
then the corresponding sum vanishes, so we can ignore such terms. Given K, a pair of copies of H with
intersection K is a structure consisting of 2v(H) — v(K) vertices, and so there are O(n?*(H)=v(K)) of
these. This shows that

V[Ny] = Z O (20 (F) 2e(H)=e(K)) (] _ pe(K))
K#0

<0 n2v(H)p2e(H) Z n*U(K)pfe(K)
K+#0

Since d(K) < m(H), for each K # () we have

n—v(K)p—e(K) — (n—lp—d(K))@(K) _ (n—10<nd(K)/m(H)))v(K) — 0(1).

Since E[Ng] = O(n*H)pet)) we conclude that V[Ny| = o(E[Ng]?), completing the proof. O

7.2 Subgraph counts

Suppose that p = ¢/n'/™H) Lemma shows that the expected number of copies of H in G(n,p)
tends to

ce(H)

a(H)

As in the case of isolated vertices, it is natural to expect that the distribution is roughly Poisson, at least
when the graph is balanced. This turns out not to be the case in general, but a Poisson law does hold
when H is strictly balanced.

Theorem 7.4 ([FK16, Theorem 5.4]). Let H be a strictly balanced graph. If p = en™ Y H) then for

every k, the probability that G(n,p) has exactly k copies of H tends to
k e(H)

A
- _
R where A = o(H)’

e

which matches the distribution of a Po(X) random variable.

Proof. As in the proof of Theorem we will only prove the case k£ = 0, the general case being very
similar. Let H; be a list of all possible copies of H, as in the proof of Theorem [7.3] We will show that

for every ¢ > 1,
)\Z
Z Pr[Hi17~"7Hi1{EG(n’p)]%F'

i< <dg

Then we can conclude the proof as in Theorem [6.2}
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We can decompose the sum into two parts: disjoint Hj,,..., H;,, and all other cases. The number
of disjoint £-tuples is (1 — o(1))(n*H) /a(H))¢ /¢! (the £! factor comes from the condition i; < --- < i),
and each of them appears in the graph with probability p¢(*)¢. The total contribution of the disjoint

{-tuples is thus
¢

1—o(1) (neEN" 7 ceti) C1—o(1) [esD\" N
0 \a@) ) \pe@ram ) = o \am)) o
Our goal is, therefore, to show that all other cases contribute o(1) to the sum.
Consider a structure composed of ¢ copies of H, not all of them disjoint. We will show that the

density of each such structure is strictly larger than d(H). As a result, the total contribution of any such
structure S is

O(n*Spe3)) = O((n= A/ AUMUS)) = o(1).

Suppose that T is a graph whose density is at least d(H), and that T" is composed with H, with some
possibly empty intersection K C H. If K = () then the density is some weighted average of d(T') and
d(H). If K # 0 then the density is

e(T) +e(H)—e(K) d(T)v(T)+d(H)v(H) — d(K)v(K) > d(H)
o(T) +v(H) —v(K) o(T) +v(H) —v(K) ’

using the fact that H is strictly balanced. An easy induction shows that when several copies of H are
composed together and not all of them are disjoint, the resulting graph has density strictly larger than
d(H). This completes the proof. O

7.3 Sharp and coarse thresholds

We have seen several thresholds so far. Two of the most prominent of them are the connectivity threshold
and the subgraph appearance thresholds. Let us compare the connectivity threshold and the threshold
for the appearance of a triangle:

1. If p= lo% + ¢ then the probability that G(n, p) is connected tends to e "

2. If p = £ then the probability that G(n,p) contains a triangle tends to 1 — e

—c%/6
" .

The critical scale for connectivity has order of magnitude 1/n, which is asymptotically smaller than
the threshold itself logn/n. In contrast, the critical scale for triangles has order of magnitude 1/n,
matching the threshold. We say that the former threshold is sharp, and the latter coarse. More formally:

Definition 7.5. A graph property is a property of graphs which is invariant under permutation of the
vertices. A property is non-trivial if for all n there is some graph satisfying the property and some graph
not satisfying the property.

Let P be a non-trivial monotone graph property, and let p*(n) be the probability at which Pr[G(n, p*) €
P] =1/2. The property P has a sharp threshold if:

1. For all € > 0, Pr[G(n, (1 — €)p*) € P] — 0.
2. For all € > 0, Pr[G(n, (1 + €)p*) € P] — 1.
Otherwise P has a coarse threshold.

Which properties have sharp thresholds? Friedgut’s celebrated sharp threshold theorem [Fri99)
roughly says that a monotone graph property has a sharp threshold unless it is “correlated” with the
appearance of small graphs. In other words, the property of containing a subgraph is more or less the
only kind of property having a coarse threshold.

On the other, every monotone graph property does have a threshold, in several senses. The first is
very simple.

Theorem 7.6. Let P be a non-trivial monotone graph property, and let p*(n) be the probability such
that Pr[G(n,p) € P] =1/2. Then:
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1. If p(n) = o(p*(n)) and p*(n) = o(1) then Pr[G(n,p) € P] — 0.
2. If p(n) = w(p*(n)) then Pr[G(n,p) € P] — 1.

Proof. We start with the second result. Let C(n) = |p(n)/p*(n)] = co. If Gy,...,Gc ~ G(n,p*) then
the probability that one of G1,. .., G, has property P is 1 —2~¢, and so the union G; U- - -UG( satisfies
property P with probability at least 1 —2~¢. On the other hand, the union G; U---UG¢ contains each
edge with probability 1 — (1 — p*)¢ < Cp* < p. The graph coupling thus implies that G(n, p) satisfies
property P with probability 1 —27¢ =1 — o(1).

The first result is very similar. Let C(n) be the largest integer satisfying 1 — (1 — p*)¢ < p. Since

* * C * * *
1=z - ()t = o= s - i)

the assumption p* = o(1) implies that C' — co. We obtain the required result by taking the intersection
of C graphs G, ...,G¢. Details left to the reader. O

8 Week 8 (18 December 2016)

8.1 Friedgut—Kalai threshold theorem
Another important result is due to Friedgut and Kalai [FK96].

Theorem 8.1. Let P be a non-trivial monotone graph property, and let p*(n) be the probability such
that Pr[G(n,p) € P] =1/2. Then:

1. For all C > 0, Pr[G(n,p* — C/logn) € P] < 0O(1/C).
2. For all C > 0, Pr[G(n,p*+ C/logn) € P >1—-0(1/C).

The theorem states that the critical window always has width O(1/logn). Unfortunately we won’t be
able to provide a complete proof of the theorem; this would require us to delve into analysis of Boolean
functions. However, we will indicate the proof of the theorem up to a basic result in that field, the KKL
theorem [KKLSS|.

Proof. We start with a formula for the derivate of r(p) = Pr[G(n,p) € P], the Russo-Margulis formula.

For a graph G and an edge e ¢ G, we say that e is influential for G if G —e ¢ P but G+ e € P.
Define ¢(G) to be the number of edges influential in G.

Consider a new model for random graphs, in which each edge e is put in with probability p.; we
denote this model by G(n,p). The expression Pr[G(n,p) € P], as a function of the p., is multilinear,
hence its derivative at p. equals

Pr [G+ecP]— Pr [G-ecP],
G~G(n,p) G~G(n,p)
since the derivative of az +bisa = (a-1+b) — (a-0+b). If we define indicator variables I, I_ for the
events that G+ e € P and G — e € P, then the expression above is just E[I; — I_]. This is non-zero
precisely when G+ e € P but G — e ¢ P. That is,

88 Pr[G(n,p) € P] = Prle is influential for G(n, p)].
Pe

Since G(n,p) is the same as G(n,p) for the constant vector p, = p, the chain rule shows that

% PG € Pl =Y % Pr(G(n, )] = E[(G(n, p))).

The KKL theorem states that there is an edge e such that the probability that e is influential for

G ~ G(n,p) is Q <r(p)(1 - T(p))10g2n> '

n
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Since P is a graph property, the probabilities are the same for all edges, and so

7' (p) = E[(G(n,p))] = Qr(p)(1 = r(p)) logn).
Suppose now that r(p* + C/logn) =1 — 4. Then

C/logn

1 c 1
* 1 =r(p* "(p* > = -=-0-Q( .
r(p* + C/logn) r(p)—i—/o r(p +x)dx_2+logn 5 0 - Q(logn)
This directly implies that Cd = O(1), and so § = O(1/C).
Similarly, if r(p* — C/logn) = ¢ then 6 = O(1/C). O

Theorem holds in greater generality. The underlying domain need not be structured. Instead, we
just require the property to have enough symmetries. Technically, we require it to be invariant under
some transitive permutation group (a permutation group is transitive if for all 7, j, it contains some
permutation mapping ¢ to j). As an example, consider the tribes function:

n/m m

f(@1,.. an) = \/ /\x(i—l)m+j7

i=1 j=1

where m = log,(n/log,n). For this function,

m

T(p) -1 (1 _pm)n/m ~1— e—(n/m)p .

When p = 1/2, p™ = logyn/n = m/n, and so p* is very close to 1/2. When p = %(1 + ¢/ logym), we
have p™ ~ 27™(1 + cm/ logyn) =~ 2~™(1 + ¢), and so 7(p) ~ 1 — e~ (1+9). This shows that the threshold
interval for the tribes function is 1/logn, and so Theorem is tight in its more general formulation.

Bourgain and Kalai [BK97] strengthened Theorem [8.1} showing that the threshold interval for mono-
tone graph properties is always at most 1/ log? n. This is tight for the property of containing a clique Kj,
for an appropriate value of k. Recently their result has been used to analyze the capacity of Reed—Muller
codes on erasure channels [KKM™16].

8.2 Cliques

Earlier we commented that a random G(n, 1/2) graph has good Ramsey-theoretic properties: its maximal
clique and independent set are both at most roughly 2log, n. It turns out that with more effort, one can
show that both of these are concentrated quite strongly, around one or two values.

We can obtain the figure 2log, n heuristically from the expected number of cliques of given size.

Lemma 8.2. The expected number Ny, of k-cliques in G(n,p) is

Ny — <Z>p<s>,

Nip1i _n—k ;1
Ny, k+1
Let ko be the mazimal k such that Ny, > 1. Then

The numbers Ny satisfy

ko = 2log, ;, n — 2log; /, log; ;, n £ O(1).

For k=ky £ 0(1),

Niy1 logn
=0 .
Ni, ( n )
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Proof. The first two claims are easy calculations.
For the third claim, note first that by Stirling’s approximation,

n ( (k_l)/Z)k 1 (ep(k—l)/2n>k
V2rk(k/e)k b ok k '

When k > 3log, /, n, say, this expectation is very small. Therefore kg = O(logn), and so the estimate
above is a good lower bound as well. Let k = 2log; ,(en) + 1 + 24, for small 6. Then

N S

Ni = O(log™ "/ n)(p° /k)*.

Take now § = —log; /,(2log; ;, ) + . Then P’ =p- 2logy/pn=(1— O(loil%))p"yh and so

2y
Ni = ©(log ™2 n)((1 — O(*ELEn))p1)F = @ (log™1/2 n)pe Ol lozm) = og=OM) "ngW'

This means that the value of 4 corresponding to kg satisfies |y| = O(1).
If k = ko + O(1) then

2
Niyi n—k n logl/pn log, /,n
N~ ki1? (1+o0(1)) (1+0(1))

O
2log;,n  n? 2n

The last part of the lemma already shows that with high probability, G(n,p) contains no clique of
size ko + 2. On the other hand, it contains w(n/logn) cliques of size ko — 1, in expectation. Using the
second moment method we will show that with high probability, G(n, p) contains a clique of size ko — 1.

Theorem 8.3 ([FK16, Theorem 7.3]). Let p € (0,1) be a constant, and define ko as in Lemma [8.9
With high probability, the clique number of G(n,p) is concentrated on two values.

Proof. We first show that with high probability, the clique number is one of kg — 1, kg, kg + 1. Then we
slighly refine the argument to obtain the theorem.

The last part of Lemma shows that Ny,+2 = O(logn/n), and so with high probability there are
no cliques of size kg + 2. On the other hand, Ny,—1 = Q(n/logn). We proceed to estimate the second
moment of the number of cliques of size k = kg = O(1), which we denote by X;. We will consider pairs
of potential cliques of size k with intersection r. The probability that two such cliques appear together

is Pz(g)f(;), and so
r k n
E[X}] = Z (k - n . >p2(§)—(§) = E[X,]? Z Wi,;;ﬂp_(g)-
r=0 T, T ~ (k)

The ratio of binomial coefficients can be estimated as
n
(k—r,r,k—T) n2k7—r k!? k12

Pl

-r

TR k=)l (k- )"

Therefore

k k

) ) 1?2 1 ) 1?2 1 L
ELXE] ~ B Z; CEnEz e Z(:) (k= )22 () F Z;

s

Consider now the summands J, = (ﬁ)Z/NT. We have Jo = 1, J; = O(log? n/n), Jo = O(log* n/n?),
and then the summands continue decreasing rapidly, until they increase back again. Eventually the
sequence reaches Ji = 1/Nj,. When k = kg — 1 we have J = O(logn/n).

This picture can be seen by considering first the ratio

Jrg1 (k — )17 nrp(;) (k —r)?
Jo (k=7 =12+ 1) nr+1p("sh) ~(r+ Dnpr+t”
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and then the ratio

Jha (k=12 (r+2)npt? r+2( k—r >2p
k )

Jodrra  (r+ Dnpr+L (k—r —1)2 Tl \k-r—1

which is less than 1 unless r is very close to 0 or k. Thus the ratio J,.11/J, is decreasing, which means
that the sequence J,. is unimodal (decreases then increases) for r not very close to 0 or k. For r very
close to 0 or k, this can be seen directly.

It follows that )
E[X2] = <1 +o <1°i ”)) E[X,]%.

The second moment method then shows that

E[X?] log? n
= < _— == .
P, 1 = 0] S oy —1=0( =

Up to now we have shown that the clique number is concentrated on the three values kg — 1, ko, ko + 1.
To improve on this, we have to consider the value of kq. If kg < y/n/logn then with high probability
there are no cliques of size kg + 1 since Ng,41 = O(y/logn/n). Otherwise, when k = ko we have

Ji = O(y/logn/n) and so E[X?]/E[X}]> — 1 = O(y/logn/n), and so there is a clique of size ko with
high probability. O

9 Week 9 (25 December 2016)

9.1 Chromatic number

In the previous section we were interested in the size of the largest clique. If we switch p by 1 — p
throughout, we obtain formulas for the independent set instead. Since a graph with chromatic number ¢
must have an independent set of size n/c, namely, the largest color class, our work shows that with high
probability, the chromatic number of G(n,p) is 2(n/logn). In the reverse direction, it is natural to try
out the following strategy: repeatedly take out the largest independent set until O(n/logn) vertices are
left, and color the rest with fresh colors. We expect the largest independent sets throughout this process
to have size Q(logn). However, the bounds that we got in Theorem are not good enough to obtain
this result: we need a bound for all potential graphs up to size n/logn, whereas the error bound there
is only O(l /m). To rectify this, we will use a better concentration result, Janson’s bound:

Lemma 9.1 (Janson’s inequality [FK16l Theorem 21.12]). Let U be a universe and let R be a random
subset of U obtained by choosing each element x with some probability p, € (0,1) independently. Let
{D;} be a collection of subsets of U. Let the random variable S count the number of subsets D; which R
contains, and let u = E[S]. Define

A= > PrD;,D;CRI

Then for each 0 <t < pu, -
PrS<u—t] < e~t’/28,

In particular, B
Pr[S<0] < e 128

The lemma is proved using the exponential moment method, just like Chernoff’s bound, though it
employs the FKG inequality, and for this reason we skip it.
Let us compare this lemma to Chebyshev’s inequality. Notice that

E[S’l=A+ > Pr[D; CRJPr[D; CR] <A+E[S].
i,5: D;ND;=0
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In many cases this inequality is close to optimal. Chebyshev’s inequality then gives
A

PriS<pu—t] <Pr[|S—pl >t < 5.

~

Janson’s inequality thus gives an exponential improvement.
We can now bound the chromatic number.

Theorem 9.2 ([FKI6, Theorem 7.7]). Let p € (0,1) be a constant. With high probability, the chromatic

number of G(n,p) satisfies

n
x(G(n,p)) ~ ——.
(Gmp) ~ G

Proof. Theorem [8.3| shows that with high probability, the maximal independent set in G(n,p) has size
a(G(n,p)) < (1 —o(1))2logy /1_p) n- In that case
n

x(G(n,p)) =2 T
(G(n.p) T —

(@~ L Tow)

We are now going to replace Chebyshev’s inequality with Janson’s inequality in the proof of Theo-
rem [8:3] The setup is as follows:

e U consists of all non-edges in the complete graph, and R is chosen by putting each non-edge with
probability 1 — p.

e The D; are all sets of size k.
e S is the number of independent sets of size k.

In the course of the proof of Theorem [8.3) we saw that for k¥ = O(logn) it holds that

k

k
A~ 'u2 Z (T‘)
r=2

2

N

We showed there that the largest two summands correspond to » = 2 and r = k, and that all other
values are smaller by a factor of at least n/ log® n from one of them. We also calculated that the r = 2
summand is O(log? /n?) and that the r = ko — 2 summand is O(log® /n?). Thus, when k = kg — 2,

— log”nY\ ,
AO( 2 >u.

PI'[XkO,Q _ O] < e—O(n2/10g5 n)

Janson’s inequality thus shows that

In particular, with high probability, all graphs induced by at least n/log? n vertices (of which there are
fewer than 2") have independent sets of size (1 — o(1))2log;_, n.

We now repeatedly remove independent sets of size (1 — o(1))2log;_p)n from the graph until
n/ log2 n or fewer vertices are left, and then color the rest with individual colors. In total, we have used
(1+o0(1))n/2logy j(1_p) n colors. O

With more effort, we could obtain bounds on the deviation of x(G(n, p)) from its expectation. How-
ever, it is simpler to use a concentration bound directly. To this end, we will use Azuma’s inequality, in
the form of McDiarmid’s inequality:

Lemma 9.3 (McDiarmid’s inequality, [FK16, Theorem 21.16]). Let f be an n-variate function on Uy X
- x U, satisfying

|f(1171,..-,$i_1,a,$i+1,.-.7xn) - f(x17"'7Ii—17bazi+1a'~'axn)| S Ci

for all x1,...,xp,,a,b in the respective domains. If X1,...,X, are independent random wvariables on
Up,...,Up and Y = f(X1,...,X,) then for allt > 0,

2
PrllY —E[Y]| > f] < 2exp— -
230 C%
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This inequality follows by applying Azuma’s inequality, which is a Chernoff inequality for martingales,
to the Doob martingale. Applications of this lemma to random graphs usually use either the wvertex
exposure martingale or the edge erposure martingale. In the latter, the x; are the edges of the graph. In
the former, we “expose” the graph vertex by vertex, and x; is the list of edges from vertex i to vertices
1,...,7— 1. In this case we use the vertex exposure martingale to obtain the following result.

Theorem 9.4 ([FK16, Theorem 7.8]). Suppose that g(n) = w(y/n). Then with high probability,

IX(G(n,p)) = Ex(G(n,p))]| < g(n).

Proof. Let f(xa,...,2,) be the function that accepts the list of all edges from vertex i to vertices
1,...,7—1 and returns the chromatic number. Changing the edges adjacent to a single vertex can affect
the chromatic number by at most 1 (since the chromatic number is at least the chromatic number of the
rest of the graph, and at most that number plus one), and so McDiarmid’s inequality shows that

Pr[|x(G(n,p)) — EX(G(n,p))]| = g(n)] < 290 /%=1 = o(1). O

Notice that this argument doesn’t require knowledge of the expectation. This is a common feature
of concentration of measure arguments. Moreover, the obtained concentration is better than what the
argument of Theorem [0.2] gives. The theorem shows that with high probability,

n
21081/(1-p) ™ ~ 21081/ (1-p) 1981/ (1) ™

<x(G(n,p)) <

n n
+0 <> =~
2logy /(1_py(n/ log®n) — 2 log1 /(1-p) log1 /(1—p)(n/ log®n) log®n

n n
+0 ( 5 > ~
210g1/1-p) 1 = 41081 /(1) 1081/ 1-p) ™ log™ n

n (nlog logn)
2logy/(1—p) 1 — 21081/(1p) 10811 —p) 7 log’n /)

While the bounds can be slightly improved (since the size of the graph changes smoothly from n to
n/ log? n), this will only affect the hidden constant in the error term.

9.2 Finding cliques in random graphs

Theorem shows that with high probability, G(n, p) contains a clique of size roughly 2 log,, n. Can we
find this clique efficiently? No such algorithm is known. However, the trivial greedy algorithm finds a
clique of size roughly log,, n with high probability (the probability being with respect to the graph rather
than the algorithm).

Theorem 9.5 ([FK16l Theorem 7.9]). Consider the following greedy algorithm: Start with the empty
set, and repeatedly choose a vertexr connected to all previously chosen vertices.

For fized p € (0,1), with high probability (over the choice of the graph), the greedy algorithm produces
a clique of size (1 —o(1))log; /, n.

Proof. The algorithm terminates with a set 7" which is a maximal clique: no vertex can be added to it.
The expected number of maximal cliques of size k is

B, = <Z)p(;)(1 7pk)n7k < nk(e/k)kpk(kfl)/2ef(n7k)pk < (p71/2n€1+p’“)]C o—np"
When k = log, /,n — Clogl/p log; /, 1, we get
Ep < (p_1/2e2n)1°g1/P Mg~ loglc/p n

When C' > 2, this is very small, and in fact Zk<10g1/ n—Clog, /p 1081 7 Ej = o(1). This shows that with
- p P p

high probability all maximal cliques have size at least log, ;, n — C'log, , log, ;, n (for any C' >2). O
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Intuitively, each vertex is connected to a p-fraction of the remaining vertices, and so it takes log; /N
steps to “kill” all vertices. The proof is some formal version of this argument, which also shows that the
algorithm does terminate within log, ,, n steps.

Repeated use of Theorem [9.5] in the case of independent sets yields an efficient coloring algorithm
which uses (1 + o(1)) colors, with high probability.

_n
logy/1_pm

10 Week 10 (1 January 2016)

Guest lecture by Roy Schwartz on expanders.
The following material should come after the sections on random regular graphs and on quasirandom
graphs. It is based largely on the excellent survey paper of Hoory, Linial and Wigderson [HLWOG].

10.1 Expanders

Random graphs have many desirable properties. Sometimes we would like to construct a graph with
similar properties, but deterministically. Quasirandom graphs have the correct subgraph densities as
well as other properties, but they are lacking in other regards; most importantly, they are dense graphs,
whereas in many applications we are interested in bounded-degree graphs. Expanders are another type of
quasirandom graphs which have many uses in theoretical computer science. In many cases it is important
that they can be constructed deterministically, but in some cases there existence suffices.

Expanders come in many types and can be described in several different ways. There is a major
distinction between bipartite expanders and non-bipartite expanders. In both cases we are most often
interested in d-regular graphs for regular d.

Non-bipartite expanders General expanders are sometimes described as graphs which behave (in
certain ways) like the complete graph, while being sparse (having O(n) edges). Expanders are, informally,
graphs in which any set has many neighbors. This informal definition concerns vertex expansion, but it
turns out that a more useful definition is about edge expansion. The (edge) expansion of a graph G on
n vertices is given by
h(G) = min LE(S,5)] S)|,
Isi<n/2 - |S]

where F(S,T) is the set of edges between S and T'. In words, h(G) is the best parameter such that every
set S of size at most n/2 is connected to its complement by at least h(G)|S| edges.

Sometimes we are interested instead in sizes of neighborhoods. Let N(S) denote the set of nodes in
S connected to vertices in S. We can define the vertex expansion of G as follows:

Clearly the two parameters differ by a constant (for constant d): h(G)/d < hy(G) < h(G).
A sequence G1,Gs,... of dregular graphs with |G, | — oo is an expander if h(G,) > h for some
positive constant h > 0. Usually we abuse the definition and call a particular graph an expander.

Bipartite expanders In many applications slightly different properties are needed, and often the
natural graph to be considered is bipartite (for example, a random CNF can be described as a bipartite
graph connecting variables or literals to clauses). A bipartite graph with bipartition L, R (where |R| <
|L|) which is d-regular on the left is called a (v, a)-expander if for all S C L of size |S| < v|L|, we
have |[N(S)| > «|S|. A sequence of d-regular bipartite graphs form an expander sequence if there are
(7, a)-expanders for some positive constants v, « > 0.

Sometimes we want a stronger property, about unique neighbors rather than just neighbors. The
unique neighborhood of S consists of all vertices in S which have a unique neighbor in S. A bipartite
graph is a (7, a)-unique expander if every subset S C L of size at most y|L| has at least «|S| unique
neighbors.
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10.2 Spectral expanders

Non-bipartite expanders can also be defined by examining their spectrum. The adjacency matrix A of
every d-regular graph on n vertices has d as an eigenvalue, corresponding to the constant eigenspace. This
is also the maximum magnitude of an eigenvalue of A, as follows from the Perron—Frobenius theorem.
It can also be seen directly: if v is an eigenvector corresponding to the eigenvalue A and v; is an entry of
maximum magnitude then

Aoil = [(Av)il = | Y vy] < dfuyl.
JEN(3)
It is an easy exercise in spectral graph theory that the dimension of the eigenspace of d equals the number
of connected components of the graph. Since A is symmetric, the only other possible eigenvalue with
magnitude d is —d. Another easy exercise shows that this is an eigenvalue if and only if the graph is
bipartite.

A graph can only be an expander if it is connected (since a connected component doesn’t expand
at all, and some connected component has size at most n/2). The spectral gap of a graph is defined as
d — Ao, where Ay is the second largest eigenvalue of A (we implicitly assume that the eigenspace of d has
dimension 1). We can bound the edge expansion of a graph in terms of its spectral gap. Suppose that
S is a set of at most n/2 vertices, and let 1g be its characteristic vector. Note that 1g = 1 — 1g, where
1 is the constant 1 vector. We have

|E(S,S)| = 15415 = 15A(1 — 1g) = dl’s1 — 15Als = d|S| — 15Als.

LS|
7 2 2
have |S| = ||15]|? = Hl—i‘lﬂ2 + |Jv]|? = % + ||v||?, so that ||v|? = |S| — % On the other hand, since v

is orthogonal to 1, we have v’ Av < Aa|v||%. In total,

We can write 1g¢ = =1 + v, where v is orthogonal to 1. Since this is an orthogonal decomposition, we

2 dlS|2 2 2
lgAlg = @1’,41 + v Av < 451 + Ao (|S — |S|) =(d— Ag)‘s— + X2|S|.
n n n n
We conclude that
|E(S, S)| 5] S| d— X
PP > g —(d— o) —Xg = (d — 1- =) >=—22
B >d—(d—Xo) " o= (d— Xo) pll I

In other words, h(G) > d;)"“. In other words, a sequence of d-regular graphs whose spectral gap is
bounded from below is an expander sequence. A more difficult argument shows that the converse holds

as well: PR
_2 2 < h(G) < /2d(d— Ny).

This is known as Cheeger’s inequality.

Alon and Boppana showed that A > 2v/d — 1 — o(1), where the error term vanishes as n — co. The
quantity 2v/d — 1 is the second eigenvalue of the infinite d-regular tree, which is thus, in a sense, the best
possible d-regular expander. Expander sequences which satisfy Ao > 24/d — 1 are known as Ramanujan
graphs.

10.3 Constructions

It turns out that a random d-regular graph is an expander with high probability, and this can be shown
using the first moment method (see Ellis [Ell]). Friedman [Fri08] showed that it has an almost optimal
spectral gap. We show below a simpler result for bipartite expanders.

There are several explicit constructions of expanders:

1. Margulis/Gabber—Galil/Lubotzky—Phillips—Sarnak: A family of 8-regular expanders on m? vertices
for every m. The vertex set is Z2,. A vertex (z,y) is connected to (z +y,y), (x £y +1,y), (z,y £
), (z,y £ o +1).
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2. A family of 3-regular expanders on p vertices for every prime p. The vertex set is Z,. A vertex x
is connected to z + 1 and to =1 (where 0~! = 0).

Other constructions use lifts [Coh16] or the zig-zag product, used by Reingold [Rei08] to give a log-space
algorithm for undirected connectivity.

There are also explicit constructions of bipartite expanders of various types. We will be content
here to show that when d > 2, a random bipartite left-d-regular graph is a (v, «)-expander with high
probability, for appropriate values of «, a. In fact, for each v < 1 some value o > 0 will work. A random
bipartite left-d-reqular graph on 2n vertices is one chosen at random among all bipartite graphs with two
bipartitions of size n in which all vertices on the left have degree d. Such a graph can be generated by
choosing for each vertex on the left d (not necessarily distinct) random neighbors on the right.

The expected number of 2-cycles is n(g) e (d), and the number of 2-cycles has roughly Poisson

n 2
distribution; thus the probability that the resulting graph is simple tends to e_(g). This shows that if
we choose a random simple bipartite left-d-regular graph, it will also be a (v, a)-expander with high
probability.

Let S C L be a set of size s < vn. If T' C R is a particular set of size as, then the probability that
N(S) C T is at most (as/n)%. Thus the probability that some set of size s has at most as neighbors is

at most

n\ [ n (cw)ds - (en)s (en)as (aS)dS en (en)® (as)®\’ o dea SN
_ . _ _ — _ . — e o - _ .
sJ\as/ \'n ~\s as n s (as)* nd nd—l-a
Let p = elt@ad=2y4=17a 5o that p® is an upper bound on the probability that some set of size s has
at most as neighbors. Since p vanishes as a — 0, p < 1 for small enough a > 0. The probability that

some set of size s < yn has at most as neighbors is thus at most

yn sd_l_a s 1 n

1+a d—a . e 1+a _d—a . S
Z (e « ndla) sne o - (d—1—a) + Z p
s=1 s=n¢+1

< O(nef(lfe)(dflfa)) + O(In‘)

For small enough € > 0 we have e < (1 —¢€)(d —1 — a) (since d > 2), and we deduce that the probability
that the graph is not a (v, a)-expander is o(1), assuming that « is small enough so that p < 1.

10.4 Properties

Expander graphs (non-bipartite ones!) satisfy many useful properties. Here we prove just two: they have
diameter O(logn) (where n is the number of vertices), and they are uniform in terms of the number of
edges connecting two sets of vertices, a property known as the expander mizing lemma.

We start with the diameter.

Lemma 10.1. Suppose that G is a d-regular graph on n vertices that has expansion h(G) > h. Then G
has diameter at most O((d/h)logn).

Proof. Suppose that x,y are any two vertices. Denote by N’(z) the set of vertices at distance at most i
from z. If [N*(z)| < n/2 then

We conclude that if |[Ni(z)| < n/2 then |N(z)| > (1 + h/d)!, which leads to a contradiction if
i = c(d/h)logn for an appropriate constant ¢ > 0. We conclude that |[N¢(z)| > n/2 for some
i = O((d/h)logn). The same holds for y, and since |N*(z)|, |N*(y)| > n/2, the two sets must intersect,
showing that the distance between x and y is at most 2i = O((d/h)logn). O

Another important result is the expander mixing lemma, which requires a slightly stronger notion of
spectral expansion: instead of just requiring Ao, the second largest eignevalue, to be bounded away from
d, we require A = max(Aa, [Amin|) to be bounded away from d, where Ay, is the minimal eigenvalue.
In particular, the graph should not be bipartite. Families of non-bipartite expanders usually satisfy this
additional property, and the Alon-Boppana bound 2v/d — 1 — o(1) is actually a bound on A.
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Lemma 10.2. Suppose that G is a d-reqular graph on n vertices. For all sets of vertices S, T,
d|S||T|
(s, 7)| - T2 < AVISTITT

Proof. The proof is very similar to the case T = S consider above. Let 1g,17 be the characteristic
2
vectors of S, T, and decompose them orthogonally as 1g = ‘nill +s, 17 = % +1t, where ||s]|? = |S| — ‘%

and ||t||? = |T| — 1z (as above). If A is the adjacency matrix of G then

n

_ ST 1A1+5'At = dsiiT| + s At.

E(S,T)| = 14Alp = ——
‘(Sa )‘ ST n2 n

The Cauchy—Schwartz inequality implies (after decomposing s, ¢ into the eigenspaces of A) that

[s"At] < Allslllltll < AV/ISIIT. N

Every d-regular graph has A < d, so perhaps the error bound doesn’t look impressive. To put it into
perspective, suppose that |S| = an and |T| = fn. In that case, the bound states that

[E(S,T)| - dafn| < Ay/apn.

This is useful mostly when \\/afB < daf3, that is when \/d < /af.
The expander mixing lemma can be used to bound the size of an independent set in G: if S is an
independent set of size an then da?n < Aan, and so o < A\/d. This implies that x(G) > d/\.

10.5 Applications

Expanders have many applications. We briefly mention a few of them:

AKS sorting network Expanders are used to construct a sorting network of asymptotically optimal
depth O(logn).

Approximate majority Ajtai used expanders to construct an AC circuit which can tell apart inputs

of weight (1/2 — €)n from inputs of weight (1/2 4 ¢)n, where ¢ = —L— for arbitrary d. (Note that

logn
such circuits famously cannot compute majority.)

Embedding into Euclidean space Bourgain showed that any n-point metric can be embedded into
Euclidean space with distortion O(logn). Linial, London and Rabinovich [LLRI5] showed that this
is tight for expanders.

Proof complexity Expanders can be used (via Tseitin formulas) to prove strong lower bounds on
Resolution. Other expansion properties pop up in lower bounds for random k-CNFs.

Derandomization Reingold [Rei08] used expanders to derandomize a random walk algorithm, thus
proving that undirected reachability can be decided in logspace. (Directed reachability is complete
for NL.)

11 Week 11 (8 January 2016)

11.1 Planted clique

The maximum clique problem is one of the original NP-complete problems. It is known to be NP-hard
to approximate to within n!'~¢ for every € > 0, and the best known algorithms only give an O(n / log® n)
approximation. As we have seen, in G(n, p) random graphs we can efficiently find cliques of size roughly
log; /,, n, although the maximum clique has size roughly 2log; ,, n. Does the problem become easier if
we “plant” a large clique?

The planted clique random graph G(n, p, k) is formed by taking a G(n,p) random graph and adding
a clique on k random vertices. The central question in this area is:
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For which values of k is there an efficient algorithm that finds a clique of size (1 — o(1))k in
G(n,p, k) with high probability?

Importantly, the probability here is with respect to both G(n,p, k) and the algorithm (if it is ran-
domized). In particular, we do not ask for the algorithm to succeed on every realization of G(n,p, k).

We will only be interested in the case p = 1/2, the other cases being similar. We will see several
different algorithms: a degree-based algorithm which works for k =~ /nlogn, and several algorithms
which work for k ~ y/n.

11.2 Degree-based algorithm

The first algorithm, due to Kucera [Kuc95], is based on the observation that the degree of the planted
vertices is higher in expectation than the degree of the other vertices.

Lemma 11.1. Let G ~ G(n,1/2,k). With high probability, the degree of every non-planted vertez is at
most n/2 + y/2nlogn, and the degree of every planted vertex is at least (n + k)/2 — \/2nlogk.

Proof. The degree of every non-planted vertex has distribution Bin(n — 1,1/2). Hoeffding’s inequality
states that for such a vertex z,

Pr[|deg(z) — (n — 1)/2| > tvn— 1) < 2¢7*.

If t = /2Tlogn then this probability is at most 2/n?, and so with high probability, the degree of every
non-planted vertex is at most n/2 4+ 1/2nlogn.

The degree of every planted vertex has distribution k¥ — 1 + Bin(n — k,1/2). Hoeffding’s inequality
implies, in the same way, that with high probability, the degree of each such vertex is at least (k — 1) +

(n—k)/2—+/19nlogk > (n+k)/2 — /2nlogk. O

Corollary 11.2. If k > \/8nlogn then with high probability, the k vertices of G(n,1/2,k) with largest
degree are the planted vertices.

Proof. The lemma shows that the degrees are separated given that k/2 — \/2nlogk < v/2nlogn. For
this it suffices that k < 2+/2nlogn. O

This implies a very quick algorithm that finds the hidden clique when k& > +/8nlogn.

We can obtain a polynomial time algorithm for & > cy/nlogn for every C > 0 using a trick
from [AKS98|. The idea is to “guess” m = O(1) vertices from the clique. All vertices in the planted
clique are neighbors of these m vertices, but there are only roughly n/2™ of these, while the induced
clique has size k —m =k — O(1).

Theorem 11.3 (Kucera [Kuc95]). For every ¢ > 0 there is a polynomial time algorithm that with high
probability finds a clique of size k in G(n,1/2,k) whenever k = cy/nlogn.

Proof. Let m be a parameter depending only on ¢, whose value will be decided later on. For every
set of m vertices in G(n,1/2), the number of other vertices connected to all m vertices has binomial
distribution Bin(n — m,1/2™). Hoeffding’s bound shows that with extremely high probability, there
are at most 1.9n/2™ such common neighbors, and a union bound shows that this holds for every set
of m vertices with high probability. In the planted model there are k extra vertices, and so with high
probability every set of m vertices has at most 1.9n/2™ + k < 2n/2™ common neighbors. From now on
we assume that this event happens.

Suppose that we somehow “guessed” m vertices of the planted clique. They have n’ < 2n/2™
common neighbors by assumption. The graph induced by these common neighbors has distribution
G(n',1/2,k—m). Since k = cy/nlogn, in terms of n’ we have k > ¢y/2™In/logn’, and for large enough
n we have k —m > ¢y/2m2n’logn’. We can choose m so that for large enough n, k —m > +/8n/logn/,
and so the algorithm of Corollary will find the rest of the planted clique with high probability.

We can implement this idea as follows: We go over all m-cliques in the graph, compute the graph
induced by the common neighbors of these vertices, and run the algorithm of Corollary (with
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parameter k —m). If at any point the algorithm of Corollary succeeds, we output the corresponding
clique of size m + (k —m) = k. When the m-clique is part of the planted clique, the algorithm of
Corollary will succeed (with high probability). O

It is not too hard to show that with high probability there is a unique k-clique in G(n,1/2,k)
(whenever k = w(logn)), and so Kucera’s algorithm in fact returns the planted clique.

Lemma 11.4. Suppose that k = w(logn). With high probability, there is a unique k-clique in G(n,1/2,k).
Proof. Let Ty be the number of k-cliques whose intersection with the planted clique is £. We have

s ()

My, n—2k+0_ ., B
= 2= (=1) < 9pno—t,
M,  k—(+1 =<n

This shows that as long as ¢ > log, n (say), My is very small. When £ = O(logn), we can estimate
directly (using (’;) _ (é) > %(;ﬂ))

We have My =1 and

n n \*
M < g7 = (i)
which is also very small. In total, we conclude that ) ,_, M, = o(1), and so with high probability the
unique k-clique is the planted one. O

11.3 More on the maximal degree of a graph*

Kucera’s algorithm only works for k = Q(y/nlogn), and this is because we need the maximal degree in
G(n,1/2) to exceed its expectation by at most roughly k/2. Using Hoeffding’s inequality, we showed
that the maximal degree is at most roughly n/2 + /nlogn, with high probability. Is this tight? Using
a second-moment calculation we can show that the maximal degree is indeed n/2 + ©(y/nlogn).

Theorem 11.5 ([FKI6, Theorem 3.5]). For every e > 0, with high probability the maximal degree A in
G(n,p) satisfies

IA(G(n,p)) — [(n— 1)p++/2(n — 1)p(1 — p)logn| < €y/2(n — 1)p(1 — p) log n.

Morally speaking, the reason that this theorem holds is that the individual degrees have distribution
Bin(n — 1,p) which is very close to the normal distribution N(u,0?) with 4 = (n — 1)p and o =
(n—1)p(1—p). Thus roughly speaking, each degree has distribution p+o-N(0,1) = u+oF~1(U(0,1)),
where F' is the CDF of N(0,1), and U(0,1) is distribution uniformly on [0, 1].

If the degrees were completely independent, then the maximal degree would have distribution u +
oF~1(X,), where X,, is the maximum of n copies of U(0,1). The expected value of this maximum is
n/(n+ 1)~ 1—1/n, although this maximum is not too concentrated. Now for large x, it is known that

2
e 7 /2

Vorr

This implies that 1 — F~1(y/2logn) ~ 1/n (up to logarithmic factors), and so we expect F~1(X,,) to be
close to v/2logn. This implies precisely the formula in the theorem, though the formal proof is quite a
bit different.

1-—F(x) =~

Proof sketch. Let X ~ Bin(n — 1,p) be the distribution of the degree of a particular vertex. The local
limit theorem, a version of the central limit theorem for discrete random variables, states that Pr[X = d]
is roughly equal to the density of the Gaussian approxmiation to Bin(n — 1,p) at the point d. In our
case, we can prove such a result using Stirling’s approximation: if z < n'/3log?n then

P = (0= -t /G Dp(1 )] = (1 o(1) o™

This is worked out diligently in [FK16, Lemma 3.6].
We will be interested in three specific values of d:
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ed . =(n—1Dp+(1+e)y2logn-+/(n—1)p(1l — p) is the upper bound in the theorem.
ed_=Mn—-1Dp+(1—e€)2logn-+/(n—1)p(1—p) is the lower bound in the theorem.

e d, = (n—1)p+log’n-/(n—1)p(1—p) is a degree which is small enough for the local limit
estimate to apply, and large enough so that in calculation we can replace it by oc.

The binomial distribution is unimodal with mode near (n—1)p, and in particular Pr[X = d] decreases
beyond dy,, as can also be seen by direct calculation. Since Pr[X = d] is readily seen to be very small,
a simple union bound shows that A(G(n,p)) < dr, with high probability.

Let A4 be the expected number of vertices whose degrees are between d and dy,, where d > d_. Then

_ n 2 1 d—(n—1)p i
E[A4] = (14 0(1)) m;exp—i ( =eni b

The value of dy, is so large that extending the range of the summation to infinity doesn’t affect the sum
asymptotically. Estimating the sum by an integral and computing the integral, we finally obtain

2
n e-% /2

AV ’
2

where d = (n—1)p+x+/(n — 1)p(1 — p). When d = d, this gives E[A;, | = O(n1*(1+6)2) =0(n=2%°9),
and so with high probability A(G(n,p)) < d... Conversely, when d = d_, we get E[Aq | = Q(n!~(1-9") =
Q(n2=<") = Q(no).

In order to complete the proof, we use the second moment method. We have

E[Ag] = (1+0(1))

dr,
E[A7] = > ) Pr[deg(s1) =dy and deg(zy) = dy]
dy,do=d x1,T2
dr,
=E[Ad +n(n—1) Y Pr[deg(x1) =dy and deg(s) = da].
dy,do=d

Considering the two cases corresponding to whether the edge (z1,z2) is in the graph or not, we get

dr,
E[A7] =E[Ad+ > (1—p)Pr[Bin(n —2,p) = di] Pr[Bin(n — 2,p) = dy]
dr,da=d
+pPr[Bin(n — 2,p) = d; — 1] Pr[Bin(n — 2,p) = dy — 1].

A short calculation shows that the summand can be estimated as
(14 0(1)) Pr[Bin(n — 1,p) = d1] Pr[Bin(n — 1, p) = ds],

and so
E[A7] = E[A4] + (1 + o(1)) E[AZ].

Chebyshev’s inequality thus shows that

—1= +o(1).

When d = d_, we obtain Pr[44; = 0] = o(1

~—

. O

11.4 Spectral algorithm*
11.4.1 Idea

We can summarize the idea behind Kucera’s algorithm using the following points:
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e Degrees in a G(n,1/2) random graph are in the range n/2 + y/nlogn/2.

e Adding a k-clique boosts the degree of all vertices in the clique by roughly k/2, so now they are

n/2+k/2+/nlogn/2.
o If k/2 > 24/nlogn/2 then the k vertices of maximal degree are the planted clique.

The size of the clique that the algorithm is able to handle thus stems from fluctuations in the degree
that can be as large as y/nlogn.

Alon, Krivelevich and Sudan [AKS98] developed a different algorithm which is based (in some sense)
on Wigner’s semicircle law. Take any symmetric matrix whose entries are chosen iid from a “reasonable”
distribution with zero mean and unit variance. The law states that if the matrix is n x n, then the
number of eigenvalues in the range [a/n, By/n] is

N
/a 27

dzx - n + o(n).

The density function v4 — 22/27 is a semicircle supported on the interval [—2,2]. In particular, the
number of eigenvalues outside the range [—21/n,2/n] is o(n). Firedi and Komlds [FK81] showed that
with high probability, all eigenvalues lie in a range only slightly larger than [—2+/n, 24/n], and furthermore
this holds even if the diagonal entries are constant.

A random graph almost conforms to this setting. Apart from the diagonal elements, the adjacency
matrix of a graph can be formed by drawing a symmetric matrix B whose entries are uniform signs
(#1), and taking A := (B + .J)/2, J being the all-ones matrix. The matrix J has the eigenvector 1 with
eigenvalue n. All vectors orthogonal to T belong to the eigenspace of 0.

The spectral norm of B is roughly 2,/n with high probability (since the random perturbations have
magnitude o(y/n)). Adding B to J has the effect of slightly perturbing the main eigenvector 1 (and
its eigenvalue); the spectral norm of the rest is roughly 2y/n. Thus A has a main eigenvector, almost
constant, corresponding to an eigenvalue close to n/2, and all other eigenvalues are at most roughly /n.

Let now K be a random k-clique (from now on we identify graphs with their adjacency matrix).
Planting the clique K in the random graph A corresponds to taking the pointwise maximum A’ = AV K.
If we remove the clique edges which are already in A we get a new graph C such that A’ = A+ C. The
graph C' behaves like G(k,1/2) on the clique vertices, and its main eigenvector is roughly constant on
the clique (and zero everywhere else) and corresponds to an eigenvalue close to k/2. Denote the main
eigenvector of A, C by vy, ve, normalized so that its entries are close to 1. Roughly speaking,

(A+C)va = (n/2)va, (A+Coe =~ (k/2)va + (k/2)vc.

Thus v4 is an approximate eigenvector of A + C, but ve isn’t. Solving the system of equations (or
running one step of Gram—Schmidt), we get that

(A+C)((n—k)ve — kva) = (k/2)((n — k)ve — kva),

and so we expect A + C to have an eigenvector close to (n — k)1x — kljz whose eigenvalue is close to
k/2. All other eigenvalues are still roughly 21/n. Summarizing, with high probability:

e (G(n,1/2) has one strong eigenvalue, roughly n/2, and all other eigenvalues are O(y/n).

e Adding a k-clique adds another strong eigevalue, roughly k/2, which roughly encodes the vertices
in the clique.

When k > Cv/n for some large enough constant C, the eigenvector corresponding to the second
largest eigenvalue will be the one encoding the clique. It is tempting to partition the coordinates of this
eigenvalue according to their sign or magnitude (since n — k >> k), and then read off the planted clique.
However, we are only promised that the eigenvector is close to (n — k)1x — klg. This is enough to
conclude that a large fraction of the k vertices of largest magnitude in the eigenvector (forming the set
S) indeed belong to the planted clique. We can now identify the planted clique by taking all vertices
which are connected to a significant fraction of vertices in S.
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11.4.2 Proof sketch

We now repeat the exposition a bit more formally.

Lemma 11.6. Let k = C\/n for a large enough constant C. With high probability, the spectrum A\ >
<o > Ay of G(n, 1/2,k) satisfies A\ = n/2, \y = k/2+ O(y/n), and A3 < \/n (the approximations hide
1+ 0(1) factors).

Furthermore, the eigenvector corresponding to Ao is close to z = (n — k)1x — klg, where K is the
hidden clique, in the sense that z — § is an eigenvector for some vector § satisfying ||6]|* < ||]|?/60.

Proof sketch. Let M be the adjacency matrix of the graph. It is well-known that A\ = max, ”ﬁ;ﬁ%

Choosing z = I, this shows that \; > 2|E|/n is at least the average degree in G(n,1/2,k), which with
high probability is roughly n/2.

We can write M = Mj + Ms, where M is the adjacency matrix of G(n,1/2), and M, has the marginal
distribution of G(k,1/2) on a random subset of k vertices. Fiiredi and Komlds [FK81] showed that with
high probability,

max I\i(My)] < v+ O(n'/?logn).

A similar result holds for the eigenvalue of Ms (with n replaced by k). This implies that all vectors
orthogonal to vy (M), v1(Ms) (the eigenvectors corresponding to Aj(M7), A1 (Ms)) satisfy ”l,‘%lf <Vn

and % < Vk, and so % < y/n. There is thus a subspace of codimension 2, restricted to which the

spectral norm or M is at most roughly /n. This implies that A3 < y/n.
It remains to estimate A9 and its corresponding eigenvector. We start by analyzing t = (A—(k/2)I)z.
The distribution of the individual entries of ¢ is:

e If ¢ is in the planted clique: (k—1)(n — k) — kBin(n — k,1/2) — k/2(n — k) = (k/2 - 1)(n — k) —
kBin(n — k,1/2).

e If i is not in the planted clique: (n — k) Bin(k,1/2) — kBin(n — k — 1,1/2) + k?/2.

Use X; ~ Bin(n — k,1/2), Y; ~ Bin(k,1/2) and Z; ~ Bin(n — k — 1,1/2) to stand for the implied
random variables. Thus for vertices in the clique, t; = (k/2 — 1)(n — k) — kX;, and for vertices not in
the clique, t; = (n — k)Y; — kZ; + k?/2. Since k?/2 = —(n — k)(k/2) + k(n/2), we can rewrite that as
ti=(n—-k)(Y:—k/2) — k(Z; — n/2). Therefore

17 =) ((k/2=1)(n—k)=kX;)*+ > (n—k)*(Yi—k/2)°+> _ k*(Zi—n/2)*=>  2k(n—k)(Yi—k/2)(Zi—n/2).

icK i¢K i¢K i¢K

Roughly speaking, (k/2—1)(n—k) —kX; ~ N(—(n—k),k*/4), and so with high probability all terms in
the first sum are at most O(k?log k), and in total amount to O(k3logk). Similarly, roughly Z; —n/2 ~
N(—(k —1)/2,(n — k — 1)/4), and so all terms in the third sum are at most O(k*nlogn) with high
probability, and in total amount to O(k*n?logn). In the same vein, roughly Y; — k/2 ~ N(0,k/4), and
so all terms in the fourth sum are at most O(kn - v/knlogn) with high probability, and in total amount
to O(k'5n%®logn).

We could bound each term in the second sum by O(n?klogn) with high probability, for a total of
O(n®klogn), but we would like to improve on this bound. Notice that the variables Y; count different
edges, and so are independent. The summands (n—k)?(Y; —k/2)? are independent and have expectation
(n — k)2k/4, and in total (n — k)3k/4. The variance of each of the summands is of order O(n*k?), for
a total variance of O(n°k?). Chebyshev’s inequality thus shows that the deviation of the second sum
from its expectation is at most, say O(n*®klogn) with high probability, and so the sum itself is at most
O(n?k) with high probability.

Concluding, we have shown that ||z||? = O(n3k) with high probability. Write now z = w + §, where
w is in the eigenspace of Ao and § is orthogonal to that eigenspace. We have

2
1P 2 (V-5 ) 191° = (c/2 - 17nlal?
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since A1 (A — (k/2)I) = n/2 — k/2 and \3(A — (k/2)I) < /n — k/2. We expect the component in the
direction of the large eigenvalue to be small, and so it is reasonable to approximate (n/2 — k/2)? by
(v/n — k/2)? in this context.

Comparing our two estimates on [|]|?, we see that C?n|§||*> = O(n3k), and so ||§]|? = O(n?k)/C?.
Now ||2]|2 = k(n — k)% + (n — k)k? = k(n — k)n =~ n%k, and so for an appropriate choice of C, ||6]|? <
|z]|?/60. Moreover,

O(n’k) > [|(A = (k/2)D)z]* > (A = (k/2)D)w|* > (A2 = k/2)*|[w]* > (A2 — k/2)*Q(n*k),

using |Jw|]? = ||z]|> = ||6]|*> > (59/60)k(n — k)n. It follows that (A — k/2)? = O(n), and so \g >
k/2 — O(y/n). 0O

The next step is showing that the noise § still allows us to decode the planted clique from the second
eigenvalue vg, in two steps.

Lemma 11.7. Let k = C\/n for a large enough constant C. Let vo be an eigenvector corresponding
to the second eigenvalue of the adjacency matriz of G(n,1/2,k), and let S be its top k elements (in
magnitude). With high probability, at least a 5/6 fraction of S belongs to the planted clique.

Proof. Recall that vy = z — §, where [|§]|?> < n2k/60, with high probability. In particular, at most k/6
of the coordinates of § are at least n/3 in magnitude (since k/6(n/3)? > n?k/60). Thus, apart from at
most k/6 coordinates, all the clique coordinates have value at least (2/3)n — k, and all the non-clique
coordinates have value at most n/3 — k, which is smaller. O

Lemma 11.8. Let k = C\/n for a large enough constant C. Let v be an eigenvector corresponding
to the second eigenvalue of the adjacency matriz of G(n,1/2,k), and let S be its top k elements (in
magnitude). Let T consist of all vertices neighboring at least a 3/4 fraction of S. With high probability,
T s the planted clique.

Proof. We have seen that with high probability, S contains at least (5/6)k vertices from the clique.
Hence a clique vertex has at least (5/6)k neighbors in S. A non-clique vertex is adjacent to roughly half
of the vertices in the clique, and so to only at most roughly k/2+ k/6 = (2/3)k vertices in S (we use the
trivial bound for the at most k/6 vertices not in the clique). O

The last lemma can be implemented efficiently. This completes our description of the spectral al-
gorithm for planted clique. Using the technique of Theorem m (which actually originates in Alon et
al.), we can replace C' with an arbitrary constant ¢ > 0 at the cost of increasing the running time by a
polynomial factor.

11.5 SDP-based algorithm

Another algorithm, due to Feige and Krauthgamer [FKO00], uses the Lovasz theta function, which we
can define as follows: §(G) is the minimum A; (M) for a real symmetric matrix M indexed by vertices
of the graph such that M;; = 1 whenever 4, j are adjacent or identical. If v is the characteristic function
of a k-clique in the graph then v’ Mv = k% = k||v||?, and so A;(M) > k. This shows that 6(G) > w(G).
Surprisingly, with high probability there is a matching upper bound for G(n,1/2,k) for k = Q(y/n). In
other words, for graphs with a large planted clique, we can compute the clique number using the Lovész
theta function! Since the Lovasz theta function can be computed using semidefinite programming, this
provides a simple algorithm for recovering the clique, by repeatedly removing vertices (recall that by
Lemma there is a unique k-clique in G(n,1/2, k) whenever k = w(logn)).

Theorem 11.9. Let k = C\/n, for a large enough C > 0. With very high probability 1 — o(1/n),
0(G(n,1/2,k)) = k.

Proof. We have seen above that 0(G(n,1/2,k)) > k, and it remains to prove the upper bound. To this
end, denote by K the planted clique, and consider the following matrix M. If i = j or (i,7) is an edge,
then we put M; ; = 1. If (4, j) is not an edge and 4, j both don’t belong to the clique, we put M, ; = —1.
If (4, 7) is not an edge, ¢ is in the clique, and j isn’t, then we put M; ; = —1 + j, where z; is chosen so
that > ;i M;; = 0. When j is in the clique and 7 isn’t, we take M; ; = M ;.
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By construction, M is a symmetric matrix which satisfies the constraints of the theta function.
Moreover, by construction M1x = klg. To complete the proof, we will show that all other eigenvalues
of M are at most k.

We can write M = U+ V + W, where U is a random symmetric sign matrix with 1’s on the diagonal,
V is a {0,2}-valued matrix that corrects the clique edges to 1, and W correspond to the corrections
xj. Firedi and Koml6s [FK81] showed that with high probability, the spectral norm of U is O(y/n).
The matrix V is obtained by choosing a random k x k sign matrix V', and padding V' + J (where J is
the all-ones matrix). Since J has rank one, the result of Fiiredi and Komlés also shows that all but the
largest eigenvalue of V is O(v/k). This follows from the inequality Ao (V' 4+J) < A (V') +Xa(J) = A (V'),
where \;(A) is the kth largest eignevalue of A. This inequality, in turn, follows from the variational
formula for Ag(A), which is valid for Hermitian matrices:

M(A) = min  max 2'Ar = max min z’Az.
U: dimU=k z€U U: dmU=n—k+1 z€U
llzll=1 llzll=1

Indeed, if A, B are Hermitian then this formula shows that

M(A+ B) = max 2’ (A + B)x’ < max 2’ Ax + max 2’ Bx = A\ (A4) + \i(B).

min min
U: dim U=k ||z||=1 [|z]|=1 U: dim U=k ||z]|=1

We bound the spectral norm of W using its Frobenius norm Tr W2 and the inequality A2 (W) < Tr W?2.
The Frobenius norm is just the sum of squares of entries. If there are S; non-edges connecting j ¢ K to
the clique vertices then Tr W2 = 2> ek Sjx3. We chose x; so that (k — Sj) + Sj(x; — 1) = 0, and so
Tj = (25] - k)/S] Thus

2

25; — k\> (28; — k)
TTW? =2 o g =2) L
v ZSJ( Sj > 2 Sj

JE¢K j¢K J

Now S; ~ Bin(k,1/2), and so a Chernoff bound shows that with high probability S; > k/3 for all j.
Roughly speaking, 25; — k ~ N(0,k). In particular, E[(2S; — k)?] ~ k and E[(2S; — k)*] ~ 3k (since
E[N(0,1)*] = 3). Another Chernoff bound shows that with high probability, >-;(255 — k)% doesn’t
deviate much from its expectation (n — k)k, say it is at most 2nk. In total, with high probability

2-2nk
3k

MW <TeW? < O(n).

It follows that with high probability,
A2(M) < M (U) + Aa(V) + A (W) = O(v/n) + O(Vk) + O(v/n) = O(v/n).
When C is large enough, this is less than k, and so k is indeed the largest eigenvalue of M. O

This implies the following algorithm:

Corollary 11.10. Let k = C+/n, for a large enough C > 0. With high probability, a vertex i belongs to
the planted clique if and only if 0(G\ i) =k — 1.

Proof. If v is in the planted clique then G\i ~ G(n—1,1/2,k—1), and otherwise G\i ~ G(n—1,1/2, k).
In both cases, the theorem shows that (G \ i) recovers the size of the remaining planted clique. O

Using the idea of Theorem we can use this algorithm for a clique of size ¢y/n for any ¢ > 0.

Feige and Krauthgamer also show how to decode the clique from the matrix M witnessing 0(G) = k.

11.6 Combinatorial algorithms*
Feige and Ron [FR10] analyzed the following simple two-phase algorithm:
1. Repeatedly remove a vertex of minimum degree, until the remaining graph is a clique.
2. Go over the vertices in reverse order of removal, adding back a vertex whenever the resulting graph

is a clique.
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They show that this algorithm finds the planted clique in G(n,1/2, k) with constant probability when
k = C+/n for large enough C > 0.

Dekel, Gurel-Gurevich and Peres [DGGP14] gave a different combinatorial algorithm which succeeds
with high probability in the same setting. Their algorithm consists of three phases:

1. Enrichment: Sample S, an a-fraction of vertices, and remove S together with all vertices which
are connected to less than |S|/2 4+ 84/]S|/2 of them. Repeat t = O(logn) times.

2. Seed: Choose the otk vertices of largest degree, forming a set 7. With high probability, all vertices
in T belong to the planted clique.

3. Completion: Consider the graph induced by T" and its common neighbors, and choose the k vertices
of largest degree.

Consider the first iteration of enrichment. A non-clique vertex has Bin(]S|,1/2) ~ N(|S],|S|/4)
neighbors in S, and so the probability that it survives is roughly x = Pr[N(0,1) > f]. A clique
vertex is connected to all the roughly ak vertices in S, and so it has roughly ak + Bin(a(n — k), 1/2) ~
N(an/2+ak/2,an/4) neighbors in S, and so the probability that is survives is roughly y = Pr[N(0,1) >
(Bv/n — ak)/\/an] = Pr[N(0,1) > (8 — Ca)/+/a]. If we choose parameters so that y > x, then we have
enriched the fraction of clique vertices.

After a logarithmic fraction of iterations, we will have enriched the clique so much that we can find
it using Kucera’s algorithm. The analysis is completed along the lines of Theorem though there
are a few subtleties resulting from the fact that 7" is not a random sample of the planted clique.

11.7 Lower bounds

We have explained several algorithms that reveal hidden cliques of size Q(y/n). Other algorithms exist:
Ames and Vavasis [AV11] give yet another spectral algorithm, based on nuclear norm minimization,
and Deshpande and Montanari [DM15] given an algorithm based on belief propagation. All of these
algorithm require the hidden clique to be of size Q(y/n). Can we do better?

Feldman et al. [FGR™13] (see also subsequent work mentioned there) show that efficient algorithms
that get samples of vertices along with their neighbors cannot identify the planted clique if it has size
n'/2=¢ for e > 0. Barak et al. IBHK™ 16| consider strengthenings of the Lovdsz theta function, correspond-
ing to the sum-of-squares hierarchy (which is known to be “universal” for the class of SDP relaxations,
in some sense), and show that they also cannot go beyond n'/2=°(1) efficiently. It is conjectured that
Q(y/n) is indeed the correct threshold; see Deshpande and Montanari for an even more refined conjecture
for which the conjectured threshold is y/n/e.

12 Week 12 (15 January 2016)

12.1 Random regular graphs

So far we have seen two models for random graphs: G(n,m) and G(n,p). Today we will consider a third
basic model, random regular graphs. This model is especially useful in theoretical computer science,
since in many cases we are interested in sparse graphs. While G(n,d/n) is also a model of sparse
random graphs, the strict bound on the degrees afforded by random regular graphs is important in some
applications. One of the most important properties of random regular graphs are that they are expanders
(in various senses) with high probability.

Our exposition is based on the textbook [FK16, Chapter 10] and on lecture notes of Ellis [EIl|, as
well as on [JLROO, Chapter 9].

Let n,d be such that nd is even (otherwise no d-regular graph on n vertices exists). A random d-
reqular graph is a d-regular graph on n vertices which is uniformly distributed over all such graphs. While
this is a very simple and natural definition, it is not at all clear how to study it. It is not even clear how to
generate a random d-regular graph. The trick is to use Bollobds’ configuration model. We think of every
edge as a combination of two half-edge, attached to the two vertices it connects. In a d-regular graph,
every vertex is adjacent to exactly d half-edges. It is thus natural to consider the following process:
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1. Construct a random perfect matching on [n] x [d]. Here {z} x [d] are the d half-edges connected
to x.

2. Add an edge (z,y) for each edge (x,1), (y,7) in the matching.

This process is easy to implement, but doesn’t quite satisfy our requirements, since it doesn’t always
produce a simple graph. There are two types of problems: there could be self-loops, and there could
be parallel edges. However, this only happens with constant probability, and moreover, conditioned on
the result being simple, it is a completely uniform random regular graph. This is the contents of the
following result, for which we introduce the following notations:

1. G*(n,d) is a random multigraph generated according to the process outlined above.
2. G(n,d) is a random d-regular graph.

Theorem 12.1 ([FK16) Corollary 10.2,Corollary 10.7]). Fiz d > 3. Let G ~ G*(n,d), and let E be the
event that G is simple. Then G|E ~ G(n,d), and

Pr[E] — e~ (@ -1)/4,

We require d > 3, since the cases d = 1 and d = 2 behave differently in a qualitative sense.

The fact that Pr[E] is bounded below has the following important consequence: if a property occurs
with high probability in G*(n,d), then it also occurs with high probability in G(n,d). This will allows
us to analyse random d-regular graphs, and even to count them.

The difficult part of Theorem is estimating the probability that G*(n,d) is simple. That
G*(n,d)|E ~ G(n,d) is an elementary statement, whose proof allows us to estimate the number of
random d-regular graphs, assuming the estimate Pr[E] — e~ (@-1)/4,

Lemma 12.2 ([FK16, Theorem 10.4]). Fiz d > 3. The number of d-reqular graphs on n vertices is
asymptotic to

d/2 \ "
—(d%2-1)/4 d nd/2
V3e ( o d!) /2,
Proof. Take any d-regular graph, and a particular representation of it as a perfect matching on [n] x [d].
All other representations are obtained by permuting the labels of the half-edges, and thus this graph has
(d)™ different representations. Since this number is the same for all graphs, it follows that G*(n, d)|E ~
G(n,d).

On the other hand, the overall number of perfect matchings on [n] x [d] is

(nd)! _ (nd)!
(nd)(nd — 2)(nd — 4)---2  2nd/2(nd/2)!"

(nd—=1)(nd—3)---(1) =

Since Pr[E] — e~ (@ =D/4 roughly a e~ (@°~1D/4 fraction of them correspond to simple graphs, and each
such graph is represented (d!)™ many times. This implies that the number of d-regular graphs on n
vertices is asymptotic to

o~ (d*=1)/4 (nd)! o e (@=1)/4 V27rnd(nd/e)™?
2nd/2(nd/2)!(d!)" Vrnd(nd/2e)n4/2204/2 ()
nd/2
o f3e—(d2—1)/a_(nd)""
V2e a2 () O

Let X, denote the number of cycles of length r in G*(n, d). The idea behind the proof of Theoremm
is showing that X, has roughly Poisson distribution, with expectation roughly %. Given that, the
graph is simple when X; = X, = 0, and so with probability roughly e~(4=1/2. e~ (d=1/4 = —(d®-1)/4,

We start by estimating E[X,].
Lemma 12.3. Fizx d >3 and r. Asn — oo, the expected number of r-cycles in G*(n,d) tends to
(d—1)"
2r
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Proof. We will count the expected number of r-tuples of vertices vy, ..., v, such that there are edges

(v1,v2),. .., (Up—1,0p), (Ur, v1), showing that it is approximately (d—1)". This counts each cycle 2r times,
hence the result.
A cycle (v1,v2),..., (v,,v1) involves two half-edges for each vertex, and so the number of possible

matchings of half-edges corresponding to this cycle is (d(d — 1))". A random perfect matching contains
r specific edges with probability 1/(nd —1)(nd —3)--- (nd — (2r — 1)) ~ 1/(nd)", and so the probability
that this specific cycle appears is asymptotic to (d(d—1))"/(nd)" = (d—1)"/n". Since there are n™ ~ n”
choices for the vertices, the expected number of cycles is asymptotic to (d — 1)". O

In order to show that the distribution of X, is roughly Poisson, we estimate higher moments of
X,.. We will content ourselves in carrying out the calculation for X%, the general calculation being very
similar.

Lemma 12.4. Fizd > 3 and r. As n — oo, the expected number of ordered pairs of distinct r-cycles in

G*(n,d) tends to
(d-1"\?
2r ’

Proof. As before, we will count the expected number of ordered pairs of distinct r-tuples corresponding
to cycles, showing it to be asymptotic to (d — 1)?". This counts each pair of distinct r-cycles exactly
(2r)? times, hence the formula.

Let C1, C5 be two distinct r-tuples. If Cy, Cy are vertex-disjoint then the probability that both appear
as cycles in G*(n,d) is

(d(d —1))* (d—1)*
(nd—1)(nd—3) - (nd— (4r — 1)) n2r

There are n2” ~ n?" such pairs, and they contribute (d—1)?" to the sum E[X,.(X,—1)] = >0y 20, PrlC1,C2 €
G*(n,d)]. It remains to show that the contribution of non-vertex-disjoint tuples is small. Indeed, there
are O(n*"~1) choice of realizations of such tuples, and each one occurs with probability 1/n2", for a total
contribution of O(1/n). O

In exactly the same way, one can show the following more general result.

Lemma 12.5. Fizxd > 3, r and t1,...,t.. Then

E[X{ - XI] — 11 ((d 2i1)i)ti .

A multidimensional version of the argument in Theorem then implies the following corollary.

Corollary 12.6. Fiz d > 3 and r. The joint distribution of (X1,...,X,) tends to independent Poisson
distributions (Po(\1), ..., Po()\.)), where \; = (d — 1)*/2i.

As noted above, Theorem [12.1] immediately follows.

12.2 Connectedness

As a sample application of the configuration model, we show that with high probability, G(n,d) is
connected. In view of Theorem [12.1] it suffices to show that G*(n,d) is connected with high probability.
We will show this using the first moment method.

Theorem 12.7. Fiz d > 3. With high probability, G(n,d) is connected.

Proof. A non-empty set A is a separator if |A| < n/2 and there are no edges between A and its com-
plement. We will show that the expected number of separators in G*(n,d) is o(1), and so with high
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probability G*(n, d) is connected. Theorem implies that with high probability, G(n, d) is connected,
since

Pr[G(n,d) not connected] = GNQ%::IEn o [G not connected|G simple]
_ Pr[G*(n, d) simple and not connected]
B Pr[G*(n, d) simple]
Pr[G*(n,d) not connected|
- Pr[G*(n, d) simple]

Let |A| = a. If A is a separator then in the configuration model, the da vertices corresponding to
vertices in A all get matched within themselves. This happens with probability

dao—1 da—3 da—(da—1) < (a)da/2

dn—1 dn—3 dn—(da—1) ~ \n

There are (2) < (%)a choices for A of this size, and so the expected number of separators of size a is at
most
en\¢ [a\da/2 ea®/2=1\*
() ()= ()
This is small when (a/n < 1/e. To be concrete, pick an arbitrary constant ¢ € (0,1/2) such that

¢?/2=1 < 1/e (this is possible since d/2 — 1 > 0). The expected number of separators of size at most cn
is at most

)d/2—1

1/4
n (d/2-1)/4N\ ¢ .

en d/2—1\a 1/4 e d/2—1\n'/* —1/8 d/2—1\n'/*
E 1 ( vy ) + El/4 (ec )*<n n(3/4)(d/271)+0((ec ) <0 +(ec )
a= a=n +1

(a/2-1)/4
for n large enough so that “*—Z7—— < 1.

When a is large, we use a more accurate asymptotic estimate. For even x, define

z(z—1)(x—2)(z—3) - x!
2l=(x—1)(xz—-3)(z—5)---1= 2(z—2)- - :Qm/2($/2)!'
The probability that A is a separator is thus
(da)!(d(n — )1t _ (5u3)
(dn)!! (‘;Z) ’

(Another way to see this is to note that if A is a separator then the perfect matching decomposes into a
perfect matching on A and a perfect matching on its complement.)
When a = xn, Stirling’s approximation shows that

O U S Ie!
a 21z(1 — x) ’

where h(a) = —zlogyx — (1 — z)log,(1 — x) is the binary entropy function. Therefore the expected
number of separators of size a = zn is at most

dn/2
n\ (gay2) N 1 gnh(@)itd/2-d] . L 5 nn(a)2
a (2’;) 2z (1l — x) ~ 27mz(l - x) '

In view of the preceding calculation, we can assume that x > ¢, and so the expected number of separators
of size a = xn is at most Q(2-2(™)) = o(1/n), showing that the expected number of separators overall is
o(1). O
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This result can be strengthened in several ways, where we always assume that d > 3. First, we
can show that not only is G(n,d) connected with high probability, but also that it is an expander; see
Ellis [Ell, Theorem 5]. Second, we can show that G(n,d) is not only connected, but also d-connected
(remains connected after removing at most d — 1 vertices) with high probability; see Ellis [Ell, Theorem
6] or the textbook [FK16, Theorem 10.8]. Via Tutte’s criterion, a generalization of Hall’s criterion for
non-bipartite graphs, a d-connected d-regular graph having an even number of vertices contains a perfect
matching. We conclude that with high probability, G(n,d) contains a perfect matching. In fact, more is
true: with high probability, G(n,d) is Hamiltonian. The proof, which uses an extended version of the
second moment method, is unfortunately quite complicated.

12.3 Contiguity

The random d-regular graph model is hard to analyze directly, and so we have come up with the model
G*(n,d) which is easy to analyze and has a very strong relation to G(n,d): an event holds with high
probability on G(n,d) if it holds with high probability on G*(n,d). When two models are such that
this relation holds both ways, we say that they are contiguous. Difficult results in the theory of random
regular graphs show the following contiguity results, where G’(n, d) is G*(n, d) conditioned on having no
loops. (See [JLROO, Section 9.5] for proofs.)

1. When d > 4 is even, G'(n,d) is contiguous to a union of d/2 random Hamiltonian cycles.

2. When d > 3 is odd, G'(n, d) is contiguous to a union of (d — 1)/2 random Hamiltonian cycles and
a random perfect matching.

3. When d > 4 is even, G(n, d) is contiguous to a union of d/2 random Hamiltonian cycles, conditioned
on it being simple.

4. When d > 3 is odd, G(n,d) is contiguous to a union of (d — 1)/2 random Hamiltonian cycles and
a random perfect matching, conditioned on it being simple.

A result along the lines of Theorem shows that G’(n,d) is simple with probability tending to
e~ (d=1?/ 4. and so an event holds with high probability on G(n,d) if it holds with high probability on
(d—1)
G’(n,d). This allows us to prove results like the following.

Theorem 12.8. A random 4-regular graphs can be partitioned, with high probability, to cycles of length

at most 4y/nlogn.

Proof. We will show that the union of two random Hamiltonian cycles can be so partitioned, with
high probability. We can fix one of the Hamiltonian cycles to be 1,2,...,n, and let the other one
be 7(1),7(2),...,m(n). Partition {1,...,n} into n/m intervals I1,..., I,y of length m, where m =
v/nlogn. The probability that 7(¢) ¢ I; for all i € I is

(n—m)(n—m-—1)---(n—2m+1) < (1_ ﬂ)m ge_mz/n _ l
nn—1)--(n—m+1) n n
In this case, we say that I; is bad. The probability that some I; is bad is at most "/Tm = % = o(1), and

so with high probability all I; are good. Thus for each inteval I; there exists a poiﬁt T el ; such that
m(z;) € I;. The required partition into cycles is w(z;), 7(z; +1),...,7(zj41), 7(xj41) —1,...,7(x;), the
first part in the Hamiltonian cycle given by 7, and the second part in n,...,2,1. O

We don’t know whether y/nlogn is the optimal order of magnitude.

13 Week 13 (22 January 2016)

Our exposition is based mostly on Lovdsz’s monograph [Lovi2]. The original work on quasirandom
graphs is [CGWR9], and quasirandom graphs are also discussed in [AS16, Section 9.3].
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13.1 Graphons

Graphons are a generalization of the G(n,p) model which is complete in some sense that we sketch
below. A graphon is a measurable function W: [0,1]> — [0, 1] which is symmetric: W (z,y) = W (y, x).
A random G(n, W) is sampled as follows:

1. Sample n numbers 1, ...,z, € [0,1] uniformly and independently.
2. For i # j, put an edge between ¢ and j with probability W (x;, x;), independently for all edges.

When W = p is constant, a G(n, W) random graph is the same as a G(n,p) random graph.

Earlier we have counted the expected number of subgraphs of a particular type in G(n,p), and we can
do the same in G(n,W). Instead of counting subgraphs, we will count the number of homomorphisms
from a specific small graph H = (V(H), E(H)). Given two graphs G, H, a homomorphism from H to
G is a function h: V(H) — V(G) such that (h(i),h(j)) € E(G) whenever (i,5) € E(H). We denote
by t(H, G) the probability that a random function from V(H) to V(G) is a homomorphism; this is the
normalized number of copies of H inside G. A simple calculation shows that

E[t(H,G(n,W))] — t(H,W) := / I Wiz,

Fhoo (i) EB(H)

where 1, ..., x, are integrated against the Lebesgue measure on [0,1]. Moreover, if G,, ~ G(n, W) for
all n, then it is not too hard to show that almost surely, for every H it holds that t(H,G,) — t(H,W).

A graph sequence G, is a sequence of graphs in which |V (G,)| — co. A graph sequence G,, converges
to the graphon W if the statement above holds for all graphs H. A deep result shows that any graph
sequence has a convergent subsequence. In this sense the graphon model is complete.

Every finite graph G = (V, E) has a graphon counterpart W formed by dividing [0, 1] into |V intervals
of equal length, and letting each square be the constant 1 if the corresponding edge is in the graph, and
the constant 0 otherwise. This graphon satisfies ¢t(H,G) = t(H, W) for every H. In this sense, graphons
are generalizations of finite graphs.

Another example is the stochastic block model. There are k types of vertices, a random vertex belongs
to type ¢ with probability p;, and vertices of type ¢, j are connected with probability w;;. This is captured
by a piecewise constant graphon which the reader can surely construct by herself. One basic question
about the stochastic block model, which has recently been answered, is whether the types of the vertices
can be recovered given the graph, with high probability. This is known as the problem of community
detection. See Abbé’s recent survey [AbbI6].

13.2 Quasirandom graphs

We say that a graph sequence G,, is p-quasirandom if t(H, G,,) — p/FUD| that is, if it behaves like G(n, p)
in terms of graph densities. Chung, Graham and Wilson [CGWR89] proved (for p = 1/2) the surprising
result that a graph sequence G, is p-quasirandom if and only if ¢(—, G,) — p and t(O,G,,) — p*, that
is, if the condition above holds for the two particular graphs H = —,[J. In such a case we say that the
corresponding graphon (in this case, the constant p graphon) is finitely forcible. All piecewise constant
graphons are finitely forcible.

Theorem 13.1. A graph sequence G,, is p-quasirandom if and only if t(—,G,) — p and t(O,G,) — p*.

Proof. The only if part is obvious, so it suffices to prove that G, is p-quasirandom if ¢(—, G,) — p
and t(J,G,) — p*. Suppose to the contrary that for some graph H, t(H,G,) /4 p/FUD|. We can find
a subsequence G, and ¢ # p!/FUI such that t(H,G’) — ¢ (since the interval [0,1] is compact). The
compactness result quoted above implies that there is a subsequence G of G/, converging to a graphon
W. The graphon W satisfies t(—, W) = p and ¢(0, W) = p*, but t(H, W) # plEUI,

As the following calculation, which uses the inequality E[X?] > E[X]? twice, shows, it is always the
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case that t((J, W) > t(—, W)*:

t(Da W) = a,ly?: )d[W(aa b)W(b, C)W(Ca d)W(da a)]

Y I
==
— 0
=8
= =
> 8
\g o
=
< =
-~ X
Iy \.C“‘
o
< &
N

I
-
= &

=
E
=
=
N

In our case we have equality, and so fc W (a,b)W (b, ¢) must be constant almost surely; in fact, equal to
p? almost surely. If we treat W as an operator on L2([0, 1]), this shows that W?2 = p?, where p? is the
operator that maps f € L?([0,1]) to the constant function p? E[f] (note that operators, and graphons,
are defined up to measure zero). This implies that W = 4p (since W2 has a unique eigenspace, consisting
of all constant functions, which doesn’t belong to its kernel). Since W > 0 (as a graphon), it follows that
W = p. This contradicts the assumption that t(H, W) # p/FUDI, O

Quasirandom graphs enjoy many other properties:
e All eigenvalues other than the maximal one are o(n).

e Every set S contains (p/2)|S|? & o(n?) edges.

Every two disjoint sets S, T are connected by p|S||T| & o(n?) edges.

The average deviation of |{z : (z, 2), (y, 2) € E}| from p*n is o(n).

13.3 Quasirandom and non-quasirandom sequences

The material in this part is taken from Chung, Graham, and Wilson [CGW&9).

Paley graphs As an application of the theory, we will show that the Paley graphs form a quasirandom
sequence for p = 1/2. For a prime ¢ = 4m + 1, the Paley graph P, is a graph on Z, in which ¢,j are
connected whenever i — j is a quadratic residue modulo ¢ (that is, i — j = k* (mod q) for some k € Z,).
The condition ¢ = 4m + 1 guarantees that —1 is a quadratic residue, and so this defined an undirected
graph. It is known that exactly %1 elements of Z, are quadratic residues (essentially since 2% = (—x)?),
and so the graph is qgl—regular. This easily implies that ¢(—, P,) — 1/2.

To estimate the number of squares, consider a pair of vertices x # y. A third vertex z is adjacent to

both or neither z,y iff 2:5 is a quadratic residue (since quadratic residuity is multiplicative). If a # 1
Z—T

zZ=Y

is a quadratic residue then = a implies that a — 1 = i’:z, and so z = y + Y=%. Tt follows that there
g+1

are exactly 5= —2 = ‘1;—3 vertices z which are adjacent to both or neither x,y. Denote by N(x) the set
of neighbors of . Then

2N (2) N N(y)| = IN(@)| + INW)| + (N (@) N N@)| + N0 NG —a= (-1 + 252 —g= 122

and so [N(z) N N(y)| = %. This easily implies that ¢(0J, P;) — (1/4)? = 1/16. We conclude that P, is
a pseudorandom sequence.

Intersection parity graphs Here is another example for p = 1/2. For every n, consider the graph
whose vertex set is ([271’]), connecting two vertices A, B if their intersection contains an even number of
points. Roughly speaking the intersection of two random vertices is distributed like Bin(2n,1/4), and so
it is even roughly half the time. We leave it to the reader to show that, for reasons similar to those in
the previous examples, the relative number of squares is roughly 1/16.
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Triangle density is not enough We have seen that if t(—,G,) — p and (0, G,,) — p* then the
graph sequence is p-quasirandom. It is natural to ask whether [J can be replaced by A. The following
counterexample shows it not to be the case. For p < 1/2, consider the following graphon W,:

2p 0 p p
0 2p p p
p p 0 2p
p p 2p 0

This corresponds to a graphon by replacing each cell by a constant 1/4 x 1/4 square. One checks that
t(—, W,) = p, t(A,W,) = p?, and t(A, W) = p?, but t(0, W,) = %p4. When p > 1/2, we similarly take

2p—1 1 P P
1 2p—1 P D
P p 1 2p — 1
P p 2p —1 1

One checks that t(—, W,) = p, (A, W,) = p?, and t(A, W,) = p?, but t(0,W,) = p* + (1 — p)*.

13.4 Flag algebras and extremal graph theory

Graphons are also useful in extremal graph theory. Consider any inequality involving graph densities. If
this inequality holds for all graphons, then it holds for all graphs, since each graph is equivalent to some
graphon (from this point of view). On the other hand, if an inequality holds for all graphs then it also
holds for all graphons: if it didn’t hold for some graphon W, then with high probability it wouldn’t hold
for G(n, W) for large enough n. What we gain by moving from graphs to graphons is that the space of
possible graph densities for graphons can be described using an infinite semidefinite program. If we aim
at proving an inequality of the form I > 0 (where I is a linear combination of graph densities), then we
can try to compute the minimum of I given a finite subset of the infinite SDP. In many cases, some finite
subset is enough to prove that I > 0. In general, it is known that if indeed I > 0 then for every ¢ > 0,
some finite subset proves I > —e¢; and that some I exist for which no finite subset of the constraints
implies that I > 0.

When the semidefinite program proves that I > 0, we can translate the proof into a sequence of
applications of the Cauchy—Schwartz inequality. We have already seen such an example above, where we
proved that ¢(CJ, W) > t(—, W)%. Although this is not a linear inequality, we can turn it into a linear
one by noticing that t(—, W)* = t(||||, W). The linear inequality ¢(CJ, W) — ¢(||||, W) > 0 can be proved
automatically by choosing an appropriate subset of the infinite SDP.

The most spectacular demonstration of these techniques is Razborov’s theorem [Raz08| on the edges
vs. triangles problem. Razborov determined, for each edge density p, what is the minimal possible
triangle density. He also finds the extremal graphons, thus showing how to compute graphs with almost
optimal edge and triangle densities.

13.5 Graphings

The theory of graphons is appropriate for dense graphs. If, however, we consider a sequence of G(n,d)
graphs, then it converges to the zero graphon. The correct notion of convergence for bounded-degree
graphs, known as Benjamini—Schramm convergence, is convergence of the distribution of the ¢th neigh-
borhood of a random vertex, for all £. As we have shown above, with high probability a random d-regular
graph contains few short cycles (although it is Hamiltonian!), and so locally the graph looks like a tree. In
other words, in this case the ¢th neighborhood is just a d-regular tree of depth ¢. Other graph sequences
could converge to different distributions. The appropriate limiting object here is called a graphing.

The definition of graphing is slightly technical, and so we skip it. Let us just mention a few other
examples of random (or non-random) bounded-degree graphs:

e Let m be a probability distribution on {0,...,d}. A random m-graph on n vertices is chosen
randomly from all graphs containing roughly 7 (i)n vertices.

e The sequence of n x n grids converges to the infinite grid.

e The sequence of d x n grids (for constant d) converges to an infinite grid of height d.
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13.6 Permutons

Counterparts of graphons have been studied in other settings. Perhaps the most natural one is that of
permutations. The counterpart of homomorphism density is the relative order of k random points. For
every (large) permutation 7 and (small) permutation 7, the density ¢(m, 7) is the probability that if we
sample || inputs at random (where |7| is the size of the domain of ), then their relative order in 7 is .

A permuton is a probability distribution p on [0,1]? such that if (X,Y) ~ p then X ~ U([0,1]) and
Y ~ U([0,1]). To draw a permutation on n elements, draw n elements (X1,Y7),...,(X,,Y,) from pu,
order them according to the X;, and output the relative order of the Y;. This is a limit object in the sense
that every sequence of permutations has a subsequence converging to a permuton, where convergence is
defined via the permutation densities defined above.

We say that a sequence of permutations 7, (with |7,| — o0) is k-uniform if t(7,7) = 1/k! for every
w € Si; this concept generalizes to permutons. A sequence of permutations, or a permuton, is uniform
if it is k-uniform for all k. For example, U([0, 1])? is a uniform permuton.

In the context of graphs, for a sequence of graphs to be p-quasirandom it sufficed for it to be p-
quasirandom with respect to two graphs: — and [. Is the same true for permutons?

A 3-uniform permuton need not be uniform, as shown by Copper and Petrarca [CP0§]. For example,
the permutation 349852167 is 3-uniform but not 4-uniform. Kral’ and Pikhurko [KP13|] showed that a
4-uniform permuton is uniform. Their proof resembles the argument for graphs.
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