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Abstract

The Erdés-Ko-Rado theorem determines the largest pp-measure of
an intersecting family of sets. We consider the analogue of this theorem
to t-intersecting families (families in which any two sets have at least ¢
elements in common), following Ahlswede and Khachatrian [1, 2]. We
present a proof of the p), version of their theorem, which is adapted from
the earlier proofs. Due to the simpler nature of the p, setting, our proof
is simpler and cleaner.

1 Introduction

Friedgut [5] considered t-intersecting families, showing that if F is a t-intersecting
family of sets and p < 1/(t + 1) then p,(F) < p'. The upper bound on p
arises naturally in his proof. This limitation is not arbitrary. Indeed, when
p > 1/(t + 1), the bound p! is incorrect. The correct bound was found by
Ahlswede and Khachatrian [1, 2] in the k-uniform setting. We state it in the
language of slices: for a family of sets F, SI(F, k) ={A € F:|A| =k}.

Definition 1.1. The (¢, r) Frankl family F; . is the t-intersecting family defined
by
Fro={SClt+2r]:|S| =t +r}). O

Theorem 1.1 (Ahlswede—Khachatrian). Let 1 <t <k <n andr >0, and let
F be a t-intersecting family. When

t—1 t—1
(k—t+1) (2+> <n<(k—t+1) (2+>,
r+1 T
we have | SIF, k)| < |SWFi,r, k)|, with equality only if the slices are equivalent.
When
k=t (242 !
"= r+1/)’

we have | SU(F, k)| < |SUFir, k)| = | S Ftrt1, k)|, with equality only if SI(F, k)
is equivalent to either SI(Fy ., k) or SU(Fyrt1,k).

The Dinur-Safra argument [4] implies the following counterpart in the p,
setting.



Corollary 1.2. If F is t-intersecting then for r > 0, when

r p< r+1
tr2r—1 P i it

we have pip(F) < pp(Fir) with equality only if F is equivalent to Fy .
Ifp=(r+1)/(t+2r+1) then pup(F) < pp(Fir) = pp(Frrs1)-

Corollary 1.2 covers all p < 1/2 (and for ¢t = 1, all p < 1/2). For p > 1/2,
there is no meaningful bound in sight: the p,-measure of the t-intersecting
family consisting of all sets of size at least (n+t)/2 approaches 1. For p = 1/2,
the measure of this family approaches 1/2.

The Dinur—Safra argument isn’t strong enough to handle equality when there
are two different optimal families. In the rest of this chapter, we adapt the proof
of the Ahlswede—Khachtrian theorem to the p, setting, thereby settling the cases
p=(r+1)/(t+ 2r+1). We will prove the following version of the Ahlswede—
Khachatrian theorem, which uses the notion of extension: for a family of sets
F on m points, U"(F) ={A C [n]: AN[m] € F}.

Theorem 1.3. Let F be a t-intersecting family on n points for t > 2. If
r/(t+2r—1) <p < (r+1)/(t+2r+1) for somer >0 then p,(F) < pp(Fi,r),
with equality if and only if F is equivalent to U™(Fy..).

Ifp = (r+1)/(t+2r+1) for somer > 0 then puy,(F) < pp(Fer) = pip(Frrs1),
with equality if and only if F is equivalent to either U™(Fy ) or U™(Firy1).

2 Proof overview

Our proof of the Ahlswede-Khachatrian theorem in the p, setting combines
the approaches in the two papers [1, 2] in which Ahlswede and Khachatrian
proved their theorem in the classical setting (the two papers present two different
proofs). The classical Erdés—Ko—Rado theorem can be proved using Katona’s
circle argument, and here we will concentrate on ¢-intersecting families for ¢ > 2.

Given ¢t > 2 and p € (0,1/2), our goal is to determine the t-intersecting
families of maximum pp,-measure. In general, the maximum p,-measure of a ¢-
intersecting family depends on the size of its support: for example, the maximum
pp-measure of a 2-intersecting family on 2 points is p? for all p < 1/2, but for any
p > 1/3 there is a 2-intersecting family of larger measure 4p3 — 3p* on 4 points,
namely the Frankl family F5 1. We will not be interested in the maximum p,,-
measure of a t-intersecting family on n points. Rather, we will be interested in
the supremum of the j,-measures of ¢-intersecting families on any number of
points; we will show that for all p < 1/2, the supremum is attained at one of
the Frankl families.

The proof uses the technique of shifting. A t-intersecting family F on n
points is left-compressed if for all A € F, j € A and i € [n] \ A satisfying
i < j, we have A\ {j} U {i} € F. Using shifting, we can show that given any
t-intersecting family, there is a left-compressed t-intersecting family with the



same p,-measure for all p. Therefore as far as upper bounds are concerned, it
is enough to consider left-compressed families.

Let F be a left-compressed t-intersecting family, let > 0 be an integer, and
suppose that r/(t+2r—1) <p < (r+1)/(t+2r+1). We can also assume that F
is monotone (if A € F and B D A then B € F). The proof consists of two steps.
In the first step, we show that if 7 depends (as a Boolean function) on some
¢ > t + 2r then we can construct from F a t-intersecting family of larger -
measure. This implies that the maximum p,-measure of a t-intersecting family
is attained at some family on ¢ + 2r points. In the second step, we show that
if F is not symmetric with respect to its first ¢t 4+ 2r coordinates then we can
construct from F a t-intersecting family of larger p,-measure. This implies that
the maximum p,-measure of a t-intersecting family is attained (uniquely) at a
family of the form {A C [t + 2r] : |A| > k}, and so at the Frankl family F .

A similar but more delicate argument handles the case p = (r+1)/(t+2r+1),
and this completes the proof for left-compressed t-intersecting families. The
upper bound on the p,-measure holds for arbitrary t-intersecting families. An
argument similar in spirit to the one used by Chung et al. [3] to prove the equiva-
lence of intersection problems and agreement problems shows that t-intersecting
families of maximum j,-measure are equivalent to the corresponding Frankl
family or families.

For the duration of the proof, we will use p;( (F) to denote the p,-measure

of a family F as a subset of 2%.

3 Shifting

In this section we develop formally the classical technique of shifting. We start
by defining the shifting operator.

Definition 3.1. Let F be a family of sets on n points, and let 4,5 € [n], i # j.
For A e F,let Si;(A) = A\ {jtu{i}if je A, i¢ Aand A\ {j}U{i} ¢ F,
and let S;;(A) = A otherwise. The shifted family S, ;(F) consists of the sets
Si;(A) for all A e F. O

As an example, let F = {{2}, {13}, {23}}. Then S1.2(F) = {{1}, {13}, {23}}.
Since [S;;(A)| = |A|, shifting doesn’t change the p,-measure of a family. Shift-
ing also maintains the property of being t-intersecting.

Lemma 3.1. Let F be a family of sets on n points, and let i,j € [n], i # j. If
F is t-intersecting for some t > 1 then S;;(F) is also t-intersecting.

Proof. Let A" = S;j(A),B" = S;j(B) € S;j(F), where A,B € F. We
consider several cases. If A’ = A and B’ = B then |A'NB’| = |ANB| >t since
F is t-intersecting. If A’ # A and B’ # B then i € A, B’ and j € A, B, and
so |[A'NB|=|(AnB)\{j} U{i}| = |AN B| > t. The remaining case is when
A'#Aand B'=B. If j ¢ B then |A'NB/| > |(A\ {j))NB|=|ANB| > t. If
j € Bandi € Bthen |[A'NB'|=|(A\{j}u{i})NB|=|ANB| >t. If j € B and
i ¢ B then by the definition of S, ;(B), we must have B” = B\ {j} U{i} € F.



Hence |A'NB| = [(A'\{i} U{j}) n(B\{j}U{i})| =|AN B"| > t. Therefore
Sij(F) is t-intersecting. O

By shifting a given family toward smaller elements, we can obtain a left-
compressed family.

Definition 3.2. A family F on n points is left-compressed if S;;(F) = F for
all 7,7 € [n] such that i < j. O

Lemma 3.2. Let F be a t-intersecting family on n points. There is a left-
compressed t-intersecting family G on n points such that p1,(G) = pp(F) for all
p € 10,1]. Furthermore, G can be obtained from F by a sequence of applications
of the operators S;—; for various i, j.

Proof. Let ®(F) be the sum of all elements in all sets in F. It is easy to see
that ®(S;;(F)) < ®(F) whenever i < j, with equality only if S;.;(F) = F.
Let S(F) result from applying in sequence the operators S;; for all ¢,j €
[n] such that i < j, and define a sequence Fy = F, Fer1 = S(Fs). Since
O(Fsq1) < O(F,) and ®(F;) is a non-negative integer, ®(F,) reaches its mini-
mum at some s = T. Since ®(Fry1) = ®(Fr) and so Fri1 = Fr, we conclude
that S;;(Fr) = Fr for all 4,5 € [n] such that i < j, and so Fr is left-
compressed. Lemma 3.1 shows that Fr is t-intersecting. Finally, it is easy to
check that shifting preserves the p,-measure for all p € [0, 1]. O

From now on until Section 6 we will only be interested in left-compressed
families.

4 Generating sets

In this section we implement the first step of the proof, following [1]. In this
step, we show that if F is a monotone left-compressed ¢-intersecting family and
p < (r+1)/(t+2r+1), then either F depends only on the first ¢ 4 2r points, or
we can modify F to obtain a t-intersecting family of larger measure. The tool
we will use is generating sets.

Definition 4.1. Let F be a family of sets on n points. Its generating set G(F)
is the family of inclusion-minimal sets in F. Its extent m(F) is the largest
integer appearing in any set in G(F).

Let G be a family of sets on n points. Its upset U™(G) is the family F =
{AC[n]: AD B for some B € G}.

A family of sets F on n points is monotone if for all B € F, we have A € F
whenever B C A C [n]. An upset is always monotone. If F is monotone then
F =U"(G(F)). O

For example, G(Fi,) = {A C [t+2r] : |A| =t +r} and m(F;,) =t + 2r.
In the language of monotone Boolean functions, if F is monotone then G(F) is
its set of minterms.



Our goal in this section is to show that if F is a monotone t-intersecting
family, p < (r +1)/(t + 2r + 1) and m(F) > ¢ + 2r then there is another ¢-
intersecting family G with u,(G) > p,(F). We will construct G by modifying
the generating set of F, guided by the following easy lemma.

Lemma 4.1. Let F be a left-compressed t-intersecting family with m = m(F),
and suppose that A, B € F both contain m. If |AN B| =t then AU B = [m)]
and so |A|+ |B| = m +t.

Proof. Let A, B € F be as indicated. Clearly AU B C [m]. Suppose that for
some i € [m], i ¢ AU B. By assumption, ¢ < m. Since F is left-compressed,
A= A\ {m}U{i} € F. However, |A’'NB| =|ANB|—1=t—1, contradicting
the assumption that F is t-intersecting. We conclude that AU B = [m] and so
|A|+|B| =|AUB|+|ANB|=m+t. O

This lemma suggests separating the sets in G(F) containing m according to
their size.

Definition 4.2. Let F be a family of sets with m = m(F). We define G*(F) =
{A e G(F):me A} and G(F) = {A € G*(F) : |A| = a}. In words, G*(F)
consists of those sets in G(F) containing m, and G (F) consists of those sets in
G(F) containing m and of size a.

For a family G on n points and m € [n], we define G\ m = {A\ {m}: A€

GY. O

Suppose a + b = m(F) +t and a # b. Lemma 4.1 implies that U™ (G(F) \
(G2(F) U GH(F)) U (G5 (F) \ m(F))) is t-intersecting. Moreover, it turns out
that this transformation can be used to increase the p,-measure.

We start by proving two easy auxiliary results.

Lemma 4.2. Let F be a monotone left-compressed family on n points with
m =m(F) and let A € G*(F). Then

FAUMGF)\ {A}) = {4} x 2i"himl,
In words, if A € G*(F) then the sets generated by A are exactly {A} x 2*\[m],

Proof. Suppose B € F\U"(G(F)\{A}). Clearly B O A. We would like to show
that BN [m] = A. If not, then let z € (BN [m])\ A. Since F is left-compressed,
C = Sgem(A) € F. Clearly C € U™(G(F) \ {A}), and since B D C, also
B e U™(G(F) \ {A}), contrary to the assumption. Hence BN [m] = A.

For the other direction, let B = A U C, where C C [n] \ [m]. If B €
U™(G(F)\ {A}) then B D D for some D € G(F) \ {A}. Since maxD < m,
necessarily D C BN[m] = A, contradicting the fact that A is inclusion-minimal.
This completes the proof of the lemma. O

Lemma 4.3. Let F be a family of sets on n points with m = m(F) and let
AeG*(F). If BeF and BNim—1]= A\ {m} then m € B.



Proof. Suppose that m ¢ B. Since B € F, B D C for some C € G(F). Since
maxC <m and m ¢ B, C C BN [m] = A\ {m}, contradicting the fact that A
is inclusion-minimal. O

Next, we describe the transformation itself.

Lemma 4.4. Let F be a monotone left-compressed t-intersecting family on n
points with m = m(F), and let a + b = m + ¢ for some non-negative integers

a #b. Define

Hy = G(F)\ (G4 (F) UGH(F)) U(Go(F) \m), Go = U"(Ha),
Hy = G(F)\ (G (F) U G (F)) U (Gy(F) \ m), Gp = U™ (Hy).

The families Gq, Gy are t-intersecting. Furthermore, if G&(F) # 0 or G5 (F) # 0
then for all p < 1/2, max(p,(Ga), pp(Gp)) > pip(F).

Proof. In order to show that G, is t-intersecting, it is enough to show that H,
is t-intersecting. Let A, B € H,. If A, B ¢ G;(F)\ m then A, B € G(F) and so
|AN B| > t, so suppose that A € G:(F) \ m. Notice that AU {m} € G%(F). If
B ¢ G*(F) then m ¢ B and B € G(F), and so |[ANB| = |(AU{m})NB| > t.
If Be GiF) thenc # band so |[AU{m}|+|B|=a+c#a+b=m+t.
Therefore Lemma 4.1 implies that [(AU{m})NB| >t+ 1 and so |[ANB| > t.
A similar argument applies if B € G%(F) \ {m} (with a in place of ¢), and we
conclude that G4 is t-intersecting. The proofs for G, are analogous.

Let p < 1/2. We proceed to calculate y,(G,) and p,(Gp). Lemma 4.2 shows
that

F\Ga = Gi(F) x 2NIm,

and Lemma 4.3 shows that
Ga'\ F = (G3(F) \ m) x 2N,
Therefore
1p(Ga) = pp(F) = u" (G5 (F)) + g™ (G (F) \ m)
= 1) = PGP + LUl G (7).
Without loss of generality, suppose that pul™(G:(F)) > pui™(G:(F)), which
implies that ,u][gm](GZ(}' )) > 0 by assumption. Then

1 —P m *
G = )+ (22 1) G2 > 0,
since p < 1/2 implies (1 —p)/p > 1. O

This lemma allows us to achieve our goal whenever G%(F) # () for some
a # (m(F) +t)/2. When a = (m(F) + t)/2, the construction in the lemma
doesn’t result in a t-intersecting family. In order to fix the construction, we



will focus on a subset of G (F) not containing some common element. This
property will guarantee that the result is ¢t-intersecting. If p is small enough
(depending on m(F)), then the construction still increases the ,-measure.

Lemma 4.5. Let F be a monotone left-compressed t-intersecting family on n
points with m = m(F) > t+2r for somer > 0, and let a = (m+t)/2 be integral.
For i e [m —1], define

Hi=GF)\GLF)U{AeG(F)\m:i¢ A}, G =U"(H).

The families G; are t-intersecting. Furthermore, if p < (r+1)/(t+2r +1) and
G (F) # 0 then max;cpn—1] pp(Gi) > pip(F).

Proof. Let i € [m — 1]. We proceed to show that G; is ¢-intersecting. As in the
proof of the corresponding part of Lemma 4.4, it is enough to show that H; is
t-intersecting. If A, B € H; and not both A, B € G%(F) \ m then the argument
in Lemma 4.4 shows that |A N B| > t, so suppose that A, B € Gi(F) \ m.
Note that ¢ ¢ A, B. Lemma 4.1 shows that [(AU {m}) N (BU{m})| > ¢, and
so |[ANB| > t, unless (AU {m}) U (BU{m}) = [m]. However, the latter is
impossible since i ¢ AU B. This shows that G; is t-intersecting.

Let K; = {A € Gi(F) : i ¢ A}. We proceed to calculate 11, (G;). Lemma 4.2
shows that

F\Gi = (G5(F) \ K;) x 2,

and Lemma 4.3 shows that
Gi \ F = (K; \ m) x 2P\ml,

Therefore

m * I—-p m
1p(Gi) = 1p(F) = ™ (GE(F) \ K) + TM’[’ (K))
(1)
m * 1 m
= pp(F) — M;[y (Ga(F) + Z;M;[a J(K;).
In view of this, we would like to maximize u,[)m] (K;). Since all sets in K; have
Hamming weight a, pz[jm] (K;) = |K;i|p*(1 —p)™~*, and similarly u][)m}(G:(}')) =
|GE(F)|p*(1 — p)™~*. We therefore want to maximize |K;|. Since each A €
G (F) satisfies [AN[m — 1]| = a — 1, it is easy to see that
m—a
E |K;|=——|Gi(F)|.
B K = ERG)
There must be some ¢ € [m — 1] which satisfies |K;| > (m—a)/(m—1)-|G%(F)|,
and so uLm] (K;) > (m—a)/(m—1) -uz[jm](GZ(]:)). Substituting this in (1), we
obtain

G~ (F) 2 (328 1) )
e CHE))




The proof will be complete if we show that m —a > p(m —1). Since m > t + 2r
and m +t is even, m >t 4+ 2r + 2, and so

2lm—a—p(m—1)]=m—t—2p(m—1)
={1-2p)m—t+2p
>(1=2p)(t+2r+2)—t+2p
=2r4+2—2p(t+2r+1)
=2[r+1—-p(t+2r+1)]>0. O

Combining Lemma 4.4 and Lemma 4.5, we obtain the following result.

Lemma 4.6. Let F be a monotone left-compressed t-intersecting family on n
points with m = m(F) >t + 2r for somer > 0. If p < (r+1)/(t+2r+1) then
there exists a t-intersecting family G on n points satisfying pp(G) > pp(F).

Proof. By definition, G*(F) # 0, and so G%(F) # 0 for some a. If a # (m+t)/2
then the result follows from Lemma 4.4, otherwise it follows from Lemma 4.5.
O

We can conclude an important corollary.

Corollary 4.7. Lett > 1, r > 0 and p < (r+1)/(t + 2r +1). There exists
a monotone left-compressed t-intersecting family F on t + 2r points such that
for every t-intersecting family G, p,(G) < pp(F). Furthermore, equality is only
possible if m(G) <t + 2r.

Proof. Lemma 3.2 implies that it is enough to construct a (not necessarily left-
compressed) t-intersecting family F on t+2r points. We let F be a t-intersecting
family of maximal p,-measure among those on t + 27 points.

Now let G be a t-intersecting family on n points. In order to show that
pp(G) < pp(F), we can assume that G has maximal p,-measure among t-
intersecting families on n points. Lemma 4.6 implies that m(G) < t + 2r, and
50 tp(G) < pp(F) by definition. The lemma also implies that equality is only
possible if m(G) <t + 2r. O

At this point, [1] considers the complemented family F = {[n]\ A: A € F}.
When F is a k-uniform t-intersecting family, F is an (n—k)-uniform (n—2k+t)-
intersecting family, and we can apply Corollary 4.7 to F. However, in our setting
F need not even be intersecting. Instead, we turn to the argument in [2].

5 Pushing-pulling

In this section we implement the second step of the proof, following [2]. We will
show that if F is a left-compressed ¢-intersecting family of maximal p,,-measure,
where p > r/(t + 2r — 1), then the first ¢ 4+ 2r coordinates of F are symmetric.
We start by formalizing the notion of symmetry.



Definition 5.1. A family of sets F is ¢-invariant if for all ¢ # j in the range
1<i,j <t Sij(F)=F.

The symmetric extent £(F) of a family of sets F on n points is the maximal
¢ < n such that F is f-invariant. O

Our goal in this section is to show that if p > r/(t+2r—1) and 4(F) < t+2r
for some t-intersecting family F then we can come up with a t-intersecting family
of larger p,-measure.

Since we are focusing on left-compressed families, the only way in which
{-invariance can fail is if Sy, ;(F) # F for some i < £. The following definition
singles out the sets which determine the symmetric extent of a family.

Definition 5.2. Let F be a family of sets on n points with £ = ¢(F). If n > ¢
then its boundary sets are given by

X(F)={A € F:Spt1i(A) ¢ F for some i < (}.
if n = ¢ then we define X (F) = 0. O
Our starting point is the following analog of Lemma 4.1.

Lemma 5.1. Let F be a left-compressed t-intersecting family with ¢ = ((F),
and let A,B € X(F). If[ANB| =t then ANB C [{] and AU B D [{], and so
[AN[|+ |BN[¢]|=¢+t.

Proof. Let A, B € X(F) be as given, and note that £+ 1 ¢ A, B. We start
by showing that A N B C [¢]. Suppose that © € AN B satisfies x > ¢. Since
+1¢ A B, in fact x > £+ 1. Since F is left-compressed, Syp;1..(A) € F.
However, [S¢11+4(A)NB| =|ANB|—1=1t—1, contrary to assumption. We
conclude that AN B C [4].

Next, we show that AU B D [¢]. Suppose that © ¢ AU B for some x € [{].
Since t > 1 and ANB C [¢], there is some y € ANBN[{]. Since F is (-invariant,
Szey(A) € F. However, [Syy(A)NB| = |[ANB|—1=1t-—1, contrary to
assumption. We conclude that AU B D [{].

Finally, let A" = AN[¢] and B' = BN [¢]. We have A’ U B’ = [{] and
|A'NB'|=|ANB| =t, and so |A'| + |B'| = |A UB'|+|A'NB|=(+t. O

This suggests breaking down X (F) according to the size of the intersection
with [€].

Definition 5.3. Let F be a family of sets on n points with ¢ = ¢(F). Its ith
boundary marginal is given by

Xi(F)={BCn]\[(+1]:[i]UB e X(F)}. O

The part played by the sets [i] is arbitrary. Indeed, we have the following
easy lemma.

Definition 5.4. For a set X and an integer i, we define

(7)-tacx:ja-a, o



Lemma 5.2. Let F be a family of sets on n points with { = £(F). Then

¢
14
xX(F) =J (U) x X;(F).

=1 N
Proof. If A € X(F) then Sgy1.(A) # A for some ¢ < ¢, and in particular
i € A. This shows that Xo(F) = (. Also, clearly £+ 1 ¢ A for all A € X(F).
The lemma now follows directly from the f-equivalence of F. O

We now present two different constructions that attempt to increase the p,,-
measure of a t-intersecting family. The first construction is the counterpart of
Lemma 4.4.

Lemma 5.3. Let F be a t-intersecting left-compressed family on n points with
L=L(F), and let a +b =L+t for some non-negative integers a # b. Define

Go=F\ C?) x Xp(F)U (a[f]l) X {0+ 1} x X (F),

6, =7\ (1) xxamu (1)) x e i

The families Gq, Gy are t-intersecting. Furthermore, if G&(F) # 0 or G5 (F) # 0
and t > 2 then for all p € (0,1), max(up(Ga), ttp(Gp)) > pip(F).

Proof. We start by showing that G, is t-intersecting. Let A, B € G,. If A, B ¢
(a[f]l) x {4+ 1} x Xo(F) then A,B € F and so |AN B| > t, so assume that
A€ (a[f]l) x {€+ 1} x X4(F). Pick some x € [¢] such that ¢ A, and notice
that A’ = A\ {{+1}U{z} € F.

Suppose first that B € F. If {+1 € Bor x ¢ B then |[ANB| > |[A'NB| > t,
so suppose that £+ 1 ¢ Band 2 € B. If B’ = Sy41.4(B) € F then |[ANB| =
|A" N B’| > t. Otherwise, B € X (F) and since £ +1 ¢ B, |[BN[{]| # b. Since
ANl =a, AN+ |BN| #a+b=~L+t, and so Lemma 5.1 shows that
|A’N B| > t+ 1, which implies [ANB| > |A'NnB|—-1>t.

Finally, suppose that A, B ¢ F. Pick some y € [{] such that y ¢ B, and
notice that B = B\ {{ + 1} U{y} € F. Since |[A' N[{]| + |B' N [{]| = 2a #
a+b=/{+t, Lemma 5.1 shows that |[A’ N B’| > ¢t + 1. Therefore |AN B| =
[[(A"\ {z}) N (B'\ {y})]U{l+1}| >t. We conclude that G, is t-intersecting.

It is straightforward to compute the j,-measures of G, and Gy:

,Up(ga) _ Mp(]:) . <§)pb(1 . p)€+1—buga]\[é+1] (Xb(]:)) + (ag 1>pa(1 _p)l-i-l—a'ugb]\[é-i-l] (Xa(]-'))’

tp(Gy) = pp(F) — <§)pa(1 - p)e+1—aﬂj[gn]\[€+1] (Xo(F)) + (b f .

)pb(l o p)€+1—b#][0n]\[€+1] (Xb(f))

These formulas become simpler if we put

Z —a,  [n E _ "
Ya = (a)pa(1_p)e+1 ML]\[Z+1](XCL(]:>)’ — <b>pb(1_p)e+1 bML]\VH](Xb(]-‘)).
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By assumption, either v, > 0 or v, > 0. Substituting these variables, we get

Up(ga) = Np(]:) — Y t+ Hp(gb) = Np(]:) — Y% +

a
(—at1® (—by1e

Multiply the first equation by ¢ — a + 1, the second equation by £ — b+ 1, and
sum to get

(l=a+1)(pp(Ga) = pp(F)) +(l=b+1) (11p(Go) = pip(F)) = (a+b—=L=1)(yatm) = (t=1)(vatm) > 0.
We conclude that either p,(Go) > p1p(F) or pp(Gp) > pip(F). O

The second construction, which is the counterpart of Lemma 4.5, concerns
a = ({+1t)/2, and works by adjoining a new element, which ensures that the
resulting family is ¢-intersecting.

Lemma 5.4. Let F be a t-intersecting left-compressed family on n points with
L=L(F), and let a = (£ +t)/2 be integral. Define

4]

(41
G=F\ < > X Xo(F) x 2{nt1}y <[ i ]> X Xo(F) x {n+1}.
a a
Note that G is a family on n+1 points. The family G is t-intersecting. Moreover,
if Xa(F)#0, t>2andr/(t+2r—1) <p<1/2, £ <t+2r for somer >0,

then wy(G) > pp(F).

Proof. Put F' = G x 2{"*1} " and note that F' is t-intersecting and j,,(F') =
pp(F). We start by showing that G is ¢-intersecting. Let A, B € G. If A, Be F’
then clearly |A N B| > t, so suppose that A € ([le}) X Xo(F) x {n + 1}
and £ +1 € A. Pick some z € [{] such that ¢ A, and notice that A’ =
A\N{{+1,n+1}U{z} e F.

Suppose first that Be€ F'. If {+1€ Bor x ¢ B then |ANB| > |A'NB| >
t, so suppose that £ +1 ¢ B and z € B. If B’ = Sy11.,(B) € F' then
|[ANB| =|A"NB'| >t. Otherwise, B € X(F’). We distinguish between two
cases. If |[BN [{]| # a then |A'N[{]| + |BN[{]| # 2a = ¢ + t, and so Lemma 5.1
shows that |[A' N B| > ¢t + 1, which implies [ANB| > |A'NB| -1 >t If
|B N[ = a then necessarily n +1 € B, and so B’ = B\ {n+ 1} € F.
Therefore |[ANB| > |[(A"\ {z}) N B U{n+1}| > |A'NB'| >t

Finally, suppose that A,B ¢ F'. Pick some y € [¢] such that y ¢ B,
and notice that B' = B\ {{+ 1,n+ 1} U {y} € F. We have |[AN B| =
[[(A\{z})Nn(B'\{y}U{l+1,n+1} > |A' NnB'| >t. We conclude that G is
t-intersecting.

It is straightforward to compute the u,-measure of G:

,U/p(g) — ,Up(]:) _ (i)pa(l _ p)l—a-i-lugn]\[@-&-l] (Xa(]:)) + (f ‘2 1>pa+1(1 _ p)f—a-l-lugb]\[@-i-l] (Xa(]-'))

_ _ (+1 O arr o \i—at1, [m\[e1]
=)+ (14 ) ()t - e e )
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Since X,(F) # (), in order to complete the proof we need to show that the
expression inside the parentheses is positive. Since £ < t + 2r and £ 4t is even,
{ < t+2r—2. Clearly a < ¢ and so £ —a + 1 > 0, hence the parenthesized
expression is positive if the following expression is:

200+1)p—(l—a+1)]=2a—2(1—p)(t+1)
—t—1-(1-2p)((+1)
>to1—(1—2p)(t+2r—1)
=2p(t+2r—1)—2r >0,

using in the third line the assumption p < 1/2. O
Combining Lemma 5.3 and Lemma 5.4, we obtain the following result.

Lemma 5.5. Let F be a left-compressed t-intersecting family on n points with
C=LUF)<t+2r forsomer >0. Ift >2andr/(t+2r—1) <p < 1/2 then
there exists a t-intersecting family G on n+ 1 points satisfying p,(G) > pp(F).

Proof. By definition, X (F) # 0, and so X, (F) # 0 for some a. If a # (£ +t)/2
then the result follows from Lemma 5.3, otherwise it follows from Lemma 5.4.
O

Combining this result with Corollary 4.7, we can prove the Ahlswede—Khachatrian
theorem for left-compressed families.

Theorem 5.6. Let F be a left-compressed t-intersecting family on n points
fort >2. Ifr/t+2r—1)<p< (r+1)/(t+2r+1) for somer > 0 then
pp(F) < pp(Fi,r), with equality if and only if F = U™(Fy ).

Ifp= (r+1)/(t+2r+1) for somer > 0 then pu,(F) < pp(Frr) = pip(Frrs1),
with equality if and only if either F = U"(Fy) or F = U™(Frri1)-

Proof. Suppose first that r/(t +2r —1) < p < (r +1)/(t + 2r + 1) for some
r > 0. Corollary 4.7 gives a monotone left-compressed t-intersecting family F*
on t+ 2r points such that p,(F) < u,(F*), with equality only if m(F) < t+2r.
Lemma 5.5 shows that ¢(F*) = ¢+ 2r, and so F* must be of the form

Fr={AC[t+2r]:|A] > s}

for some s. This family is t-intersecting for s > ¢ + r, and the optimal choice
s =t + r shows that 7* = F, . = F; .. The corollary and the lemma together
show that p,(F) = p,(F*) is only possible if m(F) = ¢(F) = ¢ + 2r, and so
F =U"(F?) for some s. This readily implies that F = U™(F*).

Suppose next that p = (r + 1)/(t + 2r + 1) for some r > 0. Corollary 4.7
gives a monotone left-compressed t-intersecting family F* on t + 2r + 2 points
such that p,(F) < p,(F*), with equality only if m(F) < ¢+ 2r + 2. Since p,
is continuous and there are finitely many families on ¢ + 2r 4+ 2 points, we see
that u,(F*) = pup(Frr) = pip(Fert1). Corollary 4.7 and Lemma 5.5 show that
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pp(F) = pp(F*) is only possible if m(F) < t+2r+2 and ¢(F) > t+2r. Assume
for simplicity that n =t 4 2r + 2. The family F has the following general form:

F=FrUF; x{t+2r +1YUF: x {t+2r + 2YUF; x {t +2r + 1,t + 2r +2}.

Some of these parts may be missing, in which case we use FZ% . Since F is
t-intersecting, d > t +r — 1. If d = t + r — 1 then since F is t-intersecting,
a>t+r+1and bc>t+r. Therefore F C F;,41 and so F = Fipqa.
Otherwise, d > t + r, and so monotonicity shows that a,b,c > t 4+ r. Therefore
F CU™(Fipr) and so F =U"(Fyr). O

6 Culmination of the proof

Combined with Lemma 3.2, Theorem 5.6 already provides a tight upper bound
on the p,-measure of arbitrary t-intersecting families. In order to complete the
proof of the Ahlswede-Khachatrian theorem, it remains to prove uniqueness.

Recall that two families F,G on n points are equivalent if they differ by
a permutation of the coordinates. We start by showing that the families F; ,
are resilient to shifting in the case of t-intersecting families, using an argument
from [1]. We need a preparatory lemma.

Lemma 6.1. Let t,r > 0, and consider the following graph. The vertices are
subsets of [t + 2r] of size [t +r]. Two subsets A, B are connected if | ANB| =t
(note that |AN B| > t). Then the graph is connected.

Proof. If r = 0 then the graph contains a single vertex and there is nothing
to prove, so suppose r > 1. We start by showing that A = [t + r] and B =
[t+7r]A{l,t+r+1} ={2,...,t +r+ 1} are connected. Let C = [t{JjU{t +r+
1,...,t+2r}. Then

[AnCl =[] =¢,

[BNC|=|{2,...,t}Uu{t+r+1} =t.
Hence A and B are connected via C'. This shows that any two sets A, B with
|AAB| = 2 are connected, and so the graph is connected. O

Now we can prove the desired result on shifting.
Lemma 6.2. Let F be a t-intersecting family on n points, and suppose that for
some i,j € [n], Sij(F) is equivalent to Fi,. Then F is equivalent to F .

Proof. We can assume that S, ;(F) = U"(F,). If j € [t + 2r] then since
Si—;(F) depends only on the first ¢ + 2r coordinates, necessarily i € [t + 2r]
and so S;;(F) = F. Similarly, if ¢ ¢ [t + 2r] then necessarily j ¢ [t + 2r] and
again S;j(F) = F. In both cases the lemma trivially holds. So without loss
of generality, suppose that n =t +2r+1,i=t+2r and j =t + 2r + 1. The
following two subfamilies are involved in the shift:

Fi={AeF:jeAi¢A AN, j} ¢ F},
Fo={AecF:icAj¢A AN, j} ¢ F}
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We have
Slgj(f) = ]:\.7:1 U {AA{Z,]} tAe ]:1}

If 7 = 0 then S;;(F) = F, and the lemma clearly holds. If 7 = () then
Si;(F) results from F by switching the coordinates ¢ and j, and again the
lemma holds. It remains to consider the case Fi, Fo # 0. Consider the family

G={AC[t+2r—1]:|Al=t+r—1}.

For every A € G, AU {i} = AU{t+2r} € F,,, and so either AU {i} € F»
or AU {j} € F1 (but not both). Form a graph whose vertices are the sets
in G, and two sets A, B are connected if |[A N B| = ¢ — 1. Color a vertex A
with 1 if AU {j} € F1, and with 2 if AU {i} € Fy. Since F1,F2 # 0, the
coloring is not monochromatic. Lemma 6.1 shows that the graph is connected,
and so there is some bichromatic edge (A, B), say A’ = AU {j} € F; and
B’ = BU{i} € F,. However, |A'NB’| = |ANB| =t — 1, contradicting the fact
that F is t-intersecting. We conclude that either F; = 0 or F5 = (). O

The Ahlswede-Khachatrian theorem is an easy corollary.

Theorem 1.3. Let F be a t-intersecting family on n points for t > 2. If
r/(t+2r—1) <p < (r+1)/(t+2r+1) for somer >0 then py(F) < pp(Fir),
with equality if and only if F is equivalent to U™(Fy,r).

Ifp = (r+1)/(t+2r+1) for somer > 0 then uy,(F) < pp(Fer) = pip(Frrs1),
with equality if and only if F is equivalent to either U™(F ) or U™(Firy1).

Proof. Let G be the left-compressed family satisfying u,(G) = p,(F) given by
Lemma 3.2. Theorem 5.6 implies the upper bounds. Together with Lemma 6.2,
the theorem implies the cases of equality. O
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