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Latala and Oleszkiewicz [1] gave a simple proof of the following theorem.

Theorem 1. Let X = X1,..., X, be a vector of non-negative real numbers. Define a random variable S by

, Si €R {:I:l}.

We have 1
—|[IX]l2 < E[S] < [ X]2-
\@H ll2 < E[S] < X2

We rephrase their proof in terms of Fourier analysis.

Proof. The upper bound follows from E[S]? < E[S?] = ||X||2. For the lower bound, define a function
f:{£1}" - Ry by

f(Sl,...,Sn) = ‘ZszXz

Note f(0) = Esf(s) = E[S]. Let s’ denote the vector obtained from s by flipping coordinate i. Define the
total derivative Df of f by

It is well-known that 6}(t) = [t|f(t), and so

(f.2f =Df) =Y (2 - [t)f(t)*.

t

As mentioned, f(0) = E[S]. Also, since f is invariant under flipping all coordinates, it is easy to see that

f(t) = 0 when |t| = 1. Therefore
(f,2f = Df) < 2E[S]*.

How big can Df(s) be? Assume, without loss of generality, that ) ,s;X; > 0. If s; = —1 then f(s’) =
f(s) +2X;, and so f(s) — f(s') = —2X; = 25;X;. If s; = +1 then f(s°) = |f(s) — 2X;| > f(s) — 2X;, and so
f(s) — f(s%) < 2X; = 2s;X;. We conclude that Df(s) < f(s). Since f > 0, this implies that

(f.2f = Df) 2 (f, f) = E[S*] = [|IX]}3.
We conclude that ||X||2 < 2E[S]2. O
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